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ALGEBRA. 
Wart LI, 


CHAPTER I. 
ELEMENTARY RULES, 


o%e The bracket ( ) will be used to refer to Articles in Part I., (] to Articles 
is Paré II. 


1. (1) ‘ALGEBRA is the European corruption of the first words 
of an Arabic phrase, which may be thus written, al jebr e al 
mokabalah, meaning restoration and reduction. The earliest work 
on the ‘subject is that of Diophantus, a Greek of Alexandria, who 
lived between A.D. 100 and A.D. 400; but when cannot be well 
settled, nor whether he invented the science himself, or borrowed 
it from some Eastern work. It was brought among the Mahom- 
medans by Mohammed ben Musa, between A.D. 800 and A.D. 850, 
and was certainly derived by him from the Hindoos. The earliest 
work which has yet been found among the latter nation is called 
the Vija Ganita, written in the Sanscrit language, about A.D. 1150. 
It was introduced into Italy from the Arabic work of Mohammed, 
about A.D. 1200, by Leonardo Bonacct, called Leonard of Pisa; 
and into England by a physician, named Robert Recorde, in a book 
called Zhe Whetstone of Witte, published in the reign of Queen 
Mary, 1557.’—De Morgan. 


2. (5) More generally, the terms positive and negative, with the 
corresponding signs, may be used of any quantities, which are 
so opposed to each other in character, that any number of units 
’ of the one taken together with the same number of units of the 
other, would neutralize each other. 

Thus, as in (15), the property and debts of a person may be 
treated as positive and negative quantities; and so also a motion 
of a feet in one direction may be called a positive motion, and 
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in the opposite direction, a negative one. In such cases, it matters 
not which of the two quantities we call the positive; the opposite, 
or neutralizing one, will be the negative, 


3. It will be plain that all the algebraical rules deduced for 
the Addition and Subtraction of positive and negative quantities, 
according to their original definition, will apply also to such as 
these; because, in arriving at these rules, no reasoning has been 
employed, except what depends upon the property they all share 
in common, viz. of neutralizing each other, when taken together 
in equal amount. It will only be necessary in the final results in 
each case, to give the proper interpretation. to the signs + and -, 
which may occur in it, in accordance with what we have taken 
them to represent. 

Thus (14. Ex. 1) suppose a man has gained sums of £3a, £5a, 
and £6a, and lost sums of £5a and £2a: if we choose to use + 
to represent the character of the former, then — will represent 
that of the latter, and his means will be expressed in £’s by 
+ 3a, + 5a, +6a, — 5a, —2a, the sum of which is + 7a, that is, he 
will have gained £7a, over and above what he has lost: or if 
we Choose to use — for the former, then + must be used for the 
latter, and the result would be — 7a, which must have the same 
interpretation as the former result, because we have now taken 
the sign - to represent the sums gained. Again, if we suppose. 
3a, 5a, 6a to represent spaces, (numbers of feet for instance,) 
which a man has travelled in one direction, then — 5a, — 2a, will 
represent similar spaces, travelled by him in the opposite direction; 
and if these be now taken together in such a manner as to form 
one sum, (that is, if we suppose them to be travelled over by the 
man consecutively, 80 that he begins to describe the second, in its 
proper direction, from the point where he ends the first, &c.) then 
his motion will upon the whole be equivalent to one of + 7a from 
his starting place, that is, of 7a feet in the first direction. 


4. So also the Rule of Signs in Subtraction applies to all such 
quantities, viz. that to subtract a number of positsve units is the 
same as to add the same number of negative units, and vice versa. 

For since any given quantity is not altered by adding to it 
@ positive units and a negative units, let us suppose this done, 
and then take away, or subtract, the a positive units; we shall then 
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have remaining the original given quantity with the @ negative 
units added to it: and, in like manner, if we subtract the a negative 
units, we shall have remaining the original quantity with the 
@ positive units added to it. 

It follows then that to subtract any quantity, positive or nega- 
tive, we have only to change its affection and add it. 


5. It will now be sufficiently apparent that the signs + and - 
are really used for two distinct purposes, either, Arizthmetically, 
as signs of operation, to connect quantities with one another by 
Addition or Subtraction, or, Alebratcally, as signs of affection, 
to denote the qualities of the quantities before which they stand. 

It is, strictly speaking, only in this latter sense that they are 
found before quantities standing alone, unconnected with others, 
Thus (5), even in the case of abstract numbers, + @ would denote 
a number to be added, and -a a number to be subtracted, where 
the epithets, to be added or subtracted, express the qualities of the 
numbers, as additive or subtractive quantities, whether or not 
it may be necessary to connect them with others; just in the same 
way as -£a might represent a loss, whether or not we take it into 
consideration with other gains or losses. — 

If, however, it should be required to connect together by Addi- 
tion or Subtraction any of these quantities, each with its own 
proper affection, the signs + and — might be used for this purpose — 
also, as signs of operation. Thus the sum of the quantities in [2] 
is strictly (+ 3a) + (+ 5a) + (+ 6a)+(- 5a) +(- 2a); and so if we 
wished to subéract the latter three from the sum of the others, the 
result would be expressed by (+ 3a) + (+ 5a) —(+ 6a) -(- 5a) —(— 2a). 
But here the reasoning of [4] applies, and teaches us that we may 
change the - sign of operation into a + sign, by changing also the 
sign of affection of the quantity before which it stands. By this 
means the latter result would become + (+ 3a) + (+ 5a) + (—6a) 
+ (+ 5a) +(+ 2a); and now in both results the signs of operation, 
being all +, may be omitted and understood to be implied with 
the signs of affection, so that the two results become 

+ 3a + 6a + 6a~5a-2a=+4 7a, +3a+ 5a-6a+ ba4+2a=+9a; 


where each sign must be understood to express both the affection 
of the quantity before which it stands, and also the operation, viz, 
Addition, by which it is connected with the others, 
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That this is really the case will be made more evident by ob- 
serving that, if the quantities represented as in [3] gais and 
losses, we might read the first of the above results thus—a gain 
of 3a and a gain of 5a and a gain of 6a and a loss of 5a and 
@ loss of 2a amount to a gain of Ta—where the words gain of and 
loss of express the force of the + and — as signs of affection, and 
the word and, which connects the quantities together, expresses the 
+ sign of operation, understood to be implied with each sign of 
affection. 


6. From the foregoing considerations, the rule of signs in Mul- 
tiplication, which in (19) was rather inferred than proved by the 
method there adopted, may be thus more distinctly exhibited. 

In all cases of Multiplication of two quantities, one of them, 
suppose the former, must be a mere abstract number, expressing 
the number of times (integral or fractional) the other is repeated ; 
while the latter may be a number of abstract units also, or a 
number of concrete units, as pounds, feet, &c., and, in either case, 
may be of some affection, posttive or negative, where these words 
will of course have the particular meanings appropriate to each 
case. The sign then of the latter quantity will be a sign of 
affection; but that of the former can only be a sign of operation. 

Thus +6 denotes 5 positive units, and ax(+6) denotes a times 
6 positive units, or ab positive units, which, of course, is expressed 
by (+b), nothing, however, being yet said as to how these 
ab positive units are to be connected with others. But +ax (+) 
implies that they are to be added, and this, as in [5], would 
be written simply with the sign of affection +ab, the + sign of 
operation being understood with it; whereas -ax(+6) implies 
that the ab positive‘ units are to be subtracted, which [4] is the 
same as saying that ab negative units are to be added, and there- 
fore this product is expressed by - ab, the + sign of operation 
béing understood as before. In like manner it follows that 
+ax(-}), which implies that ab negative units are to be added, 
is expressed by - ab, and —@x(- 5), which implies that ab negative 
units are to be subtracted, that is, by [4], ab positive units are to 
be added, is expressed by + ab, the + sign of operation being 
understood in each case to be implied with the sign of affection. 

If any number of algebraical quantities are to be multiplied to- 
gether, such as +a, —6, +c, —d, all except one must represent 
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mere abstract numbers, expressing the numbers of times of re- 
petition in forming the product. The signs of these are therefore 
signs of operation only, upon which, however, will depend whether 
the other given quantity retains or not its original affection: thus, 
by the previous reasoning, +ox(-d)=-cd, -bx(-cd)= + bed, 
+ ax (+ bed) = + abcd. 

7. (28) It is often convenient to employ only the coefficients 
in multiplication and division. A single example will sufficiently 
explain the method to the intelligent student. 

Thus for (28 Ex. 2) we may proceed as follows: 

3-4) 6-17+ 0+16 (2-3+4 Here we insert the term 0 in 

6- 8 the dividend, because there is no 

0+ 0 term in it with zy*. If we had 

~ 9419 not done this, we should have been 

a taking down +16 (the coeff. of y*) 

- 12416 over +12 (the coeff. of ry*). This 

—12+16 is the only point requiring attention 

in using this method, fo insert a cypher wherever a term ts ii 
Let the student apply this to (Ex. 12. 9-12). 


8. Another still shorter method of division is by what is called 
Horner’s synthetic method, as follows. 


Ex. 1. Divide 62°+ 52*-172°-62*+102-2 by 22°+32~1. 
Let us denote the dividend in this case by D and the quotient 
by Q: then D=Q (22*+ 32 -1), or 22°Q=.D+Q(-382+1) by means 
of which result the quotient Q may be obtained as below. 
22* | 62° + 5a*-172°- 62°+102r—-2 
~ 3z — 92'+ 62°+122*- Gz 
+1 + 32°- 22° - 4742 
Sz*- 22° —- 42 + 2 


In the left-hand vertical column we set the divisor, with the 
signs changed of all its terms except the first. Now by reference 
to the result before obtained, since the dividend is of five dimen- 
sions and the divisor of to, Q can only be of three dimensions, 
and 8zQ only of four; and therefore, since 22°Q=_D+Q(- 3z+1), 
the jirst term of Q would be obtained by dividing the first term of 
D, which is the only one of fe dimensions, by 22z*: this gives 32%, 
which we place below, and then multiply - 3x and +1 by it, 
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placing the results - 92‘ and + 32° diagonally, as above. Then, by 
similar reasoning, it is plain that the only part of D-37Q+Q 
which can be of four dimensions is the sum of the terms 5z‘ and 
- 9z‘, that is, - 42‘, dividing which by 2z* we get — 22’, the second 
term in the quotient. Multiplying this again by - 3z and +1, 
and placing the results, 62° and — 2z*, diagonally, as before, 
it follows that the only part of D-3zQ+Q which can be of 
three dimensions is the sum of the terms —172", + 62°, + 32°, 
that is, — 82°, dividing which by 2z*, we get -4z, the third term 
in the quotient, and so on. 
If we omit the coefficients the sum may be worked as follows: 
2|6+5-17- 6410-2 
-3| -9+ 6+12- 6 
+1 + 3- 2- 442 
3-2- 44+ 2 Ans. 3x°- 22° - 4242. 
When the coefficient of the first term of this divisor is unity, no 
division will be required, and this method will be found very easy 
of application, as in the following Example, where also a remainder 
occurs. ee 
Ex. 2. Divide 52*-42°+32"-2r+1 by a*-30c+5. 
1'5- 4+ 3/- 2+ 1 
+3} 415433) +33 
_ md —25 | -55-55 
242 + 54 


64+11+11|-24-54 Ans. 5a*+Me+11- 2-3 


It is advisable to draw a second vertical line as above, marking 
the point at which the remainder begins to be formed, viz. with as 
many vertical columns to the right of it as are less by unity than 
the number of terms of the divisor. 

Let the student apply this method also to (Ex. 12. 9-12). 

9. The result of (Ex. 13, 12), in which it is seen that the re- 
mainder is of exactly the same form as the dividend, with a in the 
place of x, is only a particular case of the following general one. 

Let f(x) denote any function of z, by which is meant any 
quantity whatever involving z; and suppose f(x) divided by 
z—a, as far as possible, so that the remainder R may no ei 


contain z; then if Q be the quotient, we have A fe) = = Q i 
or f(z)=Q(#-a) +B. 
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Now since # no longer contains z, it will remain the same, 
whatever value 2 may have: let us then give to 2 the value a; 
then z-a=0, and .. f(a)=R, or RF is a quantity of precisely the 
same form as f(z), with a in the place of z. 

So also, if f(z) = Q(x+a)+ R, by putting z=-a, we have R, 
(that is, the remainder when f(z) is divided by z+a) =f(- a). 

Thus (2°+ 72-3)+(2-2) gives a remainder 2*+ 7.2-3= 15, 

(az*+ bry + cy*)+(2+m) gives a remainder am*- bmy+cy*; 
whereas (3z* + 7 -—10)+({z+2) gives a remainder 12 -2-10=0, 
and therefore 32°+ 2-10 is exactly divisible by z+ 2. 


10. It may be noticed that the law of formation of the quotients 
in (30), in the division of a* + 2* by a +2, holds also in those cases 
in which the division cannot be exactly performed ; but here, as in 
(28. Ex. 5, 6), there will be always a remainder + 22" or — 2z", 
according as the last term of the dividend is +2* or ~ 2". 


a 44 44 4 
Thus © ee OEE eine — =@+a°r+az*+ 24+ =. 
at+z Q+x a-2 a-z 


11. The above results and those of (30) are easily deducible 
from [9]. 

For let a*+2" =Q(a+2z)+R, a being here taken as the letter 
of reference, so that R no longer contains a: for a write —2z; then, 
if n be odd, a*=- 2", and0=04 8, or R=0; but, if be even, 
a*=2", and 2z”=0+.2, or R = 22": and so in the other cases. 

It follows also from (30) that 2-2" or 2” (z™-"-1) is always 
div. by z-1, and also by x+1 if m—n be even, that is, m and n 
both even or both odd; and so 2™+2" is div. by #+1, if m-n 
be odd. : 








Ex. 1. 
1, Write down the rem™ in the div" of (x-1)* by z+ 2, and x + 3y. 
2. Shew without div’ that 27+ 22-15 is div. by 2-3 and r+ 5, 
and 22° + 32° - 982 - 147 by z+ 7. 
8. Shew without div that 2*- 2az* + (a* +6) x- ab is div. by z- a, 
and 2*+ (2a +b) 2*+(a*+2ab)z+a* by z+4. 
4. Write down the quotients of a°+ 2° by a—2, 25z*41 by 5z-1, 
4z2*°+9 by 274+3, 16m‘in‘ by 4m?* - n’. 
5. Om'n® +4 by 3mn+2, 1+82* by 1-22, 272°+1 by 37-1. 
6. 1+16z* by 1-22, a'b§+16 by ab-2, a®- 325° by a+ 24. 
7. (a+b) +4c* by a+b42c, (vtyfP+2 by r+y-z 
8. (x+y) -82 by e+yt 22, 8(x+y)f—-2 by 2x+2ytz 
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12. If in (43) we use the symbol = to denote the sum of all such 
terms as, we may write the expression (i) in an abridged form, 
(4+5+0+4 &c.)*= = (a*) + 2= (ad), 
where = (a*)=a°+*+0°+&c., = (ab) =ab+ac + be + &e. 


13. A similar expression may be obtained for the cube of any 
multinomial, as follows. 

(at bt+e+&c.p=a* + 3a* (6+0¢+ &c.) + 8a (b* + Whe + &c.) + &e., 
where we have three distinct forms or types of terms, viz. a’, 3a*, 
and 6abe; and it is manifest, from the principle of Symmetry, that 
the whole expression will consist of all possible modifications of 
these three forms, putting 5, c, &c. in the place of a: hence 

(a+6+0+4&c.)® == (a°) + 3 (a*d) + 6 (abe), 
where = (a%)=a'd + ab* + a’e + ac’ + b’c + bc" + &e., 
= (abe) = abe + abd + acd + bed + &c. 


14. Another form of the above result may be thus obtained : 
(a +b) =a* + 30% + 3ab* +b = a? + (3a* + 3ad + b*) b= a", suppose, 
(atb+cf=(a' +c) =a*+(3a"+3a'er+c")e 
= @° + (3a* + 3ad + 5*) b + (307 + Sa'e + o*)c=a"; 
(@+b6+c+d)=(a"+dp=a"™ + (307 + 3a"d +d") d= &e. 
Comparing this result with (54), we see more completely that 
the sum of all the subtrahends in the operations for the extraction 
of the cube root =(a+5+c+d+ &c.). 


15. The methods of (47, 54) may of course be applied to extract 


the roots of surd algebraical quantities to any number of terms: 
but these may generally be found more easily by the Bin. Theor. 


Ex, 2. 
Find the square and cube roots, each to four terms, of 
lLiltz 2-6 3 2a®ora+a.. 4, 1-224+3z"- 427+ &e. 


16. In the extraction of the square root, when n+1 figures are 
found in the root, m more may be found by merely dividing the 
last remainder by the last trial-divisor. 

For let N be the number whose square root is to be found, 
a the part already found in the root, (consisting of the » +1 figures 
with » cyphers after them, that is, altogether, of 2% + 1 figures,) 
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and 2 the remaining part of the root, consisting of n figures; then 
x 


a ns 
oa° 


Now N-a* is the remainder at this stage of the operation, and 





N =a" +2ax+ 2%, and <5 


2a the trial-divisor; if then we can shew that = is a proper 


Fraction, it will follow that the tnéeger obtained by dividing WN - a* 
by 2a will be z, the remaining part of the root. 

But since z contains n figures, x<10", which has n+1 figures, 
and 2*<10*"; and since a contains 2n +1 figures, a>10™; hence 
x" 10" 1 


5a * 3.0" <3? and is therefore a proper fraction. 
Ex. Find the square root of 5489031744. 


Here there will be jive figures in the root, as we see by pointing: 
if then we find three of these by the usual method, we may obtain 
the other two by division. 








6489031744 (740 6485031744 (74088 
49 | 49 
144) 589 144) 589 
576 
148000) 13031744 (88 a a 
1184000 11840 
1191744 11917 
1184000 11840 
7744 7744 


In the first form of the above example, two cyphers are added to 
the trial-divisor 1480, because the divisor 2a is not really 2 x 740 
but 2x 74000: but these may be omitted in practice as in the 
second form, and then we may take down figure by figure in per- 
forming the division. It may be noticed that the complete quotient 
is 88 +42244,, where 7744 = 88" = 2*, as it should be, 


17. In the extraction of the cube root when n+2 figures are 
found in the root, 2 more may be found by sae 
a. 
Q ee va 4+ ——8 


For, as in [16], V =a° + 3a°w + 3az*+2°%, and 2. ai 


and here z<10", and a, since it now cae 2n+2 Bicare 
_= x 10” 10” 1 1 
Ort. Regeeee” sesie pre ee 
bs > 10 Gt gat < Toma + Siow <9 t Rom <) 


BS 


ro 
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Ex. Find the cube root of 5489031744. 

Here there will be four figures in the cube root, and of these we 
must find three by the rule, and then may obtain one more by 
division. We may omit the cyphers as in [16 Ex.], and so take 
down, as before, only one figure at a time in the division. 

a BaBPORITES (1764 


37 300 4489 


259 

559 3913 
616 86700 |} 676031 

3096 


89796 | 638776 
92928) 372557 
871712 
84544 
Here also we see that the complete quotient is 4+ $4544, 
where 84544 = 3 x 1760 x 4? + 4° = 3az* 42°, as it should be. 


18. In applying the above methods to approximate to the 
square or cube root of a surd, it must be noticed that there 
may be an error of unity made in the number found by the div®. 


For suppose a+ to be, as in [16], the approximate square 
root of the given surd WV: then N>(a+2}* but <(a+2+ 1), 
N= tics between 2+ 7 and 2414242, 

2a 2a 2 
it appears that the integral quotient of N=a* by 2a may be 
x+1 instead of z. 


And the same may be shewn in the case of the cube root. 


19. Similar methods to those in (55) may be applied to extract 
the 4th, 5th, &c. roots of numbers: thus for the 44 root we should 
point every fourth figure, beginning from the last, and find the 
number whose 4th power is next less than the first period; calling 
this a, we should then form the trial-div 4a’, and finding 6 by di- 
viding the first period by it, we should then form the quantity 
4a°b + 6a°b* + 4ab® + 5‘, and subtract it; then taking down the next 
period, and forming the next trial-divisor 4 (4+) = 4a", we find e, 
and subtract 4a7c + 6a%c + 4a’c° +c; and so on. 


and, .’. : whence 
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CHAPTER II. 


GREATEST COMMON MEASURE, FRACTIONS, SURDS, &0. 


20. The following is the Proof usually given of the method of 
finding the G. c. M. of two algebraical quantities. 

Let a = aa’, b = Bb’, be the two given quantities, where @, 8, repre- 
sent the product of any simple factors they contain. Then if a, Q, 
be prime to each other, the G. c. M. of @ and } must be the same 
as that of a’ and 0’: but if a, @ have any common factor, this must 
be set aside, and the product of it and the G. c. M. of a’ and 0 will 
be the G.c. M. of a and 6. Hence we may confine our attention 
to finding the G. c. M. of two quantities, @ and b', which contain 
no simple factors. 

Suppose a’ to be not of lower dimensions than }', Then if the 
first term of a’ be not exactly divisible by that of 6’, multiply a’ by 
some simple factor a’, which stall make it so divisible; and now 
divide a’a’ by 8’, with quotient p and remainder c. 

Again, let c= yc’, where y represents the product of all the 
simple factors in c; and if the first term of 5’ be not exactly divisi- 
ble by that of c’, multiply ’ by some simple factor 6’, which shall 
make it so divisible; and now divide #0’ by ¢’ with quotient g and 
remainder d. 

In like manner, divide yc’ by @ with quotient r, and no re- 
mainder: then @’ shall be the G. c. M. of a’ and 8, 

For ad - pl'=c= ye, p'b'- qe’ =d= od, y'c-rd' =0: 

and (i) by (63) every 0. M. of a’ and 0’ measures a’a’ — pb! or c, and 
.. ¢, (since y can have no factor common to a’ and J’, which con- 
tain no simple factor,) and .. 96’ — gc or d, and .. d@’; 
also (ii) @’ measures yc’, and .*. c’ (since 7 can have no factor in 
common with @ which has no simple factor,) and .°. gc’ + é@ or 66’, 

and .*. Y, and .*. pl’ + ye’ or a’a’, and .*. a’: 
so that (i) every 0. M. of a’ and J’ is a M. of @, and (ii) @ is ac. M. 
of a and J’; .°. d is the G. c. M. of a’ and 8’ 


21. (60. Ex.) As a further illustration of the Remark on this 
Example, it may be observed that it would be very unsafe to infer 
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the G. c. M. of two arithmetical numbers, obtained by giving some 
numerical value to the letters of two algebraical quantities, fram 
the G. c. M. of the two latter, 


Thus the G, c. M. of 32° + 2-2 and 32*+ 72-6 is 3x—2: but if 
we put z=3, these quantities become 28 and 42, whose G. C. M. is 
14, whereas the num. value of 32-2 would be 7. The fact is 
that 32° + 2-2= (32-2) (x+1), and 32* + Tz - 6 = (82 —2)(x+38); 
and here, beside the common factor 3z—-2, the two factors z +1, x + 3, 
which algebraically have no common factor, will have the common 
factor 2, whenever we give z the value of any odd number. 


22. The G. c. M. of three quantities, a, 6, c, may be obtained, 
by finding first the G. c. M. (x suppose) of @ and 6, and then the 
G. Cc. M. of z and ¢c: and similarly for four or more quantities. 

Or we may obtain the G. c. M. of a, 6, c, d, by finding z the G. C. M. 
of a and 8, and y the G.c.M. of c and d: then the G.c. M. of z 
and y will be that required: and so in other cases. 


23. The following are instances of literal coefficients. 
Ex. 2*, 

Find the a. c. M. of 
1. 2 - pz* + p2* — p*e and p2* - p*. 
2. 2+(a+1)2°4(¢+1)2+a and 2*+(a-1)2*-(a-1)e+a. 
3. px? -(p-q)2+(p—g)z+q and px? -(p+q)z*+(ptg)e- 9. 
4. 2+ ay +ayt+y® and 2 + y2z* — 2y*2* - 2y°*. 
5. ax* — bz* + ax — b and az* + (a- b) 2*+(a-b)z-b. 
6. az® —(a-b) 2*- (6 -—c)2-c and 2az* +(a+ 2b) 2*+(b+ 2c)et+e. 
7. pixt+ p(1 —p*)a*+(1-p*) 2 -p and 2’ - p*. 
8. az® — (a* — 1) 2* - a* and 2°- (a*®- 1) z-a. 

24, The L. C. M. of three or more quantities may be obtained 
by a similar process to that indicated in [22] for the G. c. M. 

25. It appears from [20] that all the common measures of 
a and } are measures of d, i.e. d is a common multiple of all 
of them, and, being itself one of them, is therefore their L. C. M. 
We see also that all the common measures of a and 0 are com- 
prised in such terms of the series d, 3d, 3d, &c. as are integers, and 
(70) all the common multiples of a and 0 in the terms of the series 
m, 2m, 38m, &c. Also in (64) we have c=rd, b= qget+td=(gril1)d 
a=pb+c=(pgr+ptr)d, which expressions exhibit the actual 
quotients, pgr+p+#, gr+1, when a and b are divided by d. 


— 
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26. The results of (85) may be applied to produce many remark- 
able consequences in fractions, as follows. 


cz mM - 
Thus, if at Pm bs ~, then === mn XL+A mm 





a-z a mt+i1 a m+1_ 
if ee ors then = = —— : Ta” ad 
at+tz_ (min) then (2 +2) +(4- 2) (min) +(m-ny 
a-z (m-nj’ — (a+2z)-(a-2) “(mena (m—n)” 


2 2 
2a 2 (mm +) that te, & m+n 





if 








or 


at+z _ (m+n) a-z ite nf a m+n 
Inn’ a man’? ata (min) 
22 10 10 a+3z _ 16 


7 3g "40-37 7? Bena 9? &! 
aie 348 11 

@_ det 4-23" 93 
ee -3416 3-16 13 


if =-5° FE > then “3-9 = 642 "8-27 10° 


27. But the results of (85-87) are only particular cases of a yet 
more general principle, which may be thus stated. 


whence &ec. 














So a =a ° hea — 


and again (87), if = tae then + *4 
j 1 





If re -, then any fraction whatever, formed by means of 


a and 8, with num" and dent homogenevus, will be equal to a similar 
fraction, formed by means of ¢ and d. 

To prove this, let al tated then a= 62, c= de: now if in 
the first of two such fractions we put 62 for a, and in the second 
dz for c, we shall find (since their terms are homogeneous) that } 
may be struck out altogether from the first and @ from the second, 
and each fraction (since they are similar in form) will become the 
eame function of x only: hence they are equal to each other. 


Thus a? + 2a% B(x? + 22") | P+ 2c! BP (a?+2a*) P+ 2ed 
ab® - il “8(2-3) 2-8 " @(e— 38) ” e@'—3a"" 








Also since = = the same is, of course, true if we form similar 


homogeneous fractions witb a and e, and with 6 and d. 
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EX. 8. 
1. 1f2 573) write dawn the values of 22-2, leet satan ston 
b a 6 a 


a+b 1 a-3b 2a 2a+3b 
2. If“ "= 5, write down the values of 5, a ’ 3a5° $boa” 


b 

3. If 27=y, obtain the values of “="¥, a ee at 
4. Hee 5, obtain the values of © +PY", aa ee ae 
5. If a 2b, write down the values of 

a’-3ab a+ 2a-a'b+h at—3a% + 208 

6? — 8ab’ ath —ab®’ ab +ab§+20°? = (a*- by 
6. If 22+y=0, write down the values of 
2+2Qy* 2-Qry + 3y 2-atytay® 2(ety’)+ (2*+yf 
ai— ay’ 3a*+22y—y*? = (ty)? ? a (Qet+y)+ (e-yly” 











28. If; = “ = -- &c. = suppose, it may be easily shewn that 


any two fractions are equal, which are so formed that the numr and 
dent of the one are any homogeneous functions of a, c, e, &c., and 
those of the other, similar functions of 6, d, f, &c., or else, the 
two num’ of a, ¢, e, &c., and the two dents of 5, d, f, &c. « 
se G+ -wv(8+da) Bid ae a tag iwne 
acete x* (bdf +f") ~ baf tf?’ bd oe a‘ 


99, °% ioe lies between the greatest and least of © iD 3 
b+a+f 9 1 Fe 


For let © ~, the greatest, = 2, and 5 the least, = y; 


°. @= be, e<dz, e< fz, and (atcr+e)<(b+d+/f)a; 
again a > by, c> dy, e=fy, and (@+e+e)>(b+dtf)y; 





, atcet+e ve a @ 
‘hada dap Pen ow that is, it lies meveeett BoM 


In like manner it may be shewn that the fraction whose num, 
and denr are any homogeneous functions of m dimensions, with 
terms all positive, of a, c, e, and of 6, d, f, respectively, lies between 


the greatest and least of the fractions ae a ? ; and the same 
may be proved of any number of fractions. 
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Ex. 4. ° 
aoe @ ate at+me a a-b ma-b 
Moe a OS" Sea bema’ oo e-d” mond 
aoe c a+c (a-c & _ (a@tmby* _ a® -b* 
2. If =< i ee ee : 
ae: aes ae b+d (o- dy’ @ (ec+mdy &-d 
ify oes, shew that 
3 5 AO a MER Ore maw ne ~ Pe Mat em 
b d+f mb-nf b-d-f mb-nd-pf m(b+f)-nd° 


a @-e (ate) mec - ne® _aite+e _ (a- me + ney 
Be B-f (b+d)! m&—nft PiE+f (b-madtnfy’ 











aa = we give z the ‘value 1, the numr 
and denr will become each of them zero, and the fraction will as- 
sume the illusory form 0+0. Fractions which take this form 
when a particular value is given to some letter in the numr and 
dent, are called Vanishing Fractions. The value of such a fraction 
is altogether tndeterminate. 


This peculiarity, however, generally arises from the numr and 
dent having a common factor, which factor becoming zero, when 
the particular value is given to the variable letter, makes each of 
them vanish: and if this be detected and struck out, the resulting 


$0. If in the fraction 





fraction will have a definite value. 
2(#-1)_ 2(z@-1)(2* +241) _ 2(2*4+ 241) 
ala Sr Taal 1) (et 1) oe ea a Heels 


The result thus obtained is usually called the value of the 
Vanishing Fraction, which is said to be evaluated. More strictly, 
however, the value of the Fraction is, as above said, indeterminate ; 
and 3 should be called the Limit of the value of ~F—*) 
x becomes more nearly =1: for, in the first place, it is absurd to 
speak of an actual zero having one finite value; and, besides, 
when the factor s—1=0, we are not at liberty to treat it like a 
Jfinite quantity, and strike it out. (The fallacy of such a step would 
be obvious, if we were to reason thus; since 1 x0=0 and 2 x O=0, 
therefore 1 x O=2 x0, and, therefore, striking out the zero’s, 1=2). 


» 2 


16 


If, however, 2=1 very nearly, there is no objection to our 
striking out the common factor 2-1, however small it may 
be, if not actually zero; and since the resulting fraction will 
become more and more nearly =3, as 2 becomes more and 
more nearly = 1, so also will the original fraction, since it is ob- 
tained from the other by merely multiplying its num™ and den* 
by the same finite, though very small factor, r-1. And so it ap- 
pears that, though by reason of this multiplication, the num’ and 
den’ of the original fraction become both very small quantities, and 
smaller and smaller as x approaches 1, yet the numr becomes more 
and more nearly ¢riple of the den*. 
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Ex. 8. 
Evaluate the following vanishing fractions : 
x— zx z* +22 - 35 
1. 1-2" when z = 1. 2. Breeze) When ede 
3, Fte-6 whens =~8, 4. oe eR when 22-2. 
1 - 62 + 5z* 2-4 
5. Fae et When 2 =}. 6. Sa das"; dale ar? When =a. 
7. ete » when z=2,. 8. ees » when 2 = 3. 
22*-3ax -2a* 32° + 42* + 102 +3 ‘ 
9. 22° — 3aa*+a°’ whenz=-}a. 10. 3a" — Qn" + 8243 ’ when L=— Fe 
2 1 a (2° + c*) — 2acxr ” 
1. 3-4 zal’ when z=1. 12. 5 (a +c) — box’ when 2 =0. 


31. Just as in (117), when the denr of a fraction is a frinomial 
surd, as «/a+./b+/c, if we multiply both numr and denr by 
(a +/b- »/o, the latter becomes (o/a + /b)'- ce =a+b-0c+2Vab; 
and if we again multiply both numr and denr by a + 8 - ce — 2 Vab, 
the latter will become (a + 6 — c)* - 4ab, and will thus be rationalized. 

Thus - ‘1 tA + V8 _ (4-2 + V8) (15 + 8 2) 
4-J2-/3 (4-2)?-3 (15-8 ./2)(15+8 4/2) 

= J (44417 2415 /3 + 84/6). 

32. Again, let the denr be any binomial of the form “/a + Y/b. 

Let «= Ya, y=; then, if m be the L. 0. M. of p and g, both 
a* and y® will be rational: now (2 + y) (2™"! - 2™y + &c.)=2etyn, 


1 
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where the sign will be + or — according as m is odd or even; hence 
we have, as the rationalizing factor for z+y or V a+ V2, 
ml omtl m8 2 
ge gmty + yt &c ea PhP -a? Bia? U8 - &e. 
In like manner, since (7 ~ y) (z™"' + 2™*y + &€.) =2" -y", we 
may obtain the rationalizing factor, as before, for 4/a - Vb. 


Ex. In a‘ — 8# the L.c.M. is 6: and the rationalizing factor is 
(a + (at)! (B8) + (ap (04) + &e. = a! + aFdt + ab + ahb* + ab 4.8%, 
and the rationalized quantity is (a*)* ~ (By =a -B, 
Ex. 6. 
Express with rational denominators, 
kt a bya 4 Stays 
"14/24/38" of 24/8H/5°* 14/2-/3"  * 1-/8+/5° 
Write down the rationalizing factors, and rationalized results, for 
5. ¥a+73. 6. YatVb, 7. 32-54, 8. atiel, o2-y¥, 10. ctiyt, 


33. Unless a and 6 are such that a* - 6 is a perfect square, and 
so Va‘ - 4 rational, the result of (119) will be useless; since the 
values there obtained for ./z and ./y, being each a complex surd 
(that is, a surd within asurd,) the expression ./z + 4/y will be more 
complicated than the original single complex surd, Va+ Jb, But 
if a* — b=c*, a perfect square, we have Vat Jb =Vi (@ +c) +Vi(a—c), 
or the given complex surd = the sum of two simple ones. 

The following are a few additional and more difficult Examples. 


Ex. 7. 
Find the square roots of 
L.at+QeVG—2, 2.14V1-m'. 3. 2a+2Va_-o 


4. mn-2mVmn-m*, 5, atbtct2 Vac—tbe. 6, 242 (1-7) V142z —2*. 


34. If the given surd be of the form Va'c + /b or a ve + 6, 
it may be written e(a+4/ aN and then, if a’ - ; be a perfect 
square, the root of this quantity may be expressed in the form 

Vo(/z + Vy) = Vex + Vcy’, that is, in the form Va + 4/8. 

Ex. /27+./24=38,/8+2/6 = ./3(8+ 2 ./2): here the ert¢terton is 

satisfied for 3+2,/2, and the root required is 4/3 (1+4/2)=/3+ V12 
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35. We may sometimes succeed in extracting the square root of a 
quantity of the form a+4/b+./c+./d by assuming it =4/r+./y+./z: 

then at/b+VetVd=xtytet 2Vzy + 2Vzz + 2Vyz: 
where we may put 2Vzy = /b, 2Vaz = Ve, 2Vyz=./d, and if the 
values thus obtained satisfy also z+y+z=a, we have the root required. 

Ex. Let V¥642V2+2y3+2y6=5/e4 yy +z: 
then 2Vay = 24/2, 2Vzz = 2/3, 2Vyz=2 V6, 
whence z=1, y=2, g=3, which satisfy r+ y+s=6;3 
.”, the root required is 1 + /2 + /3. 


Find the square roots of Ex. 8, 
1, 18-16. 2. 3.64212. 3. 8./3-6/5. 4. 2424/18. 
5. f27+2/6. 6. 4/38-V 21. 7. 34/542./10. 8. 5./2-21/12. 
9. 9+4/2+4/342,/6. 10. 10-2,/3-2/6+4+64/2. 
11, 104+ 2,/64+2/104+2/15. 12. 14-2-1/6 +23. 


36, If Vat yb=x + vy, then Va —1/b =x - vy. 
For a/b = 2" + 32*,/y + 82y +y/y; “.a=2°+4 82y, (b= 32%/y + yoy, 
and a-V/b=2°-32*/y + 82y-y Jy; +. Va-Vbeaa-vy, 
37. Lo extract the cube root of a t 4/b. 
Assume a quantity m, and suppose that Vm (a+b) =2+44/y; 
then Vm(a- /b)=2-/y, and by Multa, Ym*(a°— 8) = 2" - ¥3 
now take m* such that m*(a*-) may be a perfect cube=c'; 
then 2*-y=c(i); but, as in [37], ma = x + 3zy (ii); 
*, 42° — 3ez = ma, from which equation if a value of z can be found 
by trial, then y=2"-c, and vat yb=(2t Vy) = Vm. 
If a*- be a perfect cube, then m* may be taken = 1. 
Ex. Find the cube root of 38 + 17 5. ; 
Let ‘/m (38 + 17-/6) = x + /y; then /m (38-1778) =2—a/rp 
and +/m' (1444 — 1446) = Ym*(- 1) =2"-y: 
put m=1; then 2*-y= V-1=-1 (i), and 2°+ 3zy = 38m = 38 (ii); 
°. 42° +32 = 38; and, by trial, z= 2 is a root of this equation, 
. Ay sat+1=65, and ¥38 + 17/5 = 24/5, | 
Or thus: obtain m as before, and put [37] (327 + y)Vy=m 5, 
in which equation it will generally be very easy to guess at /y, 
which must either be the surd-factor in ./2, or some multiple of it. 


Thus, in the above Ex., (32*+y) ./y=17./5, where, taking /y=,/5, 
then 32° + y = 17, and z = 2, as before, | 
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38. If Vyatyb=/x+ Vy, then Y/a-/b = /x- Vy. 

For Ja+./b = (yz+/y)* = 2h" + nzleyd sin (n—1) 2k ty + &e, 

Here (i) if n be even, the odd terms of this expansion will be all 
rational, and the even trrational; therefore the given equality 
could not exist at all, unless one of the two quantities /a or 1/2, 
(suppose /a,) be rational, =a’ suppose, and the other irrational; 
in which case a’ =sum of odd terms, ./b = sum of even terms, and 
therefore a —/d = (/r-y)", or V/a-b = /z- vy. 

(ii) If m be odd, the odd terms involve ./z and the even VY; 
hence the given equality could only exist by one of the two former 
quantities, (,/@ suppose,) having the same surd factor as /z, (in- 
cluding the case of a and ./z being both rational,) and ./b the 
same as »/y; in which case also, as before, V\/a—b = a - vy. 

39. Zo extract, when possible, the n* root of /at/b. 

We shall suppose a and 3 both integers, since every case may 
be reduced to this form by (112); and m to be an odd number, 
since, in other cases, we may extract the square root of the given 
quantity, and the square root of this again, and so on, until the 
index is left an odd number. 

Let Vm(ya+7b)=/2+-/ys then [38] /m(ya-/b)=/2-/y: 

.. 2-y=Vm* (a-b) =c suppose, if m be taken such that 

m*(a—-b) may be a perfect n power = c”: 
also Ym (/a + o/b) + Vm (Va -/b)* = 2(x+y), which, as might 
be shewn, will always be an tntegral quantity in all those cases in 
which the root can be obtained in the form of a binomial surd: 
hence if s be the integer next greater than one of these surds, and 
¢ the integer next Jess than the other, we have s+¢=2(z+¥y) 
which equation, with z- y= ce, gives z and y; 
and Vyatyb={Vs+¢+2c+Ve+t— 2c} 52m, 

Ex. Let Vm (41+29/2)=/2+y; .*. Vm (1681 - 1682) =2-y: 
put m=1;.°.2-y=-1; and, squaring and adding the first equations, 
2(x + y) = 3363 + 2378 2 + 3363 — 2378 V2 = 76725.991 + /.008 
= (5+f)+(1-f)=6; «.2=1, y=2, and /41+29 y2=14 2 











Ex. 9. 
1. V1IO/7 +22. 2 HY16+8V5. 3. H¥7—5V2, 4, ¥10—6v3. 
5, #3—4; V6. 6. w2i-iv2 7. #{—§4/2. 8. 322+9 76. 


9, ¥25+422/72. 10. HlltoV% 11. 5/2324164/2. 12. 57644478, 
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40. Imaginary quantities are treated like ordinary surds: but 
one thing must be observed with respect to them of some impor- 
tance. Since the square root of a quantity is that quantity which, 
being squared, will produce the given one, it follows that the square 
of / -a will produce ~a, that is, f-ax./-a=-a. But by 
Mult of surds we have «/-ax./-@=4/ -@x-a=,/+a'=ta; and 
how is this difference to be explained ? 

The fact is that, whenever we write ./a* = + a, we mean that, as 
a might have arisen from squaring either+a or - a, sohere we 
have no reason to prefer one root'to the other. If, however, as in 
the case before us, we know that it Aas arisen from squaring — a, 
of course we take only the negative root. 


41. So also /-ax y-b =V(-a)x(- 6), or Vab, but this may 
be + Vab or - Vab; writing, however, ./- a and ,/— 4 in the forms 
vax/-1 and bx 4/-1, we have their product Vad x (./— 1)" 
or - Vab, which determines, therefore, the sign of /-ax./-b. 

It is often best to express imaginary quantities in the form just 
employed for / -@ and ./ — 6, viz. by means of the factor ./—1; and 
it should be noticed that «/—1 = ./- 1, (.,/-1)*=-1, (/-1)'=-4/-1, 
(/ -1)'=+1; and, generally, (/- 1)” =+1, (/-1)"" =+4/-1, 
(f/-1)"* =-1, (/-1)"*=- / -1, &. 

42. Of course our previous reasonings apply to tmpossible, as 
well as other, surd quantities; thus (118, iii) ifa+.(/-=2 +f -y, 
then a= 2, b=y, orifa+b./-1=0, then a=0, 6=0. 

Ex, 1, 2 -8x 8f-2=2,/3/-1x 37 2,/- 1=-6,/ 6, 

6/-3 6/38/-1 3. 3 
= a7 Wes tek Fe ~ 13. 
2Z/-4 2.4/4,/-1 4 2 
Ex. 2 44-2 (4+ -2) (2+7-2)_ 8+6/-2-2 
2-7-2 (2-/-2)(2+/7-2) 4-(€2) 
=$(64+6,/-2)=14+./-2, 

Ex. 8. Prove that ¥4+34/— 20 + ¥4-3,/_ 20 =6, 

Let V4 437-20 = 2+ Wy 3. V4E=87 = 20 = Je —afy; 
and V16+180=2-y, «.2-y=14; but (118, iii) rt+y=4; 
therefore, z=9, y=-5, and V443,/- 20 =3 +4/- 5, from which 
the required result is evident. 
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Ex. 4. (@+ 6-1) (4-6-1) =a +8. 

We see from this Ex. how, by means of impossible quantities, we 
may resolve a’ + 4* into simple factors: also since a* and 8* are each 
essentially positive (whether a and 6 be positive or negative) if 
a + *=0, we must have separately a= 0, b= 0, the same as we 
may obtain by putting either of its factors aibV-1, or a—by-1, =0 

Ex. 5. (a+b, -1) (etd - 1) =(ac- bd)H{(adtbe)./ -1=a'+5',/-1, 
suppose, which is a quantity of the same form as the original factors; 
£.(a4by-1) (e+d-1) (etf/-1) = (a'4B'/-1) (e4f'y-1)-a"s8"/ - 1, Be 5 
that is, the product of any number of factors of the form a4 + b./-1 


will be of the same form; except in the case of Ex. 4, where the 
impossible part has disappeared, its coefficient being ab —ab or zero. 


Ex.6, 7tov-1 _ (aiby-1)(e-dy-1) _ actbd | be-ad 





ii ete ee ee 
| =@+b'/-1. 
Reduce Ex. 10. 
1. 2/-448/-94+65/-16, and 2 - 12+ - S/-48, 


2 (1+/-1%+1-Y-1%+(1+Y7-1f+d-7- 1). 
14-1 8-8,/-1 14+/-3 1-/-8 
ve. Ira? et) 2 . \(e- : ). 
1+V¥-2,1-/- 1+7-2 1-7-2 
© (G23 teyea) (aa yaa) 
5. (2 -ay-1)(e@+ay-1) {2 +40 (y34y -1)}x 
{z + 3.a(V3 - y - 1)} {2-44 (¥3+ V-1)} {2 - 46 (¥3 - v-1)} 
6. Find the fourth power of — 4/ (- 2 4/ — 3), and of - »/ (- $,/- 48) 
and the square of Vz + of - y+ Vz -4/-y'. 
Write down the square, cube, and fourth powers of a + 64/ - 1; 
and shew that they are of the same form. 


8. Find the square roots of 31+12./-5, and - 24,f/-1-7; 
and the fourth root of — 64. 
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CHAPTER IL, 


SIMPLE, QUADRATIC, AND OTHER EQUATIONS. 


43. Ir we had the equation 3 + 2 + 4/(z* + 9) = 2, (which differs 
from (120. Ex. 2) only in the sign before the root) we might pro~ 
ceed to solve it thus: 

1+2=—4/(2*+9); °. 1422+ 2%=2"+9, and z = 4 as before. 

But now, if we put the value 4 for z in the given equation, we 
shall find that though the former equation (with — before the root) 
is satisfied, the latter (with + before the root) is mot. And, in 
fact, it may be easily shewn that there is no quantity that will 
satisfy the two equations; for, if there be, adding the two equations 
together, we have 6+22=4, or 2=-1, which will be found to 
satisfy neither of them. The student then will notice that, in all 
similar cases, the value of 2 obtained from the squared equation, 
will not satisfy both its square roots: it can only be ascertained by 
trial to which of them it really belongs. We know no means of 
finding the root of 3 + # + +/(z* + 9) = 2, if it have any. 


44. A simple equation of one unknown quantity may always be 


reduced to the form az + 6=0, or a(z - a) =0, if we put an-2, 


Now (i) if a and 0 are both jinie, then z= -< is the value of 


the root required: (ii) if a be finite, and 6 = 0, then z= 0: (iil) if 
a=0, and b be finite, then z = w, that is, there is in this case no 
finite value of x, which will satisfy the equation, and we see plainly 
that the smaller a is, the larger x must be, so that the product of a 
and 2 may equal any finite quantity 5: (iv) if a=0, and b= 0, 
then z=, that is, its value is indeterminate [42], and, in fact, it 
is plain that 0 x x= 0, for aij finite values of z. 


45. Such cases as the above will often occur in the solution of 
problems, which are given in general terms, as will be seen in the 
discussion of the following. 

Pros. 1. What number must be added to b to produce aP 

Let x be the number: then 84+ 2=a, orz=a-b. 

Now, if a>6, a— 6 will be positive, and the Problem, as it stands, 


SIMPLE, QUADRATIC, AND OTHER EQUATIONS. 23 


will be satisfied by this value of z; thus if a=48, b= 36, we have 
z = 48 - 36 =12, and 12 is the number which added to 36 will 
produce 48. 

But, if a < 6, a-6 will be negative ; how are we to explain this 
result? We must remember that the Algebraical meaning of the 
word Addition is more extensive than the common, or Arithmetical, 
and that the term is used in Algebra for the bringing into one sum | 


any number of quantities, whether positive or negative, so that we 
speak of adding a positive quantity, or of adding a negative quan- 
tity, as a + (+ 2a) =38a, a + (-2a)=-a. Now when we expressed 
the above Problem in algebraical language, we could not restrict 
the word add to itd ordinary meaning: the algebraical will indeed 
include the ordinary, but will include more, and the equation 
6 + z= a will really give the solution of this more general question, 
‘What number must be added algebraically, or joined to 6 to 
produce a?’—taking in the case of the original number being 
greater as well as less than the other, in which case the quantity to 
be added (algebraically) will be a negative quantity. 

In such a case, the ordinary statement of the Problem will be 
absurd; thus, it would be absurd to ask, ‘What number must be 
added to 48to produce 36?’ We must either understand the word 
‘ added’ in its more extended sense, or modify the statement of the 
Problem, thus: ‘What number must be taken from 48, &c. ?’ 

If we choose to do the former, we should have 48 + 2 = 36, and 
zw = — 12, which added (algebraically) to 48 produces 36; but, if we 
modify the question, we should have 48 - 2 = 36, and z= 12, 
which taken from 48 produces 36, 

And, generally, if in any case we obtain a negative root, the 
proper Arithmetical form, into which the question should be modi- 
fied so as to produce the same root positive, will be suggested by 
writing — 2 for z in the equation, and observing the result. 


Pros. 2. 4s age is a years, B's is b years: when will A be 
three times as old as Bf 

Let z-=number of years required; then a+2=3(6+42), and 
z= 3(a — 3b). Now if a>3bd, the value of z is positive, and the 
answer is obtained to the Problem, as it stands: thus if A’s age be 
36, and B’s 8, we have z = 31(36 — 24) = 6, and we see that, in 6 
years, A’s age will be 42 and B’s 14. 

But if a < 30, the value of xz will be negative; wiiting = x for z 
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in the equation we have a-2=3(b- 2), which suggests that 
the question should now be put in the form, ‘When was A &c.,’ 
the algebraical expression + x having, as before, included the idea 
of z being negative as well as positive, that is, of the required 
number of years having to be taken from as well as added to the 
given ages: thus if a=36, and b=14, we have z= 3(36 — =— 3, 
and 3 years back A was aged 33 and B 11. 

Sometimes an algebraical solution to a Problem may have no 
arithmetical interpretation at all, consistent with the practical pos- 
sibilities of the Problem. Thus if, in the above, >a, it is of 
course impossible that As age should ever be, or have been, triple 
of B’s: yet still the algebraical solution is obtained as before, 
z=1(a- 3b); thus, if @=10, 6= 12, then 2 =} (10 - 36) = - 13. 
The fact is that, all along, the algebraical root has really had nothing 
whatever to do with A and B or their ages, but is merely a solution 
of the general question, What number must be added (algebraically) 
to a and b, to make the former sum triple of the latter? This will, 
indeed, include such a case as that supposed in the Problem about 
A and B, and all possible modifications of it besides; but is yet 
* more comprehensive still. 

Pros. 3. A and B travel in the same direction at the rate of a 
and } miles an hour respectively; and m hours after A reaches 
acertain point P, B reaches a certain point Q, c miles beyond it: 
when will they be together P 

yb & &  # 

Let z= number of hours after A passes P that they will be 
together at R: then A will have gone az miles beyond P, and B, 
having yet »— 2 hours to travel before he reaches Q, will be 
b(n - 2) miles from Q; but the whole distance PQ is ¢ miles: 

2. az+b(n-z)=¢, whence 2 = 2— 

(i) Let A travel fastest, or a > }, so that a — 3 is positive: then 
if c>nb, the value of 2 will be positive, that is, they will be 
together, as we supposed, some time after A has passed P. [This 
is plain also from the Problem; for when A is at P, B (who inn 
hours is to be at Q) must be somewhere in PQ, since the whole 
distance PQ, or c, > nb, that is, > the distance B would travel ins 
hours.) In this case. A, travelling faster, will overtake B. If c be 
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also > na, then z> ~ - ~ >n; or A will not overtake B till after 


the first m hours, that is, till after B has passed Q: if ¢ =na, he will 
overtake him in » hours exactly, that is, at the point Q; and if 
e<na but still >nd, z will be<m, and he will overtake him be- 
fore he reaches Q. If c=nb, then z= 0, or A will pass B at P. 
[In this case, since the distance PQ is nb, B must have been at P 
at the same moment as A, in order to be at Q n hours after.] 
If ¢ <nb, then z becomes negative, or the required number of hours 
is to be faken away from that when A is at P, instead of being 
added to it; in other words A had passed B, before reaching P, 
and the question, to be arithmetical, should be modified by asking 
‘When were they together ?’ 
” ; c-nb nb-c 
(ii) Let a be <8, or B travel fastest, then z a Gaal 
which result may be discussed in the same way as the former. 


(iii) Let a=, then x=, unless c=nb, whenz = 8: that is, 
if their rates be equal, they never can be together, unless the dis- 
tance PQ be such that B can travel it in n hours exactly, in which 
case he will be together with A at P, and then they will always 
continue together. 


46. Supposing we had the same Problem proposed, only that A 
and B are moving in opposite directions ; then, since in n—z hours 
after they are together B is to be at Q, let us suppose that they 
meet somewhere as at R’ beyond Q from P: and PR’=az, — 
QR’ =b (n—2); 

-*. az—b (n—2z)=c, and z= ct eant sar 
In this case x will always be positive, or they will always meet 
' gome time or other after A passes P; but z will be >= or <7z, as 
cis >= or <xa, that is, as they meet before, at, or beyond Q 
from P. 

We may observe, however, that the former algebraical solution 
will include this case also, by merely changing } into — 6, which 
expresses that B’s motion is xegative, or in the opposite direction, 
with respect to A’s. 

In like manner also, if, in any of the above results, we change c 
into —c, we shall get the corresponding answers for cases in which 


the distance c is not now to be measured in the direction PQ of 
Cc 
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A’s motion, as we supposed originally, but in the opposite direc- 
tion, PQ’: and so too, the change of into - n will supply the 
answers to cases in which B is supposed to reach Q m hours before, 
instead of after, A reaches P. 


47. We will here explain the method of solving certain ques- 
tions by the Arithmetical Rules of Single and Double Position. 

(i) Single Position.—This may be applied, whenever the ques- 
tion could have been stated algebraically in the form az = 8, as, 
for instance, when the sum of any given parts of some unknown 
number is to be equal to a certain given number. 

In such a case, assuming any known number n, perform the 
statement of the question upon it, and let the result be c; 


then az = 6, an=c, and .’. aC ore= en, 


Ex, Find a number such that, when increased by tts fourth and 
diminished by tts fifth part, the result shall be 63. 

Assuming for » any number, as 20, we have 20+5-4 = 21: 

“. = $2 x 20= 60. 

(fi) Double Posttion.—This may be applied, whenever the ques- 
tion could have been stated algebraically in the form az+b=e. 

In such a case, perform the statement of the question upon any 
two known numbers, n, n’, and let the errors in the result be e, e’, 
both (suppose) in excess ; 

then an+b=cte “ @(n-z)=e a(n'-x)=e's 
an's b= oral ea a a. or 2 = 28a Ne 
ax+b=c -z é e—e' 

Ex. Find a number such that, when tt ts divided by 9, and the 
quotient diminished by 3, three times the remainder will be 30. 

Here 3(3%+3)=30: assume n=9, n’=18; then, performing the 
operations indicated, we have 

(i) 3(1- 3)=-6, and e=-36, (ji) 3(2-3)=— 8, and e’ =~ $8; 
_, 18 (- 36) - 9(- 33) 

=36433 11% 

It is obvious, however, that such questions would be much more 

easily solved by the common processes of Simple Equations, 
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48. The methods in (95-99) are the best for practical purposes ; 
but the following, called the Method of Indeterminate Multipliers, 
is well worthy of notice for its elegance. 

ax+by=c (1) 
az+by=c (2) 
Multiply (2) by an indeterminate quantity /, and add it to (1); 
then (a+ la')2+(64+l0')y=c+le: (2) 
now put 6 + 2’ = 0, so that J’ = - b, and multiply (a) by Y 
then (Qi! -Ia\e=e¥'<be, or 22 a aap ; 
similarly, putting @ + da’ = 0, and multiplying (<) by a’, 
eee, ab ca’ — ac' 
| we have (a' - ab')y =ca'- ac’, or y= hal ab" 
49. In the above results, the following cases may be noticed: 
(i) If = = a =-, then ab'=a'b, ac’=a'c, be’=b'c: in this case, 


x and y assume the form $, and their values are indeterminate. 
It will be found, in fact, that in this case, there are not two tnde- 


pendent equations, one of them being only a multiple of the other : 
for let “ =F <= m; then a= ma’, b=emb’, c = mc’; and therefore 
(1) becomes m (a’z + b'y) = me, or a'z + Uy = c', identical with (2). 
There being then only one equation between z and y, if we give 
any value to z or y, there will be a corresponding value for y or z. 

(ii) If oe only, then ab'=a'b; and z= ee —_ =O, Y=: 
that is, there are no finite values of z and y which will satisfy 
the equations, which in this case will be found to be tncompatible 
with each other: for, as before, let a = ma’, 6 = mb’; then (1) be- 


comes ma'zt+mbly=c, or axz+Uy= <, which is incompatible 


with (2), since the same expression a'z + b'y is assumed equal to 
two different quantities, which is absurd. 





(iii) If = : only, then ac’ - a’c = 0, and, consequently, y=0; 


: y 22 
while pt ae : I ef ut eee 
etree ah (me io.) ooo 


as appears also from (1) or (2) by giving to y its value zero. 
C2 
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te 


50. The following is also solved by Indeterminate Multipliers : 
artbhytez=4d, (1) j 
age + by + 08 = 4} (2) 
Gye + by + ca = dy (3) 

d, + Id, 5 ay re pala eee (a) 





eee a, + la, + ma," c, + ley+me,=9 (8) 
whence 3,c, — b,c, + (be - bee)? = 0, or J= pean Oe bes 
fs — IsCe 
and 6,¢, — 5,c, + (4,c, -— 5,c,) m= 0, or m= bc, ~ 0 bes, 
33 — os 


_@ 1 (b,c — = ss) + 4 +d, 2 (O gC, = — be,) + a, (3,¢, - 5, Cy) 
© Gy (byey — 5 yey) + a, (B,C, — Byc4) + Gy (b,c — 8 1) 

The law of formation of the above value of z is very simple. 
The coefficients of @,, @,, d,, in the num’ are the same as those of 
@,) Gy Gy in the den’: that of d,, viz. 5,c, — b,¢c,, is formed of the 
coeff of y and z in equations (2) and (3), multiplied across, viz. 
b, into c, and 8, into ¢,; that of @, is similarly formed out of 
equations (3) and (1), and that of d, out of equations (1) and (2). 
[ Observe, not (1) and (3), but (3) and (1), keeping always the order 
of the figures 1, 2, 3, 1, 2, 3, &c.] 

The value of y or z may now be written down by Symmetry, 
the coeff* of d,, d,, d,, being the same as those of 8,, ,, 0,, in the 
value of y, or of ¢,, Cy Cy in that of z, respectively; and formed out 
of the coeff* of z and z, or of z and y, by the same Law as before. 

Thus y= A, (A,Cy — GyCq) + A, (GC, — 2,C,) + 4, (4,0, — 4,C,) 

b, (6,05 — GyCy) + 5, (a,c, — 2,¢,) + 5, (2,¢y — 2404)” 
4 1 (4,05 — @50,) + d, (a,b, — a, 5,) + d(a,0, - a, b) 
. ~ (a,b, — asb,) + ¢, (ash, — 2,),) + ¢, (a,b, - a,b,)* 

51. If in the above the a for finding 7 and m are 
incompatible, then [49. ii] b,c, — d,c, = 0, and in this case may be 
found from the two equations involving these quantities : 

thus (2) x 5, — (3) x 5, gives zx (a,b, — a,b,) = d,b, - 

If they are insuffictent, then [49. i] b,c,—4,c, =0, b,c,-3,c,=0; 
and 2 may be similarly found from any two of the given equations. 

52. If the three equations in [50] are equivalent to only ¢wo 
equations, then one of them, as (3), must be the sum of some 
multiples of the other two; so that we may write . 

Gg= MG, + NA b,=mb,+ nb, Ce=mMC,+ Ny Gg= md, +nd,; 





AND OTHER EQUATIONS. 29 


whence, by eliminating m and n between the jirst three of these, 
@, (540, - 5,04) + a, (0,0, — b,c) + a, (3,0, - 2,c,) = 0; 
so also, by eliminating m and n between the last three, 


d, (Bye, — bye,) + 80.20; «*. e=2; and similarly y= °, s=5. 


53. Any equation, in which the unknown quantity is found 
in two terms, and with its index in one twice as great as in 
the other, that is, any equation which can be put into the form 
ax*™ +bz™+¢e=0, may be solved as a quadratic equation. 

Ex. 1. 2*-132*=- 36. Here 2'- 132* + (42)*=192 - 36 = 2 
whence 2 =12+48, =9 or 4; .°. e=+8, or +2: and thus the 
given equation, which is a biquadratic, admits of the four roots, 
fe 2. — 2, + 3, — 3. 

Ex. 2. 2142¢74=2, Here x!+27% +i=4, and 273 +2=243; 

* e321 or - 2, and zt=1 or -~3; .. 2@=1 or 4. 

54. Still more generally, any equation which can be put into the 

form A (ax™ + ba™ +0)? + B (ax + br™ +0) + C=0 


may be treated as a quadratic, of which the roots are the values of 
azx™ + bam+c, whence z may be found. 


Ex. 1. 2°46 o/(2* - 224+ 5)=11+ 22. 
Observing the quantity under the root, we may put this in the form 
(a* - 20 + 5) +6 4/(2*- 22+ 5)+9=114549=25; 
°. /(2*-22+5)=-3+5=2 or -8; whence (i) 2*°-22+5=4, and z=1, 1, 
or (ii) 2*-22+5=64, and z=1+2 15. 

Here again, as in [43], the latter roots do not belong to the 
equation as given, but to that obtained by taking the radical with 
a different sign. In general, we give all the roots, without stopping 
to enquire which may suit the particular form that may be given us. 

Ex. 2. 42‘- 42°-272* + 142 = 392; 

Here, completing the square with the first two terms, 

(42 - 42° + 2°) - 282" + 142 = 392; 
or (22*- x)* — 14 (22*- x)-—392=0, whence 22* - x = 28 or — 14; 
.. (i) 228-2 -28=0, and 2=4 or - 3}, 
(ii) 22° -2+14=0, and e=}{1+/-111}. 
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Ex. 3, (a+ 2)'+4(a-2)! = 5(a'-2’)3. 
Here (<2eV-5 (S22 =-4, whence (ase -4 or 1; 
a-x 


a-f a-z& 








_ ate2z 
*“"a-x 





= 64 or 1, and x = $a or 0. 


| Ex. 11. 
l a'-6244=0, 2 a%-224=8: 8, (2*-2)"=3(2"+ 12). 
4. Qfe42e t=, 5. 27 842728=28, 6. (2*-9)'=3411(2*-2). 
1. (22-1) (2-2) +(a-8) (a*-4)=a+5. 8. 4cb (at - 2) = Oe? - 4. 


9, (07342) (2° 945)=a748, 10. (wtl)-2*(a*-1)-(2-1)42(243). 
a 1-2" 1 eh. 
M. += 5: 12, (a*4r41)' -4 (23) =22 (2t1)%. 
13. V(e+7)4+2-(2 +7) =5. 14. $2—72°-8 /(7z*-52+1) =8. 
15. 2-327 /(11e-22%2)-8a121, 16, 22*-20+2,/(2a*-7216)-52-6. 
17, 32(3-2)=11-4 y(2"-8e+5). 18, 2+(2*-ar+0')=a"2*+ 6. 
19. 2*-245/(2a*-5246)=8(x411). 20. 9x-42%+/(40"-92411)=5. 
v+4 12 a (1 \ta(1 228 
2. et4¢y— ea. 22, (14+2)8 + (1-2) =(1-2*) 


28. 22—7=4/(a°—4224+89). 24. = +820 449221196. 
& 


55. Here let us notice some particular cases of the roots of the 
equation az*+br+e=0. ; 
(1) If e=0, then az*+b2=0, and (133) 2=0 or = 
(2) If b=0, then az*=-c, and a= ty-<: 
(3) If a=0, write = for 2 then a+ by+cy*=9, or by + cy*?=0; 
*.y=0 or anil a> Se or -<: 
~ Y=VU O a, -y_ 3 
(4) If b=c=0, then az*=0, and r=+ 0: 
(5) If a=b=0, then cy*=0, -. y=+0 and z=to0: 
(6) If a=c=0, then br=0 or z=0, and by=0 or y=0, that 
is, x= co, 80 that in this case the roots are z=0 and w: 
(7) Ifa=b=c= 0, then z= $, and the roots are indeterminate. 
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Such cases as these will occur in the solution of general problems, 
when the constants involved in the algebraical statements of 
them have certain particular values given them. In this way it 
may happen that the coeff. of z* will disappear, and the equation, 
though really a quadratic, assume the form of a simple one: as, e.g. 
in (p - g) 2*- qx—p = 0, whose roots are p + (p — qg) and — 1, if we 
take the particular case of p = q, the coeff. of z* disappears, and the 
roots become p+0 and ~—1, or o and -1. In such a case the 
root oo may be considered as the Limit to which the value of z 
approaches, as the coeff. of z* approaches to zero. 


56. (130) Or thus: Since a, @ are roots of 2*+px+q=0, 
” &+pa+g=0, + pp+g=0: 
subtracting, a*- 6* + p(a-—f8)=0, or 2+8+p=0, whence -p=a+f; 
and g=-pe-a=a*4 aB — a* = af, 

57. Similarly, let a, 8, y be the roots of 2°+p2*+qr+r=0: 

2. @+pa+gqut+r=0, M+ph +ght+r=0, vt+pry*+qrvt+r=0; 

whence 2°— 6*°+ p(a*- 6*)+q(a—8)=0, or a*+ a8 + H+ p(a+ 8)+¢q=0, 
and 94. p(a—74) +g (@-7)=0, or a 074 74+ p(a+y)+g=0; 
.. subtracting again, 
a (8—¥)+->*+p (6-7)=0, or «+8+7+p=0, whence -p=a+6+y7; 
“. G=-a'— aB- &-—p(a+B)=a8 + a7 + By, r=—a®— po®_ ga = ay. 
And so on, with equations of higher order; but the above method 
of proof can only be applied when the roots are unequal, since, 
otherwise, the divisors, « - 8, &c. become zero. 


58, If a, 8, v, &c. be the roots of 2" + p,2"-""+ &c. = 0, (or, 
as we shall write it, of f(z)=0), then _ 

S (2) =(e@- 4) (@- 8) (#-7)....06 

Suppose f(z) divided by 2 — ¢, until the remainder R no longer 
contains z; then, if Q represent the quotient, f(x) = Q(z-—«)+R, 
for all values of z: now put z=a, then f(a)=0, since a is a root 
of f(z)=0; and .. 0=0+2, whence R=0, or f(z) is divisible 
without remainder by z - a. 

Similarly, f(z) is divisible by each of the n factors, r-a, r-f, 
z-y, &c., and, consequently, by their product (1-2) (2-) (2-7)...; 
but this product has its first term 2", the same as / (2) ; hence f(x) 
cannot contain any other factors but these, that is 


J (z)=(@-) (@-) (@-7)..- 
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By comparing this result with (180), we see that 


py=-a-B-7-&e, or -p,=a2+Rh+y7 + &e, 
P, = (- 2) (- 8) +(-—@) (- y) + &e, or p,= ah + ay + By + &e, 
Pp; = (- a) (- 8) (- y) + &e, or — p, = aby + afd + ayd + &c, 


and, (-1)"p, = sum of products of the roots taken r together. 

The above proof applies, however, only to the case of unequal 
roots, but the statement itself is generally true, as shewn in Treatises 
on the Theory of Equations: hence if ¥(z) have m roots each =, 
m roots each = 8, &c, we shall have f(z) = (z — «)™ (x — f)*... and 
— p, = ma +nB + &c, with other corresponding modifications. 


59. If an equation can be thrown into the form (x- a) X=0, 
(X representing some function of z,) it may be satisfied by putting 
either s-a=0, or X=0: the first of these gives =a, but the 
second, being solved, will also give roots of the original equation. 

And, generally, if an equation can be separated into factors, 
functions of x, the roots, obtained by equating each of these 
factors to zero, will be roots of the original equation. 


60. Hence we may sometimes solve a cubic equation, or one 
of a higher order, whenever we can either detect by inspection one 
or more of the roots, or can separate the equation into factors. 

Ex. 1. Find the three cube roots of unity. 

Let a= 1, then a=1, or a? — 1=0; now this equation, being 
evidently satisfied by a= 1, will be divisible bya—1; .°.a7+a+1 
= 0, whence a=} (—1-+ ./—8), which are the other two roots. 

Hence also the roots of z5—a’= 0 are z= a, r=} (—I1+/7—8)a. 

Ex. 2. Solve the equation 2‘- 2°- 27+2=0. 


' This may be thrown into the form 

2 (@-1)-2(4-1)=(2°- 2) (x-1)=2(2*-1)(2-1)=0, 
the factors of which being z, +1, z-1, z—1, we have the roots 
0, -1, +1, +1. 


61. There is no general method of solving equations higher 
than quadratic, except by processes of considerable complexity, 
and these only of limited application. There is one species, how- 
ever, of such Equations, which deserves more particular notice. 

Def. An equation is said to be reciprocal, which is not altered 


by changing z into 2° * 
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This will be found to be the case, whenever the coeff of its terms, 
equidistant from beginning and end, are either equal and of the 
same sign, or else equal and of different signs, provided also, that 
the middle term be wanting, if the equation be of an even degree, 
and the corresponding coeff* of different signs. On this account 
such equations are also called recurring equations, as in Ex. 1, 2. 

Now it will be found, as below, that every reciprocal equation 
of odd degree will be divisible by x-1 or 2+1, according as the 
last term is -1 or +1 (and will have a root, therefore, +1 or —1); 
and every reciprocal equation of even degree, with tts last term -1, 
will be div. by 2*-1 (and will have roots, therefore, +1 and —1): 
and, in every case, the reduced equation after the div® will be found 
to be still reciprocal, of an even degree, and with its last term +1. 

By this means a reciprocal cubic may be reduced to a quadratic, 
and one of the fifth or sizth degree to a biquadratic, which latter 
may always be solved as follows. 

Ex. 1. 2° + 2z*- 82° - 327+ 22 4+1=0. 

Here, if we write x" for 2, we get x°*+22°*-32°-32*+2z2-1+1=0, 
or, multiplying each side by 2’, 1+ 2a - 82* — 3x° + 2a*+ 2° =0; 
the same equation as before. 

This may be written (2° +1) + 2x (z+ 1)- 327 (7 +1)=0, 

where each bracket is plainly divisible by 2 +1; 
dividing, therefore, the original equation by z+ 1, we get 
a+ a°-42°+24+1=0, or (2'+1) +2 (2*4+1) = 42’; 
.., completing squares, 
(x‘ + 2a* +1) + a (x? +1) + Aa? = 42? + 2z* + Aa? = 282%; 

“. @4+1+42=t42, and .. (i) 2*-2x+1=0, (ii) 2°+32r+1=0: 
from (i) z=1, 1, from (ii) e=3(-—3+,/5); so that, including also 
the root —1, corresponding to the factor z+1, we have the jive 
roots of the given equation, -1, 1, 1, 4(-3+,4/5). 

Ex. 2. #-2°+a2'-2x+2-1. 

This may be written (2* - 1) — x(z‘- 1) + z* (2*-1)=0, 
where, each bracket being div. by z*-1, we get (by such division) 
w—2°422*-2+4+1=0, or (2'+1)-2(2*+1)=-2z2'; 

”. completing squares, as before, 

(a* + 1) — 2 (2* +1) + da" = — Qa" + 22" + 42? = 4 2', 
whence 2°+1-iz¢=+42, and (i) 27-2+1=0, (ii) 2*+1=0: 
from (i) z=3(1+4/-3), from (ii) z=+/-1, which with +J, -1; 
for the factor z*-1, are the six roots of the given equation. 

c3 
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62. Since a recurring equation is not altered by writing 2~* for z, 
it is plain that if z=a be a root of it, so also will z?=a, or z=a™"'. 

Hence we see that the roots of any reciprocal equation of an 
even degree with its last term +1, occur in pairs, the roots in each 
pair being the rectprocals of one another : thus, in Ex. 1, we have 1, 
the reciprocal of 1, and 3 (—3+./5) of }(-3-4/5), as the Student 
may easily see. If, however, the equation be of an odd degree, it 
will have [61], besides these pairs of roots, a root + 1 or — 1, ac- 
cording as its last term is +1 or —1; or, if of an even degree, with 
its last term —1, then it will have the two roots +1. 

These exceptions, however, do not, of course, contradict the 
statement at the beginning of this Article. . 


63. As the Solution of Equations affords excellent practice for 
the more advanced Student, here follow a miscellaneous collection. 
Some of these may be treated as reciprocal equations; others may 
be solved by guessing at a root, and reducing by division; in 
others. artifices must be used, which will suggest themselves in 
practice. But it is impossible to lay down rules for all cases; the 
Student must be left here to exercise his own ingenuity. 

a+ 2Qx+/(a®-42"7) 5x 
" a@+22-V(a*- 42) a 

a+ 2z bz2+a@  ,4+2% | a+2 (cers) 


Ex. 1 





me OO let = 2)” baa a Vagos Qe’ °° a-2e \5e—a 
10azx 
and then again by (85) = = Seats al? whence 2 = + 2a 


Ex.2. Viat+2)+V(a-2)=YVe. 
Here, cubing by the formula (a +})*=a°+0'+3ab(a+), we have 
(a+x)+(a-2)+8 ¥ (a*-2") {V(at2)+¥ (a-2)} = 24437 {(a?-z*)c}=c; 
“4 on = ¢ - 2a = ve (c 7 2a)* 
» Vi@t- 2*)c}=———, and x=+ y{a'-——}. 
Ex. 3. 1+ a4 =a(1+2)*=a(1 + 4x + 627 + 4? + 2"); 
*, (@— 1) 2+ 402" + Gaz*+4ar+(a-1)=0,a recurring equation; 
*(a-1) {x*42°*}+4a{2+27} +6a=0=(a-1) {e+a"}' +4a{x+27}44412; 
. f+a'= =e VP r DS = p suppose; 


then 2*-pr+1=0, or z=3{p+ V(p*-4)}; 
where, by giving p its double value, we shall have the Jour roots. 
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Ex. 12, | 

1. a*4e*taetat=4, 2. dx - 32° 4+ 4 /(2* - 52 + 5) = 16, 

3. +a*+e-e'=2 4. 2°-1=0. 5. 2-pr=p-l. 

G. Q28-a'=1. 7. ¥(142z)4 V(1-22)=Ve. 8. 2+ pa*tprt+1=@ 

9. (n* 41) (2 + a - c*) = 4naz. 10. z*-a*=282*+27-1. 
M1. 2f-32=1-87, 12 2°-3e=2 18. 2-1=24 204, 
14. V(l+2)l-V(1-2=V(1-2"). 15. axt2./(n*xinaz*)=n(82-1). 
16. (xa) /a—(2@ +0) J/d=)(/2—Vb). 17. B—2p2?+2pr=1. 
(8. 2+ 4-32-+1=323 + 42°. 19. a? —4271=14. 20. z2#=1. 

4s b= (2+ 722-2), 22.2 +44+3 Y(abr)=bd, 23,222 + SA (47+ 9)=r'—o 

24, 4274+ oe a (1+<). 25. 2*-8 (x41) he ae 





2G. Vtty(2- a) _ 07. “Se 98. ate+y(a*—zx*) _ 
V2-(t-a) z-a° (1-2) a+2-4/(a —a) x" 
Va— /{a~/(a* - az)} ax+1+,J/(a*2*-1) be 
* farya-eaaz)y* geet y(@e=1)” 2 
31.2 +y =5 82.2 -ya2 ) y= 33. 2 +y° = 
z+y*=97 z+yf= Ty , at+y=6 
lta ity 9 35. nme he 
“l-y l-@ | es 
ste l-y 4 ety. 
Lege -z 13 ab. ae tV > 1 
oi oe 54 
Bhs Bar + dy’ = iy 38. Prac nia \ 
~ By? = ya “y* + y V(a*y) = 1053 
a 2r+y yi ta co y_aty 
39. 7 + a = 20 - ¥ vt 40. oe ate 4) 
2+8=4y a y w-y 
, aoe 
41. 274+ sy +y%= 4 42. amy" = a™b"c 
zt /(zy)ty =b ae 
43. /S2—V/y=V/2 (Set Vy) 4A. fe) 
(z+y)?=2 @—y)? —by 


45. y/ (a—z)(z—b)+2V/(a—y)(b—y) = 2by/ az )(a—y)+ 
2an/(z—b)(b—y), ty=4ab. 


46. x t+¥ +2 =14 47, x*y* =cZ 48. L+y4z =12 
ey its xg -¥y\ e+y*+2*= 158 
z=? ye =ax y*=az 


49, 2+ 4° +2 = 3037, y? + 2= 871, y* + z= 877. 
60. + 2y4+2=19, 2° + 4y*4+ 2% = 133, 2: Qy::y: 42 
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64. (137) It is sometimes possible to modify the statement of 
& question, so as to admit the negative answers which would other- 
wise have to be rejected. In order to do this, we must, as before, 
change z into —-z in the equation which expresses the Problem, 
and consider the result. Thus, if we change z into -z, we get 
in (137 Ex. 1) 30 -2=2*~12, which indicates, for the negative 
root, this modified form of the question, ‘What number, when 
taken from 30, &c.;’ and, in like manner, in Ex. 2, we shall get 

= -- - 2, or Race =< +2, which indicates the modi- 
"=-24+3— z-3 
fication of the question ‘ If he had bought 3 less for the same 
money, he would have paid £2 more for each.’ 


N.B. Additional Equations and Problems are given at the end. 





65. Any trinomial quantity, 2*+px+g, may be expressed in 
one of the three forms, (a - @) (2-8), (4-a)*, or (zx-«)* + 6*, where 
a, 8 are real quantities. [The student will, of course, distinguish 
between the quantity z*+px+q and the equation 2*+ pr+q=0.] 

For 2*+prtg=(2*+pr+tp')+(q-2p") = (e+ apy+(q-2 7"): 
. (i) If g < dp’, or p* > 4q, then 2° +prig =(x+hp)*-(dp*-¢) 

a{ztip+ /(ip'-9)} {e+2p-Vv(ap"-9)}=(2-2) (x-A), 
if-a=tpt+/(ip'-g) -B=tp-V(ip*-9)3 

(ii) If g=ip‘, or p*=49, then z*+pxr+q=(rtip)*=(x-2)', if -a=1 p) 

(iii) If g>2p*, or p*<4q, then 2*+pxig=(z-«)*+f%, if f=q—2 p*. 


In (ii) the expression is a perfect square, and in (ii) and (iii) 
is necessarily positive, whatever value we give 2. 

Instead of saying that 2*+px+q may be put into one or other 
of the above forms according as p*>, =, <4g, we may say (129) 
according as the equation x* +px+q=0 has its roots unequal, equal, 
or empossible. If p*-49 be a perfect square, then a, @ will be also 
rational, or z*+px+q can be resolved into rational simple factors. 


In like manner, az" + 82+ e=a(a+~ 242) may be put into 


one of the three forms a (z- 2) (x-f), a(z-2)’, or a {(x-a)* + f%}, 
according as b* > = < 4ac, or, in other words, according as the 
equation az* + bz + c = 0 has its roots unequal, equal, or imposstble. 
If it take the second form, the expression is (as before) a perfect 
square = {/a(z - a)}*; if the third, the factor (2 - «)* + 6 will be 
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positive for all values of 7, and therefore the expression az*+ br+e 
will have always the same sign as a, that is, it will not change tts 
sign whatever value we give toz. If 5*-4ac be a perfect square, 
then ax* + bz +0 can be resolved into rational simple factors. 


66. We shall conclude this chapter with a few remarks upon 
elimination in general. 

If the number of equations given exceed by one, two, &c. the 
number of unknowns, these may be all eliminated, and there will 
arise one, two, &c. equations of condition between the coeff* of the 
equations which must be satisfied, independently of the values of the 
unknowns, in order that the equations may be able to exist at all. 

Ex.1. av+6=0, (1) Here, eliminating z from (1) and (2), 

azt+h'= o} (2) from (1) and(3), and from (2) and (3), 

a'e+b"=0) (3) ab’-ab=0, ab"—a"b=0, ab"-a"t'=0 
which equations, however, are not independent of each other, since 
from any two of them we may derive the third. 

Ex. 2. az*+be+e=0) (1) 

ax?+bere=O0f (2) 
Here eliminating 2*, we obtain (ab - ab!) x + alec-ac = 0; 
eliminating ¢ and c’, and dividing by z, (a'c - ac’) 2 + 'e - bc = 0; 
eliminating z from these, (a'c — ac’} + (ab! — ab) (Be - bc’) = 0. 


Ex. 3. ax + by = =e, (1) 
se + 4 =<} (2) 
a'r (3) 


aba’? 9 ~ aia! 
*. from (3) a” (B'c — bc’) + 8” (ac — a'c) +c” (ab - ab’) = 0. 

67. If there be two equations given of the second degree between 
two unknowns, the elimination of either of them will lead generally 
to an equation of the fourth degree. 

Let az*+ bry + cy*+dzx+ ey+f=0, or az*+ (by +d) x + (cy*+ ey+f )=0, 
az +baytcy +d rtey+f'=0, azt+(byta’)x+(cy*+ey+f")=0, 
be two equations of the second degree in their most general form: 
then, eliminating 2* and z, as in Ex. 2 above, we have 
{a' (cy? + ey + f)-a(cy® + ey +f')¥ + &e. = 0, 
which manifestly contains y' , and is therefore of the fourth degree 


in y. 


From (1) and (2) we get z= be =u nee 
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68. Zo elminate generally between two equations of two unknowns. 

Let £,=0, E,=0, represent any two equations in 2 and y ; pro- 
ceed with £,, Z,, (arranged according to 2) as if to find their G.c.M.; 
and let Y represent the remainder, when at length it becomes clear 
of z, and is therefore a function of y only. Now any value of y, 
which makes this rem’ vanish, that is, any root (8 suppose) of the 
equation Y= 0, will render the last divisor (64) a common factor 
of #, and £,. Now, suppose we put § for y, throughout the 
operation; then all the quantities concerned would become func- 
tions of z only. Let us denote the new values of the last divisor, 
and of the two given quantities Z,, E,, by X, X,, X, respectively ; 
then X, and X, will have the common factor X, and consequently, 
for any value @ of 2 which makes X=0, we shall have X,=0, 
X,=0. It follows then that £,, E,, would be changed to X,, X,, 
by the value ® of y; and each of X,, X,, to zero by the value « 
of z; so that r=a, y=f, will satisfy the equations Z,=0, £,=0. 

Ex.1. az+by=c Here E,=axr+by—-c=0 

Peel eh Aes 
azrt+by-c) dz+ by- ¢ * 
G 


aa'z + ab'y — ac’ (a 
aa'z + a'by —a’e 








b’- ‘ _ f‘~a’'c)=Ye= i _ a'-ae | ° 
(ab’-a’'b) y-(ace’—a’c)=Y=0, if y nab B; 
and, by ae this value # for y, the last divisor ar + by —¢ 
a(be’ — bc er b’c — be’ | 
becomes ax + — 5; ,-* or X, and X=0 gives z= 7 
Ex.2. at+y= 5) 2+(y-5)]J 2*+(y*-18) Le-(y- 5) 
eH+y%=13 Zt(y -— 5)z 


~(y — 5) x+(y*-18) 
~(y - 5) 2-(y*- 10y +25) 
2y*-10y+12= ¥. 
Here Y=0 gives y= 2, or y=3: 
ify=2,we have X=2+2-5=2-3, and X=0 gives x= 8; 
if y= 3, we have X=2+3-5-2-2, and X=0 gives z= 2. 
N.B. In the case of equations higher than the second degree, it 
would be necessary to see whether Y may not contain some factor, 
a function of y, introduced to avoid Fractions in the process for 
the G.c.M. Such a factor must be struck out of Y=0 before we 
use its roots, as above. | 
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INDETERMINATE EQUATIONS, AND INEQUALITIES, 


69. It is easily seen, by giving ¢ the values 0, 1, 2, &c. succes- 
sively, that the integral values of z and y in (138) form series 
in AR. PROG., whose common differences are 5, a, respectively. 


70. To shew that the number of positive integral solutions 
will be limited or not according as the equation is of the form 
(i) ax+by=c, or (ii) az—by=c; and that in (i) the number of 


solutions will be the greatest integer either in = or in < +1, 


For (i), when az + by =c, we shall have z=a-bt, y= +a, 
where aa+68=c; and here we must not take ¢ positively >a +h, 
or negatively >B+a, if x and y are to be posttive integers: 
hence if ; =n+f; ‘. n'+ f', where n, n’ are the greatest integers 
in - , and f, f” are proper fractions, the number of different 
values that may be given to ¢ will be »+n'+1, (adding 1 for the 


value ¢=0, when z=a, y=); and, therefore, the number of 
solutions in positive integers will be n + 2’ +1 


= 5+ Esse es -= S41 - 4s) 





= the greatest integer in = or in < +1, according as the sum 


of the two fractions f and f’ is > or <1. 


Hence if ¢<ab, the equation cannot have more than one such 
solution, and may have none, which last must always be the case 
when c<a+b, (unless we allow the supposition of z or y=0,) 
since then, if we give x and y their Jeast integral values, viz 
z=1, y=1, we have still ar+by>c. 

And (ii) when az-lby=c, we have z=a+bt, y=8+at, and 
here there is no limit in one direction to the value of ¢, and there- 
fore the number of positive integral solutions is unlimited. 
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71, (140 Ex. 1. N.B.) If @ be prime to 8, there is always some 
multiple, pa, of a, where p<b, which is divisible by 6 with re- 
mainder unity. 

For each term of the series a, 2a, 3a, &c. (6-1) a when divided 
by 5 must leave a different remainder: if not, let ma and m’a leave 
the same remainder r, so that we get ma=nbir, ma=n'b+7; 

, b m-m 
then (:% - m')a =(n-n’)b, or giro”, 
terms, since a is prime to 6, and, consequently, m-m', n—~*’, 
must be equimultiples of 6 and a, which is here impossible, since 
m, m’ are each less than 6, and therefore m-m’ cannot be a 
multiple of 6. 

Hence these remainders, since they are each <0, and the n° 
of them is b-1, must consist of all numbers from 1 to 8-1 
inclusive; and, therefore, some one term pa, when divided by 8, 
will give some quotient g with a rem' 1, so that pa=gb+1 for 
some value of p <b. 

72. If ax+by+cz=d, we may write ar+by=d-cz, and then, 
giving z successive values, 1, 2, &c. we get a series of inde- 
terminate equations of the form az + by=c’. 


Ex. Solve 227 + Ty + 5z = 27 in positive integers. 

We may transpose either of the three quantities to the second 
side; but it will be better to take that which will most limit the 
number of resulting equations: thus, if we write 27+ Ty =27 — 52, 
we might take z from 1 to 5, and so we should form five equations; | 
but if we write 22 +5z=27- ‘Ty, we can only take y from 1 to 3; 
and here again (70 i] it is useless to take y = 3, since in that 
case we should have 2z + 5y=6, where c<(a@+ 5). 

Hence (1) 22 + 5z = 20, or (2) 22 + 62=13: 
from (1) =10-5¢, y=1, 2=2¢; from (2) e=4-5¢, y=2, g=2¢+1. 

In (1) we can only take ¢=1, which gives 2=5, y= a z=2; 
and in (2) we can only take ¢=0, which gives z=4, y=2, z=1. 


Ex. 13. 
1. Find the number of positive integral solutions of 
32+ 5y4+72=100, S24+7y+112=144, 1724+19y + 21z= 200. 


2. How many lbs. of tea at 3s 6d, 4s 6d, and 6s 6d, must be 
taken to make 30 lbs. at 68? 





b e e o 
: NOW = is in its lowest 
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3. The expenses of a party were 40s, of which each man paid 4s, 
each woman 33s, and each child 4d: how many were there at least? 

4. How many hundred gals. of spirits, at 12s, 15s, and 18s per 
gallon, will make a mixture of 900 gals. at 17s per gallon? 

5. In how many different ways can a refiner mix three kinds of 
silver of 7, 12, and 17 carats fine, so as to produce a mass of 50 oz. 
of 15 carats fine? 

6. How much brandy at 158, 16s, and 208 per salt may be 
mixed with 10 gallons of water that the compound may be worth 
11s 4d per gallonP Obtajn the simplest answer the question 
admits of, 


73. Indeterminate equations of degree higher than the first are 
generally difficult of solution, and beyond the object of the present 
work. We will here, however, shew how to solve in integers an 
equation of the form mary +n2*=axr+by+e, or meyt+ny*=art byte, 
which involves only one of the squares of z and y. 


Ex. 3zy + 22° = 32 + Qy + 5. 
—2274+ 8245 -3%+24+6 





Here y = —— og ag if z= 32; 
0 7 oe + 92 + 45 55 55 
eae ~22+5+-—>5 62+5+ 3 —5 33 


let us take now all the divisors of 55, viz. +1, +5, +11, +458, 
and put 32-2 equal to each of these which will give x an integer; 
thus we have 

32-2=41, e=1; 3x-2=-5, e=-1; 827-2=-1]1, c=-3; 

32-2=+55, 2=19: 
if z=1, then 9y = 54, y=6; if2=-1,y=0; if z=-3, y=2; 
if 2=19, y is not integral: 

hence the only solution in positive integers is z=1, y=6. 

Of course the same method may be applied to an equation of the 
form mry = az + by +c. 


Ex, 14. 
Solve in positive integers, 
1. 3zy = 62 + 2y + 4. 2. Szy + 2x - 3y = 42. 
3. 3zyt+aet+y=79. 4, ry + 2a* = 2x + By + 29. 
6. (x + 2f'=(4-1)y. 6. +245 =(8y - 2). 


J. 3x(y+1)=2(2y +7). 8. y(27 +1) =32* +1, 


a 
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74. Inequalities, in which two expressions are connected by the 
sign > or <, are treated just like equations, with this exception, 
that if we change the signs of all the terms, (as we may do in 
equations,) we must also change the sign of inequality from > to <, 
or < to >; thus, although 7 is >3, yet -7 is <-— 3. 

Most cases of inequality, however, will be found reducible to the 
following fact, viz. that, since (x-y)*, or 2*-2zry+y’*, is essen- 
tially positive, whatever be the values of z and y, .. 2*+y4* > 2zy. 

Ex. 1. Which is greater, m*+1 or m*+m, whatever m may be? 

Here m*+1 is >m*+m, if m°+1>m(m+1), 
or if m*-m+1>mm, (dividing each side by m+1), or if m*4+1> 2m, 
which being the case by [74], .. m?+1>m*+m. 

Ex. 2. Shew that a° + &° > a*} + ab’, 

Since a* + b* > 2ab, .°. a® + ab*> 2a and ab +6 > Quad’; 
.. @ +8 + a°d + ab® > 20°) + 2ad*, or a + B > ad + ad*. 


Ex. 15. 
1. Shew that 5 is the integer value of z, when 
A (v7 +2)4+4"<4(e-4)4+3 and >3(¢+1)+}3. 
2. Shew that the sum of any fraction, and its reciprocal, is > 2. 
3. Shew that cs, and that Ata> pte 
4, Shew that a® + a‘b® + a*d' + b° > (a* + 5°)*. _ 
5. If 2*=a"+0*, and y*=c*+a", shew that zy>ac+bd or ad + be. 
6. If a>b, shew that a‘ — 0 < 4a°(a — b) and > 46°(a — 5d). 
7. Shew that a* + 5* + c* > ab + ac + be. 
8. Shew that a® + 6° +c? > 3(a° + ab* + a®e + ac* + b%e + bc*). 
9. Shew that a%} + ab® + a’c + ac* + b’e + bc* > Gabe. 
10. Shew that (a + 6 +c)’ > 27abe. 
11. Shew that 2(1 + a* + a‘) > 3 (a + a’). 
12. Shew that abe > (4+ b-c) (a+c-8) (b+e-a). 


75. An inequality of the second degree of one variable may 
always be reduced to the form (i) 2*+ pr+q>0, or (ii) 2*+pz+q<0. 

Now [65] the expression z* + px +q may be made to assume 
one of three forms : 

(1) when 2*+pri+gq = (x -@) (%- 8), (i) is satisfied by any value 
of x, which is > the greatest of a and , cr < the least; and (ii) by 
any value of z, intermediate to « and pf; 
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(2) when 2°+p2+q=(2-2)%, (i) is satisfied by any value of 2, 
' except z=a, and (ii) is impossible; 

(8) when 2*+ pr +q=(x- 2) + &, (i) is satisfied by any value 
of z, and (ii) is impossible. 


76. Equations may sometimes be applied to find mazima or 
' minima values of some given function of a quantity, by which we 
- mean the greatest or least values which such a function can possibly 
have, while different values are given to the quantity itself. 

Thus the minimum value of 32*- 327+2 will be found to be 4, 
which it has when z=+4. To find such values (when practicable) 
by Algebra, put the given function (using z for the variable quan- 
tity) =m, and solve this equation: by this means z will be expressed 
in terms of m, and it will be easy to see what will be the greatest 
or least values allowable for m, so that z may be a possible quantity. 


Ex. 1. Let 32*-32+4+2=m, or 32*-32r4+(2-m)=0: 
now here (129) in order that z may be possible, we must have 
9 not < 12(2~-m), and therefore m not < , which is consequently 
its mtnimum value, in which case z=4. 


vt+aet+l 

z+l1 
and here, ,in order that 2 may be possible, we must have 
1>4(1-m)*, or m'-2m+2 <0, which [75] is the case for all 
values of m between 2 and §, the roots of the equation m’-2m+2=0: 
hence 3 and & are the Limits of the possible values of the given 
function of z. ° 


Ex. 2. Let =m, or (l-m)2*+2+(1-m)=0: 


Ex. 16. 
Find the maximum or minimum value, determining which, 
1. Of 2*- 16, 274+32r+44, (c-3) (4-2), (a-z) (4-5). 
a lina v-2- . a b) 
3. er a uae a into two parts so that (i) i product, 
(ii) the sum of their squares, (iii) the sum of the quotients of one 
by the other, may be a maximum or minimum, determining which. 
4. Find what values are possible for the expressions 
w-z2+1 x#-32+4 (+1) (e+2) (a+z) (b+) 
w+a241’ +3244’ ~ a(@+8) ’ © 


( 44 ) 
CHAPTER V. 


PROGRESSIONS, PROPORTIONS, AND COMBINATIONS. 


77. To explain the negative root in (143 Ex. 3) write — for n, 
and we have S= {2a—(n+1) da} x - 4n={2 (d-—a) + (n-1) a} 4n, 
which is the sum of n terms of the same AR. series, but with d—a 
instead of @ for the first term. Thus 24 is the sum, not only 
of 34+5+749, but of -141+3+5+7+9, where the first term 
is d-a=2-3=-—1, and last term 9, the same as before. 

It is easily shewn that in all such cases the last terms will be the 


same; for since we have n* + (4 - 1) ne = , itfollows by (130) 


that, if n, -n’, be the two values of , then — nena =e k; 
”. n'd=2a+(n-1)d,and U'=(d-a)+(n'-1)d=-atn'd=a4 (n—1) d=1, 


78. (161) This is the definition of Proportion which is employed 
in Geometry, and which is thus shewn to be identical with that 
given in Arithmetic and Algebra. The reason why we are obliged 
to have recourse to another test of proportionality, although a less 
simple and obvious one, in geometrical reasoning, is that there 
is no geometrical mode of expressing a ratio, nor therefore of 
proving the equality of two ratios. For a ratio, being a mere 
number, (though the things compared may be geometrical quan- 
tities, lines, areas, or solids,) cannot be represented by a geometrical 
quantity, a line of certain length for instance, except by departing 
from pure Geometry, (in which a line always stands for a line and 
nothing else,) and using the dine in a symbolical sense, just in the 
same way as we might take a letter x to represent the same 
number in Algebra. Accordingly we find that the definition of 
Ratio in Geometry, viz. ‘the relation of quantities of the same 
kind with respect to magnitude,’ is so vague as not to deserve the 
name of a definition: nor is any proposition founded upon it, the 
reasonings of Euclid being confined to ratios when considered in 
connexion with each other, in the shape of a proportion. 


79. If a:6::e:d, and a be the greatest, shew that d is the 
least, andat+d>bie. 
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Since 5 a and a>b, .°. c>d; also, since oe and a>e, 


. 6>d; anda, the greatest, is, of course, >d; .°. d is the least: 


again enh ait, and a>ec, “.a@-b>c-d, oratd>bie. 





This appears from (165 Ex. 3); since (a+d)=(b+c) + ten") = ig 
which last quantity is positive, since (a -6) and (a —c) are positive. 


80. (165) More generally, if four quantities are proportionals, 
then any proportion whatever will be true, in which the terms are 
all homogeneous, and those of the first ratio the same functions 
of the 1st and 2nd quantities that those of the second ratio are of 
the 3rd and 4th, or else, those of the first ratio the same functions 
of the 1st and 3rd quantities, that those of the second ratio are 
of the 2nd and 4th: and the proportions thus formed may yet 
further be changed by alternation. 


Thus, if a: b:: ¢:d, then a*-ab+2* : "+30" :: c—cd+d* : o°+3d", 
or, alternately, a®-ab+b*: c-cd +d*:: a® +30: 8 + 3a; 
and, in like manner, a* - ac + c*: a* + 3c*:: O° — bd + d*: B + 3d?, 
or, alternately, a - ac + c*: b-bd + d*:: a* + 3c*: BF + 8a*. 


As the above is an important proposition, the student’s attention 
should be again directed to the Proof of it in [27]. 


81. In like manner by [28], if a:b::e:d::e:f, we have 
a:b::cte:d+f::ma-ne:mb-nf::a—c-e:b-d-f, &e. 
a®: & :: ae : UF-f* :: (atc): (b+d)* :: (a—mcine)* : (b-mdinf)*, &c. 

@+ce:acct+e:: b+ d': bdf+f%, &. | 


82. Single and Double Rule of Three sums are solved upon 
the principles of Variation and Proportion. 

In Single Rule of Three, we have given corresponding values of 
two things which vary as one another, and have then to find the 
change produced in one when a given change is made in the other. 

Thus, in the question, ‘If 57 cwt. cost £216, what will 95 cwt. 
cost?’ we have given 57 cwt. and £216, corresponding quantities 
of weight and price; and have to find to what £216 will be changed, 
when 57 cwt. is changed to 95 cwt. Now weight « price directly; 

“. 57: 95: 216: the answer = ¢, x 95 x 216 = 360, 
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Again, in the question, ‘How many men would do in 168 day: 
a piece of work which 108 men can do in 266 days?’ we have 
given 266 days and 108 men, corresponding quantities of ¢zze and 
labour; and have to find to what 108 men must be changed, when 
266 days are changed to 168 days. Now the time for a given work 
increases in the same proportion as the No. of men employed 
decreases, and vice versd, t.e. time o No. of men inversely ; 

”. gio i pie 2: 108: the answer = z}, x 108 + 33g = 171. 

From (164) we see that we may simplify a Rule of Three sum 
by dividing the ist and 2nd, or Ist and 3rd terms, by any common 
factor which they may contain. 


83. In Double Rule of Three, we have given one thing, which 
varies separately as each of several others, if the rest be constant, 
and, therefore, varies as their product, when all are changeable 
(171). Having given then one value of the former or single quan- 
tity, and corresponding values of the others, we have to find to 
what the first will be changed, when the latter are changed to 
others also given. 


Thus, in the question, ‘If 12 horses plough 11 acres in 5 days, 
how many horses would plough 33 acres in 18 days?’ the single 
term is horses, and the others are acres and days. Now if the No. 
of days were constant, the No. of horses would vary as that of 
acres directly; again, if the No. of acres were constant, the No. of 
horses would vary as that of days tnversely; hence the No. of 
No. of acres 
No. of days 


“. 44: 22:: 12: the answer = 22 x 12 + 43 = 10. 


84. It follows easily from [27] that if 4 « B, then any homo- 
geneous functions whatever of 4 and B vary as each other. 


horses & , when both change their values; 


For if 4 a B, or —_ m= - then any fraction whatever, 


furmed by means of 4 and B, with num’ and den‘ homogeneous, 
is equal to a similar fraction, with m and 1 in the place of 4 and B, 
and therefore is constant in value; hence the num’ « the denr, 
: 4° +3A4°B m+ 3m? 
Thus ifAa B, then oAB*_- Be in 1 
*, 4°+3A4°B o 24 B*— B*; an expression of which kind (since it 


=a constant, and 
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may be immediately turned into an equation, by means of a constant 
factor) it will be convenient to call an equation of variation. 


85. If 4a Be C, then an equation of variation obtains be- 
tween any two homogeneous functions whatever of 4, B, C. 

For we may express each of 4 and B in terms of C’ by a constant 
factor, as d=mC, B=nC: making these substitutions in any 
fraction, whose terms are homogeneous functions of A, B, C, we 
shall be able to strike out C' altogether, and the fraction will be 
seen to have a constant value; hence the num’ « the den’. 

3 3 
Thus ae = nt ne =a constant; .. 4°+2ABCa B*C- C*. 

The same proof may plainly be extended to any number of 
quantities, A, B, C, D, &c. 

86. Conversely, if an equation of variation obtain between two 
homogeneous functions of 4 and B, then 4 « B. 

For putting in the given equation 4 = 2B (without knowing as 
yet whether x is constant or variable) we shall find that B may 
be struck out, and there will remain an equation, with constant 
coeff', for determining x; hence z will be constant, and 4=2Be B. 

Thus if 4*-24AB ¢ 3AB- B’=m(8AB - B*), putting +B for A, 
we have 2z*- 2x=m(3xr-1), where, since m is constant, the 
values of x will be constant, and -. 4=z7Ba B. 

Hence also it follows now by [84] that if an equation of varia- 
tion obtain between any two hom. functions of 4 and B, there will 
obtain one also between any other two hom. functions whatever. 





87. If two equations of variation be given between hom. func- 
tions of three quantities, 4, B, C, thn A4c# Bal. 

For putting 4=2C, B=yC, in the given equations, we shall be 
able to strike out C as before, and there will result two equations 
with constant coeff’ for determining z and y, which will therefore 
have constant values; hence 4a Ca B. 

In like manner it may be shewn that if n-1 equations of variation 
be given between hom. functions of n quantities, 4, B, C, D, &c., 
then 4 a Ba Ca D, &c,; and hence also an equation of variation 
will obtain between any other two hom. functions whatever of 
these quantities. 

Ex. If A4Ba C* and 4*a« BO then Ax Ba G and 
A*+C? a (4+C) SB. 
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For let d=2C, B=yC; then, if 4B=mC"* and A*=nBC, we 
have (i) zy=m, (ii) 2*=ny; from which equations x and y may 
be found in terms of mand n, and are therefore constant; hence 
A* + C* z*+1 
AacCa BB, and (At O)B (thy 

 A'+C* 2 (A+C) B. 
EX. 17. 
1. If 4 a B, then 4°94 Bc AB, and Bt AB a (A+ BY 
2. If4+BaC, and B+Ce A, then 4+Co B, and 4? x BC 
3 If 4c Bic, Da B*+C*, and AD« BC, 
then Ac BaCaD, and 4+C’cB+D'cAcC+ BD. 


4, If 4c B, ACc DD, and Ba CD, 
then (4+ B+C)c& ABCD A‘+ B+ C% 





=a constant ; 


88. The No. of Var of n different letters, taken r together, 


when each may enter 1, 2, 3, §c. or r times in each Varn, is mr. 
For, when taken two together, a may stand before itself, or any 


other of the n letters, as aa, ab, ac, &c.; that is, there will be 
% Var™ of this kind, in which a stands first: similarly, of 5, c, &c.: | 
on the whole, therefore, there will be »* Var™ of this kind, when - 


the letters are taken two together. 

Again, before each of these a may be set, and so there will 
be n* Var" of this kind, when the letters are taken three together, 
in which a stands first; similarly of }, c, &c.; that is, on the whole, 
there will be n° such Var™: and so on. 

Cor. The sum of such Var" of n letters, taken 1, 2, 3, &c. 


7 together, =n +n* + &c. n" = na, 


89. Zo find what No. r out of n things must be taken together, so 
that the No. of Combinations formed may be the greatest possible. 


Since C, is obtained by multiplying C,., by "—"** or @4*_ 1, 








the quantities C,, C,, &c. will increase scceaualle. each term upon 
the preceding, so long as this factor >1; hence C, will be the 
greatest for the greatest value of r which allows of this, or of 
2 +1 > 2r, that is, when r is the integer next <}(n +1), 
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If m be even, r=in: if n be odd, and .. (+1) an integer 
7 =4(n+1)—-1=3(n-1): but, in this case, since (178) C.=C,_ 
the n° taken 1(m-1) together=the n° taken n—}(n-1) or 
4 (m+ 1) together, and .. r may be either 4(m-1) or 4(n +1). 

Ex. Ifn=6, r=in=3, C,=20; if n=7, r=3(n+1)=4 
or 3, C,=35=C,. 


90. If there be several sets, containing ny Ny Ny Se. things 
respectively, the n° of Comb™ formed by taking one out of each set, 
ts n,.n,.n,. Se. 

For let there be two such sets, as a,, @,, &c., 5,, b,, &c.; then, 
since each of the , things in the first may be combined with 
each of the n, in the second, the n° of Comb" of two things, one 
out of each set, will be m,.,. Again, if there be a third set of n, 
things, c¢,, c,, &c., each of the former n,.2, Comb™ may be taken 
with each of these n, things, and will thus form n,.n,., Comb™ 
of three things, one out of each set; and so on. 


Cor. If there be the same n°, x, in each set, and r such sets, the 
n° of Comb™ thus formed is n*. 


Ex. 18. 

1. Find the greatest n° of Comb™ that can be made out of 10 
things; and the whole n° when taken 1, 2, 3, &c. 10 together. 

2. How many letters of the word hokdays should be taken 
together so as to produce the greatest n° of different words? 
What is the difference between that n° of words and the greatest 
which can be produced by taking letters of the word universal ? 

3. A person wishes to make up as many differen¢ dinner parties 
as he can, out of 24 friends; how many should he invite at a time P 

4. Six yachts are to be so arranged in a regatta, that there may 
be the greatest possible n° of different matches; how many then 
must sail in each match, and how many matches would there be ? 

5. In what numbers should 20 men be combined so as to form 
the greatest possible n° of different companies? In how many of 
these would the same man be found? 

6. There are 2 regular polyhedrons marked in the manner of 
dice, and the numbers on their faces are m, m-+-n, respectively: 
how many different = can possibly be made by throwing 

them together ? 
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CHAPTER VI. 


BINOMIAL AND MULTINOMIAL THEOREMS. 


Various proofs have been given of the Binomial Theorem. 
Besides that given in the Text, the following is worthy of notice, 
as being a complete proof for all values of the index. 

91. Zo prove the Binomial Theorem for all values of the Indez. 

If n be a positive integer, 

(142-4) gay 4(142)"*4&0.4(142)4(1tz)4¢13 

(l+z)-1 
. (l¢zy=l4z{(14+z)'+(14+2)"*+ &e.+(1+2)+1}, 
=1+2p suppose; 

Similarly each of the quantities (1+2)"", (1+2)**, &c. may be 
expressed in the form 1+ ap,, 1+2p,, so that 
(l+az)*=1+2 {(1+2p,)+ (l+ap,)+&ejolia{n+az(p,tp, + &e.)} 

=1+4nz+ terms in 2’, 2*, &c. 

Again, if »=- mM, 8 negative integer, 


eee =(L+a)(m) + (1+ 2) 4 &e.+(1 +2)" +1, 
1 
a SS aes = os es 1 ri. 
and (1+z)'-1 Ee Soha Wee a(l+zy'; 


(1+ cy™-1s-2{(1+2)4 (Lexy d+&e.4(1t2)*+ (142), 
and, as before, ie ia a aia he —mz + terms in 2*, 2°, &e. 


Lastly, if n me 8 iii p and q being + or — integers, 


assume (1 ay =1+4Axr+Bz'+&c., whence (1+2z)? =(1+ Az + &c.)' 
*,, by the former cases, 1+ pr + &.=1+9(Azt &.) + &e.; 
whence, equating coefficients of “ 


P 


p= qA, and A= . or (1+2)F- Dae y tents Me yes &e. 


We may assume oi for all values of the index, 
(14+2)"=1+Az+ Bz*+ C2’ + &c., where A =the index, n. 


BINOMIAL AND MULTINOMIAL THEOREMS. 51 


Ilence (14+ 2+2)"=14+A4(@+2)+B(et+zfh+C(etzy+ &e; 
but (l+2+z)"= {a+—)(14>25)P =(1 rzy( 3) 


=(1 taped oe 5)+B( 7) +0( 4) +&e.}: 


*. equating coeff of z in these identical expansions of (1+ 2+ 2)’, 


wehave 4 10Bx43C2"+&c.=A(1+2)"" 
=A {14 A’e+ Bot + Cx + &e.}, 


where 4’, B, &e. correspond in the expansion of (1+2)"" to 

A, B, &c. in that of (1+2)", and may be formed from 4, B, &c., 

by writing in them n-1 for n; thus, since 4=n, 4’=n-1: 

equating now coeflicients of z in these expressions, we have 
2B=AA', 83C=AB, &e., 











AA'_n(n-1) (n-1) (n-2) 
whence B= 5) =—19 ; and .. B= a i 
AB _n(n-l) (n-2) or _ (aI) (n-2) ( (n-3) 
3) 1.2.3 sei 1.2.3 
&e. = &e. | &e. = &e. 


and .. (l+2)"=line+ ODay eS (54) x + &e. 


Hence (asaya a"(142) <a (ten (2) 4 nr (Z) + &c.} 


= a” +na” 2 +4n(n—-1)a"2* + &e., 


~1)...(n— n 
where coeff. of a" *z" = nie non elects!) =, as in (182), a. . 
e coed” [r | = r 


92. If (l+2)"=14+ Bert Bz’ + &e.4+ Bz + &e., 
then, multiplying both sides of this equation by 1+ 2, we get 
(l+2z)"=14 B+ By'+ &e.4+ Ba” + &e. 
+ 24+ Ba*+ &e. + Bz + &e. 


ae ce 


=1+ C2+ G2? + &.+ Ca” + &e., 


where C,=1+ B,, C,=B,+B,, &c., and, generally, C.= B it Br. 

These results are proved independently of the form of the series 
for (l+2)"" and (1+2)": but assuming the form to be known as 
above, we may also prove them easily by actual addition, whatever 
be the value of 2. 


D2 
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9 [~ —] 
c= [r |” as ae 
_ |e=! 
rl [r-1 1 jr-1|n-r >? 


t Brat Bray rece jeer n - —} 





For C, = GcEE ., Writing n-1 for n, 


and .’., ae r~-1 forr, B 


een as C 
: are ce GoW" Fae & 

Con. 1. Since C,= B,.,+ By, or any coeff. in the expansion of 
(1 + 2)" = the sum of two coeff* in that of (1+ 2)", it follows that, 
if all the coeff* in the latter expansion be integers, so also will they 
be in the former: but all the coeff* are integers in the expansions 
of the second, third, &c. powers; therefore in that of the fourth, 
&c.; and so, generally, all the coeff* are integers in the expansion of 
any positive integral power of 1+ 2. 

Cor. 2. Since, then, if + be any positive integer, C, is also an 
integer, it follows that the num‘ 2(2-1)...(%-—9+1) is divisible 
without rem* by the den" 1.2...1; or, since n, n-1, &. n — 97 +1, 
are consecutive integers, r in number, and we may take the first 
of them, n, to stand for any integer whatever, it may be said that 
the product of any r consecutive integers is divisible by 1.2 ... x. 


Cor. 3. From the result C,= B,_, + B,, we may easily form the 
following table, which goes by the name of Pascal’s Triangle, and 
in which the horizontal line gives the coeff» of the successive 
integral powers of 1 + 2, and the terms in each horizontal line are 
formed from those in the next preceding. 





-O|1 

31 1+1 

&2,;14+2+ 1 

 *3 1143+ 34 1 

g 4) 144+ 6+ 44+ 1 

35) 14+5+10+104 5+1 
~6,14+6415+204+15+641 


93. By attending to the Law of homogeneous quantities re- 
ferred to in (107 Ex. 2), we may facilitate the expansion of | 


many binomials: thus (a - 2x) ~# ig homogeneous and of —§ 


dimensions; if then we expand (1 - 2x)" %, we need only introduce 
into each term such a power of a, as will make it of —2 dimensions, 
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Ex. 1. (1l¢2-2°)§=143(c-2°)4+2(x-2")'- J, (x- 2°)*- &e. 

S148 (2-2')H (at 2rtal)- a (a? BetrBe.) 4 Be 1ie tat Batt he 
Ex. 2. (a* + az - ~ 2) = a’ + Sa*r - . 2gq% — 14 2 if,a'x* + &e., 


which, since (a*+ az -2"* yi is homogeneous and of 3 dimensions, 
is derived from Ex. t by merely introducing into each term such 
® power of a as will make it of 3 dimensions: 


Ex. 19. 
1. (a-2z)-t, 2, (a*-8az)"3. 3. V(a*+4a%), 4. {a+-/(az)}t. 
5. (1-2-2°)" 6. (1-2-2")*, 7. (l+2-2%). 


8. (1-8242%). 9. (at-ar-2')4, 10. (a? + 2ar- 2"), 


94. The student will now do well to exercise himself in setting 
down the general term of any expansion, and to notice the different 
forms which the general expression for C, assumes for different 
values of n. 

(i) If » be a positive integer, the ordinary form is to be used, 
the factors in the num' being r in n°. (observe, one for each in 
the denr) and diminishing regularly by unity ; but in the expansion 
of (1- 2)" or {1 +(- z)}*, the general term will be C,(- x) or 
C,.(-1). 2 =(-1)". G2", where the quantity (-1)’ will be 
either +1 or -1, according as r is even or odd, that is, according — 
as r+1, the n°. of the term, is odd or even. The factor (- 1)’ wil 
therefore merely determine the stgn of the term, without affecting 
its numerical value. 


Ex. 1. In (1-2) the general term is 
cay. 28: pas sae rea? v- (10- ae 





(ii) Ifn bea hes Pe C, becomes 
-~n(-n-1)..{-n-(r-1)}} _ =(-1y. n(n+1)..(ntr—-1) 
1.2..7 1.2.7 
and here the factors of the num" go on increasing by unity, until 
we come to the last of them, #+r-1. 
If the binomial be (1-2)*, then, as before, the general term is 
(-17.0,(-2)'=(-Ay ay. Ste gp ot let) ar, 


since (-1).(-1)" or (-1)", being an even power. of -1. is always +1. 


3 
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Ex. 2. In (1+2)* the general term is 
, 34.5 .. jee 1). ‘ (r+2) (r+), 
CNet. Oe 
Notice then that (n “ an integer) all the coeff" of (1+2)" 
or (1-)™” are positive, while in (1- 2)" and (1+2)™” they are 
alternately positive and negative: in the former case the general 
term is positive, in the latter it involves the factor (- 1). 


(iii) The same Laws with regard to signs obtain also in the case of 
a fractional index, only here, as in (184 Ex. 5), C, may be written 


se Eel (7-1) por 1 42¥, 
aoe 1.Q" 





es {p+(r-1)g 8 
and — T2eeng” ' for (1 x) ¢, 


E P 
and the same with the factor (- 1)’, for (1- x)’ and (142) 9%. 


Ex. 3. In (1+ 2)", the general term is 
3.5.7 ... {8+ (r—1) 2} af =(-1)'. 8.5.7 ... (2r +1) a, 


(-1). 1.2.3... 7.2" 1.2.3 0.7.2" 
% +, « 74.1.(-2).(-5) . {7-(r- r-1)3}_, 
Ex. 4. In (1+2)*, it is 1.2.3.4.5 «73° 


Now here we see that negative factors enter in the num’, and 
it is plain that the same will occur in alJ cases where the index is 
a positive fraction. To avoid the awkwardness of writing these, 
we may change the signs of them all, when they will of course go 
on increasing instead of, as before, decreasing, (thus in Ex. 4, 
we may write the num* 7.4.1.2.5...), only we must then prefix, 
as a factor, some power of (-—1), according to the original n°. 
of negative factors. Now, if the factors in the num' had been 
originally alJ negative, the factor in question would have been, as 
in Ex. 2, (-1)’; but if any even n°. of these negative factors be 
exchanged for positive, the sign of the whole product will not be 
altered, and by therefore still be expressed by (-1)'; whereas 
if any odd n°. of them be changed, the sign of the whole product 
will be altered, and may be expressed by -(- 1)" or e. 1". In 
such a case then we shall have to prefix (-1)’ or (-1)™, accord- 
ing as the n®. of positive factors is even or odd. 

This modification, however, of the general term will, of course, 
apply only to such terms of the expansion as involve negative factors. 
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thus, in Ex. 4, we may write the term, (-1)”*! a x"; 
but this is only true after the fourth term, and therefore is not, 
strictly speaking, the expression for the general term, as the form 
originally written was. However, we shall still call it the general 
term, with the understanding that it expresses any term of the 
series, as soon as the negative factors begin to enter the num’, but 
not before: and of this we shall be reminded by the peculiarity of 
the factors in the num’ first decreasing and then increasing. 


p p 
The above will apply to the case of (1+)?; but in that of (1-)?, 
the general term will of itself by (i) involve (-1)’; and this factor, 
combined with the above, will become (—1)” or (—1)**', that is, 
+1 or - 1, according as the n°. of positive factors is even or odd. 
Hence it follows that, in this case, as soon as a negative factor enters 
the coeff* the terms of the series will become either all positive or 
all negative, according as the general term takes the factor +1 or 
~1, that is, according as the n°. of positive factors is even or odd. 
-  §,.3.1.1.3 ... (27-7) 
Ex. 5. In (1 -z)t the general term is — ““onge por? 
where the last factor in the num’ was originally 5—(r-1) 2, which, 
with sign changed, becomes - 5 + (7-1) 2 = 2r—7; and the sign — is 
prefixed because the n°. of positive factors is odd, and all the terms 
after the fourth will be negative. _ 


Ex. 6. In (a- 82)8 = ai {1 - =f, the general term will be 


1g f21.4.7...(8r-5) (82 Bb [rl.. Ea 5) 2") 
e UL 1.2.3.4..7r.38° “\a he adi “123.097 oF 





Ex. 20. 
Find the general terms in 
1. (l+z)% 2. (1+2)". 3. (a-z). 4. (8r+y). 5 (l4+a)y"% 


6. (14+32)% 7% (1-223 8. (1-2) 74h. 9. (1x) 7% 
10. (1+ 2*)"%. 11. (2-2) 12. (a+ bz)" 
13. (a3 4 aay 14. (1 + 2z)% 15. (1 - 82). 
16. (a* - 2°), 17. (at - 2*)"4, 18. (az - 2*) * 
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95. To find the greatest term of (1+ x)». 


The (r+1)th term is oe from the rth by multiplying it by 
1 





n--f 1. ‘ nm 
the factor ———— : or {7 2" -1} 2%: now as r increases, a 


diminishes ; ae as i as the above factor >1, each term continues 
to increase upon the one preceding, and the greatest term will cor- 
respond to the first value of r, which makes it <1, for then the 
(r+1)t term will be less than the rth, and so, @ fortiori, will all 
the following terms. Hence the rth term will be the greatest 


for the first or lowest value of r which makes (#2" - 1| z<1, 


1 
or 7+ 2<1+z2, or r>(a+l) 





If (n+1) = be an integer, this may be taken for r; and then 


the rth and (r + 1)th terms will be equal. 

In the case of (1—2)*, since we only consider here the magnitude, 
not the sign, of the term, the result would have been the same. 

But if the index be negative =—n, then, as regards magnitude, 
the (r+1)th term is formed from the rth by multiplying it by 


air 2; and now we must take the lowest value of » which makes 





this factor <1, whence r is the integer next > (n - 1); ——_ 





Ex. 1. (1 +2?: Here r is the integer next > (3+ 1) 


1 + 
or $; therefore the greatest term is the jirst term. 


ane 


Ex. 2. (1+§)” %: Here the multiplier is (? + 1) t which being 


always > 1 shews that the series continually increases; when r > ] 
the method fails, unless n be a positive integer. 


' Ex. ai. 
Find the number and magnitude of the greatest term in 
1. (1+ 2), when z=}. 2. (1-2)*, when z = 2. 
3. (1+ x), when 2 = 3. 4. (1+ zi, when z= 4. 
5. (1+2)*, when z = 2. 6. (1-2z)” i when 2 = 12, 


96. To find the No. of homogeneous products of r dimensions, 
that can be made out of m things, a, b, c, ce. and their powers. 
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By common division, we have i x i. : iki — x &e. 
=(1+ar+a*x* + &c.) x (1452+ bx" + &e.) x (l+cr+c*x* + &e.) x &e. 
mli(a+b+ec+ &.) 2+ (a*+ abt+ac+ 0+ be + c+ &c.) 2*4+ &e. 
=1+S,7 + S,2* + S,z*+ &c., suppose, where S,, S,, S,, &c. are 
manifestly the sums of the homogeneous products of one, two, 
three, &c. dimensions, that can be made out of a, 8, c, &e. 

To obtain the number of these products, put a=b=c=&c.=1; 
by this means each product, of whatever dimensions, will be reduced 
to 1, and the value of S,, S,, &c. will now be merely the number of 
such products of each class. But by this substitution, the first side 
+f the above identity becomes 

m(m+1) 


1 \* ~m 6 = 
(5) =({1-2)" =l+mz+&e; «. Ss=m, S,= 12 


m(m+1).. {mare 1) 
12 


Cor. Hence we may obtain the n°. of terms in the expansion of 
(a+b+c+ &c.)", when n is a positive integer. 

Thus the expansion of (@+6)* will contain all possible com- 
binations of powers of a and 4, as a”, a""'b, a**b* &c., such that 
the sum of the indices in each term may be n, that is, it will 
contain all the homogeneous products of n dimensions that can be 
made out of fo things a and d; then’. of terms will be therefore 
2.3 ...(2+nm—-1)_ n+l 

L2en 1 

In like manner, the number of terms in the expansion of 
(a + 6 +0)", will be the n°. of homogeneous products of » dimen- 
sions that can be made out of three things, and will therefore be 


3.4...(3 + -1)_ = lis Bal and so on. 
12... 1.2 


» &C. 


and, generally, S, = 


or n+1, as we found in (181), 


97. We will here complete, as far as can be done algebraically, 
the Theory of Vanishing Fractions. Instead of finding the vanish- 
ing factor, as in [30], we may evaluate such fractions as follows. 


Let — = represent any fraction which becomes a vanishing fraction, 


when z=a: put a+h for z, and expand & and o in ascending 
u_ Ah*+ Bho + &e. 


f hk, and that th as —— gs 
powers of 4, and suppose that we thus ge = a BP Be.” 
Dd 
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a being the lowest index of A in the num' and a’ in the den’; then 


B-* 1 &o, A 
i)ifesa’, Mp At BM +h A : =e 
(i) if a= oS Wa Bs ke, A when z=a or h=0; 
a ARPS + BE" + Be. : 0, winnie a; 
Dv A'+ BWP 1 &, | A 
a a “ A+ Bho * + &. A 
(il) if @<a’ i a te = —=o, when 2= 4a. 
"0 Mh*-*4 BRA 1&, OO’ 


u 
Hence 7 is zero, finite, or infinite, according as @ >, =, or < @’. 


u ca latin eee when 2=2: writing 2+/ 


Ex, 1, a-—2*-8r112 0 
for z, we find that u=9/* + &c., v= 5h* + &c.; therefore, since the 


(ii) if a>a’, 





lowest indices of A are the same in these, - = when 2 = 2, 


/(a* + ax + 2*)- f(a*-ar+2") 0 
Ex. 2. etn odener 3” when r=0; 
put 2=0+4=A, and expand in ascending powers of h; 


| then « becomes a(t tgp the.) a{ 1 bi +e. ] =h+ &c, 
2a 2a 


h ; h he 
and v becomes a(t to, +80. )—\/a (1 “Sa + x ae + &e; 


=./a, when z= 0. 


Evaluate Ex, 22. 
22°- 52*-42412 (a + 2) —4/(2a) 3 
1, -192416’ when z= =2, 2. /(a + 22)=/(8a)’ when #=4. 
; a" ” (2*- a’)! +2-6 = 
é. a- (a — a)’ when z=0. 4. ye-ay-1! pear when z=a. 
2 7 
g-i(ar-2) , when z=a. 6. ease) when 2=a. 


” a@-3/(2a*x -az*) 


98. The following applications of the Binomial Theorem deserve 
notice, and will give the Student hints for es Problems. 
1.4 9 
§ 
Ex. 1. ¥3128=7(5°+3)= (145) =5 {145.5 a ak ORS . aot &e.} 


= § (1+.000192 -.000000073728 + &c.)=5.000959 &c. 
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The calculation was rendered easy here by the form of the den’; 
1 3 3 3.2 192 
thus = 5° 5h Be 108 7 08 = .000192. 
Ex. 2. Let a be an approximate value of ./N, so that ./N=a+2z, 
z being very small; then N=a*+ 2ar+a*=a*+(2a+z)a: 


N + 3a* 





3 
first suppose WV = a’ + 2az, then z = mile ,and 2¢+2= 





2a 2a’ 
_ af 
therefore, more nearly, NV = a*+ = td z, and x= 2a Eleil A _ ’ 
and (Naginea, = == i 
N + 3a? 


More generally, if /N=a+a, it may be similarly shewn, by 
taking three terms of the expansion of (a + 2)", that 


(n+ 1) N+(n—-1)a" 
VN= “4 in-l)Nt(n+ lar? 


putting this <a’, and assuming /N=a'+z, we shall get in the 
same way a yet nearer approximation to its value. 


Of course if a> a we should assume VN =a—-2. 


approximately : 


Ex. 3. Let ——" be any ratio in which z is sma] compared with a; 
+= ne aine 


then 





= (approximately) 1+ — = 











Thus (1001): me 10013: 1000 nearly = 2008 : — 
Ex. 4. (27) = {14 = \ iva 2 \¢ 28 =) +8e, 
a-x ~2z a-x 1.2 a-x 
“i a 
or = alia ~@ 1- 22 \* =lin n( = wi + ninth) (= \ +80. 
a+z a+z at+z 1.2 G+z 


and many similar results may be obtained, by changing the form 


of the quantity originally given. 


Ex. 5. The coeff. of the middle term or terms of (1 +e) may be 
expressed as follows. 





(i) If m be even, there is one middle term, the (3+1)th, whose coeff. 
[pn _ 1.8.5 (n-1), 24.600 1.3.5.0 (2-1) on 
“[in[in 1.2.3...4n * 733.040 “Tas aan 
since each of the 3n factors 2, 4, 6, in the numr = 2 x corresponding 


one in the den". 
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(ii) If n be odd, there will be two middle terms,the}(n+1)t and 
the i(n + 3)th; the coeff* of these will be equal, and may be shewn 
1.3.5 ... 2 ye 38-2), 
1.2.3 ...2 (n+ 6) 
Ex. 6. The sum of all the coeff*-of (1 +2)" = 2"; and sum of even 
coeff: = sum of odd coeff* = 2”"". 
For since (1+ 2)"=1+4 Cr+ Ca*t Cia? + &e., 
(141) = 2% =14 CL + Ch t+ Cyt &e, ssvcceese (i), 
and (1-1)*=0 =1- C+ C,—- Cy + &e. sacsnsonn(it)} 
hence from (i) sum of all coeff* of (1 + z)* = 2"; 
and from (ii) 1+C,+ &c.=C, + C, + &c., or sum of even coeff* = sum 
of odd coeff*, and .. each sum = 4 (2) = 2"" 


in the same way to be = 


Ex. 7. Since, when n is a positive integer, we have 
(l+2)*=1 +z oe + &e. + Cn" + Cr" "+2", 
and (e+ 1)" = 2°+C2" + Co "+ Be. +Ca* +Cz +1, 
”. by mult (1 + 2)" = 2"+C, ty Cix"" + &e. 
+ Ca™ "+ C%x” + &e. 
+ Cx" + &e. 
Now the coeff. of x” in (1+2)™ is (as in Ex. 5) ae pees 2", 
and the coeff. of 2" in the above product is 1+ C7 + Co+ &c.; 
n(n —- 7 1.3.5 ...(2n-1) on 
~1tn't {ia + &0, = +55 xo 
By similar reasonings, equating the coeff* of other powers of z, 
we may obtain the sums of other series, such as 1.C,+C,.C,+C,. C,+&c. 





99. Multinomial Theorem: To find the general term of 
(at+b+e+d + &c.)”. 
For b+¢e+d+&c. write 6’; then in the expansion of (a + 0’)" 


there will be the general term mien iereh) a”™"b", or 


1.2.. 
a —_ 1 eee 1 a@ e o,e 
putting « for m-r, me 1 " oa ee a‘b", where r is a positive 


integer, whatever m may be. 
Now (i) if m, and therefore a, be a positive integer, we may 
write this 
m(m-1)...(@+1)@ ieee 3.2.1 a*b” 0 


[m apr, 
12..ax 12. Shaadi 
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but b'=b+c+d+&c. =5+c', suppose, and in the expansion of (b+c’)’ 

(since r ts a positive integer) there will be the general term 
Lr lr 

In-#|s L8 Ls 


combining this with the former, we have the general term of 


b”*e*, suppose, or tc", if we put B for r—8; 








™ oh P es [nm a7 
(a+6+c’)™, when m 1s a positive integer, (ax Axle a®bPe 
Proceeding thus we get the general term of (2+b+¢+&c.)” 
when m is a positive integer, to be 
[m a;8 7 
[ax |Bxlyx&e. Po! sues 

where the indices are all positive integers, and their sum 

at+B+yt+ &o. =m. 


Cor. If the given multinomial be (a+ 6r+0cz*+&c.)™, then 

the general term is 
_ lm Lm 1 BrtT+&e, 

‘anoxia *(bz)°(cx*)’...= laxlBxlye Hp Bc"... o? 
where the Indices are all positive Integers, and a+ B+ + &c.=m. 

In order then to find the whole expansion of such a multinomial, 
we should have to give a, f, y, &c. all possible positive integral 
values, subject to the condition a+B+y+&c.=m. But it is often 
required to find only the coeff. of a certain given power of 2 
in such an expansion, as, for instance, of 2": and then we have 
only to take those values of a, B, y, &c. which satisfy the two 
conditions a+ Btyt+&e.am, B+ 2y+ &.=an, 


Ex. 1. Find the coeff. of z* in the expansion of (a —- bz - cz*)*. 

Here we must take a, B, y, so as to satisfy the two equations 
at+B+9=6) It will be best to set down first the highest 

B+2y=5Jf° value which can be given to y in the second 
equation, with the corresponding values of § and a, that of a 
being obtained from the first equation; then the next lower 
value of y, and so on, as follows: 


y=1, B=3, a=2, $ the common factor of each of its terms, viz. 
B=5, a=1, [6 = 1.2.3.4.5.6) 
a’(-b) (-c)* , a*(-b)* (-c) , a(-b) 


lL {3-1-2 * HERE p Wis = ~ 60a%bc* + 60a*b*c — Gab. 


y=2, B=1, 23 hence the coeff. required is (setting outside 
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100. But (ii) if m be not a positive integer, then we cannot 
modify the form of the first result, though all the rest of the rea- 
soning will remain the same; and the general term will therefore 

m (m-1)...(a+1) athe! 
LBx Lyx &e. ° 

a being negative or fractional, but f, y, &c. all positive integers. 
Ex. 1. Find the coeff. of x‘ in the expansion of (a+b2-cz*-—dz*)+, 
Here a+Bt+y+ 22-2 Beginning, as before, with 
B+ 2y+32= it setting down the highest value 
which can be given to ¢ in the second equation, and determining 

a always from the jirst, we have 

é=1, B=1, a=-§,,. Hence the coeff. required is (the factors 


..» Where a+ B+y+&c.=m, as before, 


y=2, a=-§, in the num‘ of each term beginning 
y=1, B=2, a=-4,(° with the index -2, and gradually de- 
B=4, a=-8, scending by unity, till they end with the 


value of a +1, corresponding to the term) 
-3(-4),- 3D ,- 
a? 15 (-d)+ =F i £ (-c)' + &e. 
- aq~tod + aq tt + date + At,a~ 2b, 

Ex. 2. Find the coeff. of z* in (2 -— 42° + 42° ~ 227+ &c.)". 

Since (4 - 4254+ 32° 4 &.)' = 21 (1-427 +42‘- &c.)', this 
reduces itself to finding the coeff. of 2* in (1-432°+42a*- &c.)", 
or in (1-—32*+42‘)', because the terms left out, (in which the 
index of z is higher than 4,) cannot possibly affect the coeff. of z' 
in the expansion. We have here then the equations 

a+ BP+y=+-1, whence y=1, a=-2, 
2B+4y= 4, B=2, a=-3; 
and the coeff. required is 


7 Ot.) + A ays. Cat =~ 4b &. 


{2 
Ex. 23. 
Apply the Multinomial Theorem to obtain the first five terms of 
1. (a+ bx + c2z*)®, 2. (a-doritez*)’. 3. (14 22-32*+ 2") 


4. (1+2e+82%+&e.)%, 5. (l+etat+&e.)#, 6. (a-fo%tda* &e,)* 
7. (1-22-a*-t2°-I2t)"# 8, (a-be-cx") §. 9, (1-22432*-&c.)}. 
10. Obtain the fourth and fifth terms of (a — bx - ca*)*. 

11. Obtain the third and fourth terms of (a + bz — cz" — dx*) 4. 

12. Find the coeff*. of z° and a’ in (2 - 32°+ 325-4274 &e.)4 
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CHAPTER VII. 


IOGARITHMS, AND EXPONENTIAL THEOREM. 


101. Der. The logarithm of a number to a given basa is the © 
index of that power to which the base must be raised, in order 
to become equal to the number: so that, if a®= any number JN, 
then 2 is called the logarithm of N to the base a, which is 
denoted thus, z= log, N, or (if there be no occasion to mention 
the base) z=log N. 

Thus, since 10°=1, 10'=10, 10*=100, &c, .. log, 1=0, 
log, 10=1, log, 100=2, &c. and so also, since a°=1, a'=a, 
we have log, 1 = 0, log, a= 1, whatever a@ may be. 


102. By taking any positive number (except unity) for base 
we may express any positive number as some power of it. 

Thus take a = 10, as above, and let N=2; then, since 10°=1 
and 10'=10, there is some value of 2, if we could find it, 
between 0 and 1, such that 10”=2: and, in point of fact, it 
may be shewn that this value is (to five places of decimals) 
.30103, so that log,, 2 =.30103. It would of course be possible, 
though tedious, to verify this statement by expanding 10°" or 


(1+ 9) 180805 to a sufficient number of terms by the Bin. Theorem: 
but we shall see below that such would be the case. 


103. If we give WN the successive values 1, 2, 3, &c., and 
register the corresponding values of # (which may be found by 
methods to be given hereafter), the table thus formed is called 
a ‘Table of Logarithms to the base 10’. 

The integral part of any logarithm is called the Characteristic, 
the decimal part is called the mantissa, or handful, as it were, 
thrown in over and above the characteristic. Of course when 
there is no integral part, the characteristic is 0. 


104. If the base a be >1, then since a”=0, a°=1, a®= 0, 
we have log,0 =- 0, log,1=0, log, =; and thus the log. 
of any number will lie between 0 and +o or 0 and - o, that 
is, will be + or -, according as the number itself is > or < 1. 
Of course, the contrary will be the case. if we suppose a to be <1. 
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105. Although, in reasoning generally about Logarithms, we 
may consider the base to be any positive number other than 
unity, yet in actual practice we shall have only to deal with 
(i) Logs. to the base 10, which are called Common Logs., and 
(ii) Logs. to the base e, where e denotes a certain number 
2.7182818, (of which more hereafter,) which are called Napiertan 
Logs., from the name of Lord Napier of Merchiston, in Scotland, 
who first invented Logarithms. 


106. It will be seen below that series may be found, by means 
of which logarithms to the base e may be readily calculated. 
Among these will] be log, 10=2.3025850928 ; and we shall now shew 
that, if the log. of any n°. to base e be multiplied by the factor 
1 = log, 10 = 1 + 2.302&c. = .4342944, it will become the corre- 
sponding logarithm to the base 10. 

For let z, y, be the logs. of any number NW to any two bases 
a and 8, that is, let 2 =log,N, y=log, N, and .. a®¥=<N=0: 
then, since } = alog>, we have a® = (alogah = alog,>-9, and 
«=log,b.y, or log, N=log.b.log, N. Hence, of course, it 


follows that log, N=log,10.log,, NV, or log, V = log x log, X. 


' This constant multiplier, by which the two systems of logs, 
are connected, is called the Modulus of the system to base 10, 
- and will be denoted in future by I. 

Cor. Log, W = log, bd. log, N = log, d. log,e.log, N = &c., and 
so on, through any number of bases. 

107. We will suppose then that, by means of the Nap. logs., 
we have formed a Table of Common Logarithms, and from these — 
we will extract for our present use the following. 


Logarithms, to base 10, of ali Prime Numbers from 1 to 100. 














| No. Logarithms. Logarithms. | No. Logarithms. 
2 | 0.3010300 | 29 | 1.4623980 1.7853298 
3 | 0.4771213 | 31 | 1.4913617 1.8260748 
7 | 0.8450980 | 37 | 1.5682017 1.8512583 
11 | 1.0413927 | 41 | 1.6127839 1.8633229 
| 13 | 11139434 | 43 | 1.6334685 1.8976271 
| 17 | 1.2304489 | 47 | 1.6720979 1.9190781 
! 19 | 1.2787536 | 53 | 1.7242759 1.9493900 
| 23 | 1.8617278 | 69 | 1.7708520 19867717 
{ 


—_— 
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108. Now the following are the properties of logs. which make 
them of singular value in diminishing the labour of Arithmetical 
calculations. 

(i) Log (mn) = log m + log n, or the log. of any product = the 
sum of the logs. of the factors. 

For if m=a’, and n=a", then mn=a™, and .*. log (mn)=z+y 
= log m + log n. 

Hence also log (mnp) =log (mn) + log p=log m+log n+log p, &c. 


(ii) Log = =logm—logn, or the log. of any quotient = the 


rem’ obtained by subtracting the log. of the divisor from that 
of the dividend. 


_ m @ m 
For nes and .°. log (™) = = - y = log m - log n. 
Hence log — = log 1 -logm=-logm, since log 1=0. 


(iii) Log m" =n log m, or the log. of any power of a number 
is obtained by multiplying the log. of the number by the index 
of the power. 

For m" = (a")"=a™, and .. log(m") = nz =n log m. 

By means of the above results, all Arithmetical operatious 
of Multiplication, Division, Involution, and Evolution, may be 
converted into Addition and Subtraction of Logarithms. 

Ex. 1. log 6 = log 2 + log 3 = .7781513; 

log 5 = log 10 - log 2 = 1 — log 2 = .6989700. 
Ex. 2. log 100 = log 10* = 2 log 10 = 2, log 1000 = 3, &ec. 
Ex. 3. log 4 = log 2? = 2 log 2 = .6020600; 

log 18 = log 2 + log 9 = log 2 + 2 log 3 = 12552725. 

Ex. 4. log .07 = log 735 = log 7 - log 100 = .8450980 — 2, which 
is written thus 2.8450980, it being understood that in this position 
of the negative sign, it belongs only to the characteristic 2, and 
not to the mantissa, which is still positive. 

Ex. 5. log 2.4 = log #4 =log 3 + log 8 —1 ., 4771213 + .9030900 - 1 

= .3802113 ; 
log .0023 = log - 28, = 1.3617278 - 4 = .3617278 — 3 = 3.3617278. 

Ex. 6. log J, = .4771213 - 1.9867717 = — 1.5096504, which may 

be written thus, - 2 + (1 — .6096504) — 2.4903496. 
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109. It will be seen from [108 Ex. 6] how to convert a log. 
which is wholly negative into one that shall be negative only in its 
characteristic, viz. by increasing the given negative characteristic 
by unity, and subtracting from unity the given mantissa. 

Thus, generally, if -(C+m) represent a log. in which the cha- 
racteristic (C’) and mantissa (m) are both negative, then 

—-(C+m)=-C-m=-(1+C)+(1-m), 
where the mantissa is now positive. 

The decimal thus obtained by subtracting another from unity 
is called its Arithmetical Complement, and is most readily written 
down in practice by subtracting its last figure from 10 and the 
others from 9. A log. thus modified we may call a Complementary 
Logarithm, and denote by colog. | 

By the use of Comp. Logs. the Subtr. of a log. may be turned 
into Add": thus log J, = log 3 + colog 97 = 4771213 

+ 2.01382283 

= 2.4903496, as before. 
But it is necessary to notice some peculiarities which occur in 
the use of such logs., whose characteristics only are negative, 
and of which instances are given in the next examples. 


Ex. 1. log & +log 4 =log2 + colog 17 + log 3 + colog 19 


= 0.3010300 
+ 2.7695511 Here there was an integer + 2, arising from the 


_+0.4771213 sum of the positive mantisse, which, combined 
4. 9,7212464 with the sum of the characteristics -— 4, leaves 


“52689488 ~2 OF 2 


Ex. 2. log (3;)° = 3 log 2, = 3 colog 13 = Benne 


4.6581698 
Here there was an integer +2, arising from the product of 
the positive mantissa by 3, which, combined with 3x 2=-6, 
leaves —4 or 4. 
Ex. 3. log V3, =} colog 71 = } (2.1487417) = 1.7355345. 
Here it was necessary to imagine the log. thrown into the 


equivalent form }(7+5.1487417), so that the negative charac 
teristic may become a multiple of 7. 
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Ex. 4. Find the log. of {yx V3. = Vay, 
Here log}= colog 2 = 1.6989700; ”. 4log+=1.8494850 
log 2=.3010300+4 1.5228787 =1.8239087; .. 4log3=1.9413029 
— log 2=+ 2 log 4=1(.6020600 + 1. 5228787) = 0.0312346 
1. 8220225 
and, lastly, ~§ x 1,8220225=4(3-2.4660675)=3 (.5339325)=.1067865 
Ex. 24. 
Obtain the logarithms of 
1. 8, 9, 12, 20, 25, 60. 2. 4, 4, 2, .03, 3, -0033. 
3. 1.8, 140, 1.44, 0625, ;4,. 4. 1.05, 10.6, 43, 42, .0111. 


. V1d, 14, vel, ¥.02, (1.298, 6, V2? , Gear 


. (2%, £7141, (.069)%, (33)73. 9. Vad) Soa/t 10. /{EV(V3)}. 


er 


Or 





GO 








There are, however, two observations to be made, which greatly 
facilitate the finding of Common logarithms. 


110. (i) In the Common system having given log N, we can find 
immediately log (Nx 10") or log (N +10"), n being an integer, 
that is, we can find the log. of any number, which differs from N 
only in the position of the decimal point. 

For log (Nx 10)=log Nin log 10=log Nin, and .-., since 
nm is an integer, will differ from log NV only in the characteristic, 
which will be increased or diminished by 2, while both logs. will 
have the same mantissa. 

Thus, suppose that we have given log 1362 = 3.1341771: 
then log 136200 = log (1362 x 10*) = log 1362 + 2 = 5.134177], 

log 1.362 = log (1362 = 10°) = log 1862 -3= .1341771, 
log .001362 = log (1362 = 10°) = log 1362 - 6 = 8.1341 771. 

111. (ii) In the Common system, the characteristic of the log. 
of any number may be written down at once by inspection. 

For if the No. lie between 1 and 10, that is, between 10° 
and 10’, its log. must lie between 0 and 1, and .. its charac- 
teristic will be 0; so, if it lie between 10 and 100, that is, 
between 10' and 10%, its characteristic will be 1; if it lie between 
100 and 1000, that is, between 10* and 10°, its characteristic 
will be 2; and generally, if it have n digits, that is, if it lie 
between 10”' and 10", its log. will lie between »-1 and n, 
and its characteristic will be »-1. | 


? | 

| 
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Again, if the No. lie between 1 and .1, that is, between 1 and 
Y = 10°. its log. must lie between 0 and -1, and .*. (with 
positive mantissa) its characteristic will be 1; so, if it lie between 
.1 and .01, that is, between 107 and 10%, the characteristic will be 2; 
if it lie between .01 and .001, that is, between 10% and 10%, the 
characteristic will be 3; and generally, if it have »—1 cyphen 
after the point, the characteristic will be n. 


It will be seen that both cases are comprised in the following 
Rule: Reckon the distance of the first significant figure from the 
units-place: if it be » places to the left, the characteristic will 
be +; if n places to the right, x. 


112. Hence it appears that, in the Tables of Common Logs. 
it is only necessary to register the mantissa, corresponding to 
certain sequences of figures, which look like numbers but are 
not really so, because the place of the decimal point is not 
fixed in them. 

Thus in the Table given below, we have, opposite to the value 
3570 for N, the mantissa 5526682, where 3570 is no number, 
but merely a sequence of figures, and the Table shews that for 
all such sequences, wherever we insert in them the decimal point, 
the mantissa is still 5526682: thus, determining the characteristic 
in each case by [111], we have log 3.570 or log 3.57 = .5526682, 
log 35700 = 4.5526682, log .00357 = 3,5526682. 


113. The mantisse of logarithms are registered in the best 
Tables to 7 decimal places, corresponding to sequences of 5 figures, 
as in the lines below, extracted from Hutton’s Tables. 



























|N.| 0 2 E 3 7|8|9]D.| Pp. 
'3570| 6526682 {680416925 7665 7777 EE 1132, 
2} 34 
71 7899 |8020)/8142/82 8871 8993} 122 | 3} 3: 
72 9115 |9236 9358] 5 6087 0209 | é| 73 
8} 98 
i | * 110 











73, 5530830 10452, oslo ost 0986/1058 L262) 2208 aes 


Thus, to find the mantissa for the sequence N= safle we 
look along horizontally in a line with 3572, and vertically, 
down under the figure 5, and thus find it to be 5529722, in- 
cluding the figures 552, which, being once printed (as in the 
first line) at the beginning of the line in which they first occur, 
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are understood to be repeated before each mantissa, until (as 
in the fourth line) they are replaced by 553, This change, how- 
ever, actually begins with the last two mantisse of the third line, 
where the dotted figures are introduced to mark this: thus, the 
mantissa for 35728 is 5530087. 

In some books, instead of a dotted figure, a figure with a line 
above it, as 0, or a smaller figure, is used to mark the point 


where this change begins, if it happen not to be at the beginning 
of a line. 


114. Although the mantisse are only given in the Tables for 
sequences of five figures, yet they may be readily found for se- 
quences of six or seven figures by the following considerations. - 

It will be shewn hereafter, that when the difference of two 
numbers is small compared with either of them, the diff. of their 
logs. is very nearly proportional to the diff. of the numbers. 

Now let m, m+D, be the mantissee for two consecutive numbers, 
NV and NV +1, each of five figures, m+é the mantissa for a number | 
.V+d, lying between them, that is, having the same integral part 
as V, but one or more figures after the decimal point. Then, 
since the three numbers have all the same number of integral 
digits, they will have all the same characteristic, and so the diff. 
of their mantisse will be the same as the diff. of their logs.: 
hence, by the above statement, | 

D:2:3:1:d, or é=Dad, 
by means of which result we may find 2 when d is given, or 
conversely, @ when ¢ is given. 


Ex. 1. To find log 35.7235. 

Here N= 35723, N+1=35724, N+d=35723.5, and .. d=; 
and D . the Difference of the mantissa of 35723 and 35724 = 122: 
hence for 35723.5, é= 5, of 122=5x12.2=61; and thus, the whole 
mantissa for 35723.5 being 5529479 + 61 = 5529540, we have 
log 35.7285 = 1.5529540. 


So for 35723.57 the diff. (¢) is. 5% of 122=57x1.22=69.54=70 
nearly, and .*. log .008572357 = 3.5529549. 

Ex. 2. To find the number corresponding to the log 2.5528797. 

Here the next lower mantissa is that for 35717, viz. 5528750, 
and .. 8=47: hence, since the Diff. (D) between the mantisse 
for 35717 and 35718 is 121, we have d=é+ D= ,4y, =.38, (it being 


70 LOGARITHMS, AND EXPONENTIAL THEOREM. 


useless to go beyond two decimal places, for a reason that will 


appear hereafter ;) and so if the number of five figures, referred 
to as N in the proof, be 35717, the number N+d will be 35717.38; 


from which we see that the given mantissa corresponds [112] to 


the sequence 3571738, and .". the given logarithm (the characteristic 
being 2) corresponds to the number .03571738. 


115. But the columns headed D. and Pro. (Proportional Parts) 
are intended to facilitate the calculation of such logs., and the 


converse operation of finding the corresponding number from the 
given log. The column D shews that the prevailing Diff. between 





two consecutive mantisse in this neighbourhood is 122, as will 


be,seen at once to be the case by looking at them, the Diff. being 


sometimes 121, but generally 122: further back in the Tables, 


it would have been 123, 124, &c., and further on, 121, 120, &c. 
Now for each value of D there is formed what is called a Table 


of Proportional Parts, by multiplying = , that is, in this case 


12.2, by 1, 2, 3, &c. successively, which give 12.2 = 12 (nearly), | 
24.4 = 24, 36.6 = 37, &c., (as in the extract on page 68), the integer — 


only being retained in each product, but increased by unity when 
the rejected decimal part is not less than + or .6. The use of this 


will now be apparent: for since 6 = Da, let “ B, &c. be the 


figures in order of the decimal d; ee 
=plt+2£ .) = Lae ead 

3 D(x+ i09 * & aD 4 Bo. + he. 
Now, in the Table of Pro. Parts, the first column contains the 


successive values 1, 2, 3, &c. which a or B might have, and the 


second contains the corresponding values of a To" In order, 


therefore, to find a aA we have only to glance at the Table and 
take down MS number opposite to the value of a; and in order 
to find B i —- we have only to take down ,4‘ of the number, 


opposite to the value of f. 
Ex. 1. To find log 357.2357. 


Here we have mantissa for 35723 = 5529479 
diff. for i = 61 
diff. for 7=-8.6= 9 





and .*. the log. required is 2.5529549, 5529549 
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Ex, 2. To find the number corresponding to the log 1.5529789. 
Here the mantissa next below the given one being that for 
35725, viz. 5529722, we have ¢=67, from which taking 61, which 
we see, by the Table of Pro. Parts, gives the sixth figure 4, 
we have still remaining 6, which, being », of 60, shews that 
the seventh figure is 4 (nearly 5); hence thé sequence required is 
3572554, and the number (the characteristic being 1) is .8572554. 
Ex. 25. 
In these Ex. the Tables in pp. 64, 68, are to be consulted. 
1. Find the logs. of 35.70925, .3572739, .003571246, 3.572804. 
2. Find the Nos. whose logs. are 
3.5528742, 1.5530895, 4.5527777, .5530199. 
3. Given log 2000.1=3.3010517, construct a Table of Pro. Parts; 
- and find log 20.00094, and the No. whose log. is 2.3010489. 
4. Given log 31.001 = 1.4913757, 
find log 3100023, 310003, and, 31, g00- 
5. Find the value of ./22 x 3/31 x 742 x V5, 
given log 4.4985 = .6530677, log 4498.6 = 3.6530774. 
6. Find the value of 1/357.1328 ~ /35712.75, 
given log 57.386 = 1.7588060, log .057387 = 2.7588135. 


116. We shall now explain the method of calculating logs. to 
the base e. 

Exponential Theorem: To expand a” in a series of ascending 
powers of z. 


a*=(1:(0-1)}=142(a-1)+2 FD aay “ENE 4.194 &o. 


= 142 {(a-1)+75— =F gays DED, ~1)+&c.} 


=liz{4+ Bet ae + &¢c.} suppose, 
where 4, the sum of those terms within the bracket which are 
independent of z, is easily found by putting z=0 within the 
bracket, when there remains 


(2-1) (ayy) (a-1)°+&c., or (a-1)-4(a-1)*+4 (a-1)-&ce. 


which is therefore the value of .4. 

Hence, a?=1+ 42+ B2* + Cz*+&c., where A, B, C, &c. are funs- 
tions of a, altogether independent of z, and will therefore remain 
the same for the same value of a, however we change that of z. 
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Hence a” =14 A (e+h) + B(c+h)*+ C(a+h) + &e.: 
but a” = a", a* = {1+ Ar + Bat + Cz + &e} a’; 
therefore, equating coeff* of 2 in these identical values of a*™ 
we have 4+2Bh+3Ch'+ &c.= Aa’ =A {14+ .Ah+Bh* + Ch? + &e} 


hence, equating coeff* of different powers of h in the above, 
At AB_ A® 


we have 2B= 4’, 3C= AB, &c., or B=75) C= aero a3? 
h A® 2 As & 
29 that we have @’ = 14+ Ac+4o 4 Loa? C.y 


where 4 = (a-1)-3(a-1)'+4(a-1)*- &e. 
117. Since the above result is true for all values of 2, take z | 


1 
* Tag t& 
= a &c., which number it is usual to ie by e; hence 


1 
such that Azv=1; then e=5, and a4 = l+1l+75 * 


a4 =e, or a= 4, and therefore 4 = Pie a, and so bi have 
a” =1 + (log, a) z + (log, ay = 5 (log, a)* ——~ L = 3+ &e.: 
whence also, writing e for a, we we since (101) log,e = 1, 


e = bees 4 ai + &e. 


1.2 ° 1.2.3 
118. We have 
(14 ZF ar+nip 2G) % ? henieey o—.. ane 
n n 1.2 n 1.2 
1\ z* 1\/1 1\ 2 
=1+2+(1--) > 5) +(1- =) (5- -) rg t &e. 


ee ‘ 1 
Now, as- increases, it is plain that 2 decreases, and 
tends to zero as its Zimit: hence we see that, as m increases, 


x x 
th e e 
| e Limit of (14 =\ is l+z+75t [a3 + & or e”. 

119. By [117] we have (e*-1)*=(x +40" + &c.)"=2" + &e. (i): 
but we have also (e* - 1)*=e" -n ee”? + n(n - 1) &”*” — &e. (ii); 
in which each of the quantities e"”, e*, &c. may be expanded 
by 116], so that the whole coeff. of 2” in (ii) will be 


uf -n @oiy edna = yee =F - Bou: 


1.2...97 1.2 x 
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but in (i) the coeff. of zx” is zero, if r<n, and it is 1, if r=n; 
hence, since the two expressions for (¢* —- 1)” must be identical, 

nr —n(n—-1) + 4n(n—-1)(n - 2¥ - &e. = 0, if r<n, 
and n™-—n(n—1)"+4n(n—1) (n— 2)"- &. = 1.2.3... 


120. In the value of log,a=.4 =(a-—1)-3(a-1)*+ &e., 
write 1+ 2 fora, and .. z for a-1; 


then log,(1+2)=2-42* + 42°- 42+ &e.......... (i). 
IIfence we might proceed to find the logarithms of numbers: 
1 1 1 
sl- 4-4 = 
thus log,2=1-4+43 + &e., ia? 34 + 5G t &ey 


but the series thus obtained are not sufficiently convergent, as it 
would take very many terms to obtain the logarithm accurately to 
6 or 7 decimal places. 


121. A more convergent series, however, may be obtained as 
follows from the above. 


Since log, (1+2)= 2 -42*+42°-42'+ &., 
log, (1 - 2) =- 2 - 42° ~ }2°-12‘-&c., writing -2 for z, 
and .. log, (1 +2)-log, (1-2) or log, ms = 2 {2+ 4a5442°4 &c.}. 
l+z 





In this series write ~~" for z, and .. — for —— 5 
m+n n 1l-z 
1 /m-n 1/m-n 
<1 oe (m=") : ma) \ 
0B. — =2 ares Sor, +; “nan + 0. > cases (a). 


m-1 1/m-1" 1/m 
If n=1, then log, m=2 +3 (a5) +3 (=) tech. (8), 


2 series, from which the 4 of low primes may be found. 
zl 1 
‘hus log, 2=2 {r+ 3 at z+ t &e. }. 6931471806, 
as may be seen by taking nine term of the series. 
122. Again, ifin (a) m=n+1, we have 
nit 1 1 1 
log, - = log, (n+1)-log,n=2 oersi + 3° (Qnt1)** &e.} woe (Y), 


a very convergent series, by means of which, having given the 
logarithm of one of two consecutive numbers, m and »+1, we 
may find that of the other. 

PART IL, ™ 
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1 
Thus log, 9—log,8 = 2 log, 3-8 log, 2= 21iy+ + gypthe}s 


and by means of four terms of this series, having given log, 2 
above, we may find log, 3 = 1.0986122884. 


And log, 5 — log, 4 = log, 5 — 2 log, 2 = 2 {; +s = t&e.b, 


by taking jive terms of which series we get log, 5 = 1.60943791 22, 
and adding log, 2 to this, we have log, 10 = 2.3025850928, and 
thence, by common div’, the modulus Af=1+log, 10 =.4342944819. 

123. Once more in (y) write z* for n+1, and .*. 2x*-1 for 2n+15 


then log oe he 2 log, ‘aa! 1) - log, (a - 1) 


Be 55 
me {on + 3 (2 _ 3 (Qa*- 1) + &e.\ penta (8), 


a very rapidly converging series, by means of which, having given 
the logs. of any two of three consecutive numbers, n+1, n, n—1, 
we may find that of the other. 

Thus, taking the numbers 5, 6, 7, of which the logarithms of 
5 and 6 (=2 x 3) are now known, we have 


2 log, 6 - log, 7 — log, 5 = 2 {= + saat ee} 

whence we may find log, 7, &c. 
Or the same might be found by (ry) as follows: 
"log, 50 — log, 49, or (log, 2 + 2 log, 5) - 2log, 7 = 2{2, + &c.}. 

124. By means of the above (or other similar formule) a table 
of Napierian logs. may be formed; and then these may be con- 
verted into logs. to the base 10 or to any other base, by multiply- 
ing each by the proper modulus. 

Thus log,, 2= 1 log, 2 =.4342944819 x .6931471806 = .3010300; 
and so we might find, if desired, log, 2 = (1 = log, 3) x log, 2. 

Or havirg once obtained log, 10 and, by means of it, the 
modulus, may write at once in (a) 


mon, 1 
logy, — = Mlog, ~ = om {7 — a 3 (= - =) + Be. 
and so we an corresponding to the formule (8), (7), (2), above, 
log)” = om {m— +8e.}, log,,(%+1)—log,.2 = 2M 5 — +80.}, 


and 2 log,, x — log,, (x + 1) - log,, (x - 1) = 20f {52 a i +&o.\, 











and thus may calculate immediately the common logarithms, with- 
out finding the Napierian, 
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125. We are now able to prove the statement made in [114]. 


For ¢=log,,(NV+ 4) -log,, NV =log,, we = I log, (1 + 5) 


=ty @) U{[L-ao bat 
by (i) LV &e W d nearly, 


when d is small compared with V: that is, é od, or the increase 
of the log. is proportional to the increase of the number. 


Also D=log, ge = M log, (1 + x) = pes nearly ; 


now M= .43&c., and is . <1, while N, if a number of five 


places, is > 10000; hence it follows that D< 50300 < 00005 in 


would at the utmost only have its first 





every case, and .°, ae 

1000 
significant figure in the eighth place of decimals, and so y = 
(see [115]) could only, if at all, affect the seventh or last figure of 
the mantissa, but would not generally affect it at all: thus to 7 places 
of decimals the logs. of 35714.23 and 35714.232198&c. would 
probably coincide, the diff. appearing in the 8th and following 
places. Hence with Tables which give mantisse only to 7 figures, 
we can only expect to find the numbers which correspond to given 
logs. correct in their first seven figures. 

126. Equations of the following kind, in which the unknown 
quantity occurs in the form of an index, are called Exponential 
[quations, and usually require logarithms for their solution. 

Ex.1. a@®=6. Here zloga=logs, or x= ee 

Ex. 2, 27.67 = 4",3"", 

Here 3z log2 + (2x-1)log5= 52x log4 + (x +1) log3, 

= 10z log 2 + (x + 1) log 3: 
or 2(2 log 5 — 7 log 2 —~ log 3) = log 3 + log 5, 
7, _ 1:1760913 __ 1.1760913 
2.8136087  1.1863913 





= — .991 nearly. 


Ex. 26. 
lait'=c. 2a =e 3 57=800. 4. (Ya)*=b"%, 
5. ab” = c, my = ne. 6. (a + b)* (a* — BY" = (a — 8)™. 
7. a - 27 =3(1+ 2%). 8. (22)* x 6 = (14) x (12)**. 
9, ay", z=y’. 10. a + a” =a™. 11. a® +a%ed, 


12, 2h) y', yin = zh 
~ E2 
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CHAPTER VIIL, 


NOTATION, INTEREST, &c. 


127. A No. in any scale may be multiplied by any power of 
the radix of that scale, by annexing as many cyphers as there are 
units in its index. 

For if N=p,1rn"" + &.+py 
then N.r? =p,_i7"*?— + &e. + por’, 
where the coeff* of re-}, re-?, &c. being wanting, we shall have 
cyphers in the places of the corresponding digits. 

This is, of course, the case in Arithmetic with any power of 10. 


128. The greatest No. that can be expressed with n digits in the 
scale of r 1s rm — 1, the least is r°“. 

For WN will be greatest, when p, 1) Pas, &c. have each of them 
their greatest possible value, i.e. r —- 1; so that 

N= (r-1) (74774 Sc. ¢rtrtljyar-1; 

and least when p,,,=1, and p,,., P, 4, &c. all vanish, so that V=r*", 

Ex. The greatest and least Nos. that can be expressed in the 
scale of 7 with 7 digits, are 7’- 1 and 7°, or 823542 and 117649, 
which, expressed in the scale of 7, are 6666666 and 1000000. 


129. Since 10 is div. by 2, 10* or 100 by 4, 10° or 1000 by 8, 
&c., it will. be seen that whenever the No. expressed by the last 
one, two, three, &c. digits of any common No. is div. by 2, 4, 8, &ec. 
the No. itself will be so divisible. Thus 23456 may be written 
23 x 1000 + 456, and is therefore div. by 8, since 456 is so divisible. 
(See Arithmetic, p. 20, Note.) 

Generally, any common No. is div. by 2”, if the No. expressed 
by the last p digits be so divisible. 


130. It follows from [9] that if'N = p,_:7r*—! + py_er*-? + &c. be 
divided algebraically by r—a, the rem™ thus obtained, or R, will 
be p,_,a*—"' + p,_.a”"? + &c. Hence 

Qi) ifa=1, then R=p,_1+p,2+ &c.= the sum of the digits; 
and therefore (supposing r= 10) any common number and the 
sum of its digits, when divided by 9, will leave the same rem’: 
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(ii) if a=-1, then +t R=p,,-p,,+ &c.; and, therefore, any 
common number and the diff. of its digits in odd and even places, 
when divided by 11, will leave the same rem. 

Hence any common No. will be divisible exactly by 9 or 11, 
if the sum of its digits in the one case, or the diff. of its odd 
and even digits in the other, be so divisible. The former of these 
statements manifestly comprehends a similar statement for 3 as 
well as 9. (See Arithmetic, as before.) 


131. Hence we may prove the common process of casting out 
nines, in order to test the truth of a sum in Mult®. (Arithmetic, p. 6.) 

For let P and Q be any two Nos.; and let P=9p + a, Q=9¢+ B, 
where a, B, the rem™ upon dividing P and Q by 9, may be found 
[130] by adding the figures of P and Q, and dividing the results 
by 9. Set these down in the upper and lower angles of a cross, and 
then, dividing a8 by 9, set down the rem’ in a third angle of the 
cross. 

Now PQ=8l1pq+9aq+98p+af8; and, therefore, the rem’ upon 
dividing PQ, the product of P and Q, or [130] the sum of the 
Jigures in PQ, by 9, will be the same as that left on dividing aB 
by 9. Set this rem‘ then in the fourth angle of the cross: it 
should be the same as that just before set down in the third. 

This method, however, only shews when we are wrong, but not 
always that we are right, in our sum; for if we have omitted a 9, 
or any multiple of 9, or misplaced figures, &c., these errors would 
not be detected by it. 


132. So too we may prove a sum in Division. (Arithmetic, p. 9.) 


For let D be the dividend: P, Q, the divisor and quotient, R 
the rem’; then D= PQ+ R, and D- R=PQ: hence D- Ris 
the product of P and Q; therefore, by [131], cast out nines from 
P and Q, and let the rem™ be a, 8; then cast out nines from af, 
and from D — R, and the rem" will be the same. 


The method will apply also to cases of Involution and Evolution, 
observing in the latter to subtract the rem' (if any) from the given 
number, as in the case of Div": thus if D be the given number, 
Q its square root with rem' R, then D—- R = Q'; therefore, cast- 
ing nines out of Q with rem’ a, and then out of aa or a’, the rem’ 
from the latter will be the same as from D—- R. 


? 
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133. Jt is plain that the same tests may be similarly shewn to 
apply in any scale, upon casting out the corresponding value of r - 1. 


Thus in (189 Ex. 2, 3,4) \4/ NY AY MA 
we have gs) 46 : O\” 4\ 


where (i) for 68 x 71 = 4378 (und.) we cast out the tens ; 
(ii) for 82 x 86 = 7823 (non.) we cast out the eights; 
(iii) subtracting first the rem’, 
for 234340 + 414 = 310 (quin.) we cast out the fowss; 
(iv) substituting first the rem, 
for 122024 = 252 x 252 (sen.) we cast out the fives. 


134. Hitherto we have spoken only of integral Nos.; but we 
may extend the process to fractzonal ones by introducing negatire 
powers of the index, that is, we may express any No. whatever, 
by means of any given radix r,in the form 

N=p,r"" + &e. + pir + pot ir! + gar? + &e. 
where q,, Gy» &c. are used to express the digits to the right of a,, 
each of which, like the others, will be <r. We need only con- 
sider the case of a proper fraction; for the integral part (if any) 
of a given No. may be expressed as before. 


Let 5 be such a fraction, and oe q, + cy He alld &ec. 


b Bop Tate 

Gy Gy &c. being the integral quotients, and r,, 7,,. &c. the re- 
mainders, obtained by dividing a xr, 7, x r, &c., successively by 0: 
then, since a, r,, &c. are each < 3, .*. ¢,, g,, &c. are each < r, and 
page aby (Bee BBs 5 eget 21g 
Dp PR fF ae eo) es ee 

Ex. Express 56,4, in the nonary scale. 

Here 56 = 62 (nonary); and for ,4 we have, as above, 





7x9 li x9 8x9 7x9 
3° 4ii, “3” Tess wZ 5%, 13 = 473, &c., 


after which the same quantities will evidently recur continually: hence 
56,55 =6x9+24+4x97+7x97*4+5x9544x9'4 &e. 

or, as such a quantity is usually written, = 62.475475 &. = 62.475, 

the dots being used both after the units-figure, and to express the 

circulation, just as in common decimals, which, it is plain, are only 
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a particular case of the above, when r= 10. And all such quan- 
tities may be dealt with in Addition, &c., exactly like common 
Decimals, only taking account of the value of the radix. 


135. We may, in fact, operate upon ,4, just as we do to bring a 
Vulgar Fraction to a Decimal, if we express first its num‘ and denr 
in the nonary scale: thus ,4, = ;4 in the nonary, (observe, not 3, for 
14 is not here fourteen,) with which we proceed as below. 

14) : : (.475 It will be seen that we here multiply the original 
num and each remr successively ( just as in the case 
130 of a Vulgar Fraction) by 10 (that is, precisely in 
111 _ accordance with the foregoing rule, by the radix 7, 
oe in this case mine;) and then the figures in the quo- 
5 tient, being the successive integral-quotients, are the 
digits in order, as before. 
Ex. ExpTOn Fe a8 and .d in the scale of 7. 
Here 3% = 142, (septenary) = .142: and for .6 we may use 
either of the methods, which have been above given: 
thus .5 = 4 (denary) = } (septenary) = .333&c.; or thus, 
which gives the same result, taking for digits the integral 
figures 3, 3, &c., obtained in this process, which, it is easily 3. 
seen, consists in multiplying (according to the rule) the num™ - 
of the original fraction 4, and each rem’ by 7, and dividing ss 
by the den’ 10, the division being indicated by the decimal point. 


136. It will be seen that the results of (190-193), in which, 
from their being so commonly in use, we have spoken expressly of 
decimal fractions, may be applied to fractions in any scale whatever 
by considering 10 to stand for 1x7 + 0, that is for any radix r. 

The statement, however, of (193) must be modified for other 
scales, though the proof holds good for all: thus in the scale of 4, 
10? — 1 will be expressed by q threes, in that of 8 by q sevens, &c. 


137. The last result might have been as as follows: 
_P, 2, @ _P 1 1 
N= io * Tora a elias 10° * ioe @ * Toe * 10%’ ae 
P Q 7 _Q (107.P + Q)- 
= Toe * 10e" en] Gels iz ¥ 10° (10¢—1) ~ Tor (10 <- : 
where it will be observed that, in the num’, 10%. P + Q is the same 
quantity as was expressed in (193) by PQ. 


Ex. 2.5x.03 (senary) =.123, .0725 (nonary) = 73% = Af (denary). 


begel aees 
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138. Zo shew that in the case of an irreducible fraction, th 
Jigures of the equivalent decimal must recur, and the number of 
Jigures in the period must be less than the denominator. 


For [134] if on age, Meigs, &c., then the 


integral quotients q,, g,, &c. will be the successive figures of the 
decimal. Now here, whenever any one of the rem" is repeated, it | 
is plain that the following quotient and rem’ will also be repeated, 
and therefore the following again, and so on; that is, the pertod 
will begin: and, therefore, as the rem", (the divisor being 8,) can 
only be 1, 2, 3, &c. (6-1), it follows that there might be 6 — 1 diffe- 
rent rem™, #.e. there might be b— 1 figures in the period, but no more. 


139. If 6 be prime to 10, the period will begin immediately after 
the decimal point. 





For suppose the same rem" r,, to come over again, so that 
T,= 1,3 then OP = OG, + Tims 107,45 59, +Tn3 SINCE 7, = Ty) 
we have 10 (r,,. ~ 1x1) = 5 (Gm ~ Qn), Which equation (since 6 is 
prime to 10) can only be satisfied by the quantities, r,,, ~ ry» 
Im ~ Yns being either each zero, or equimultiples of 6 and 10. 
But each of the rem™ must be < the div’ 6, and each of the quo- 
tients [138] must be <10; hence 7, ,~7,., must be <8, and qg,,~4, 
must be <10, and .°. we must have each of these differences = zero, 
that 18, fag =P nay Ym = Ine 


Hence, in like manner, we shall have also r,, ¢=1n¢9 "m3 ="n-g9 KCs 
till we come back to a=r,,,,; so that the original num” is re- 
peated, and the period begins with the first digit after the point. 


140. If} be of the form 2”5"c, then the period will begin after 
the mth or nth decimal place, according as m or n is greatest, and 
will consist of not more than ¢ - 1 figures. 

. a a6" , 

For (supposing m >) we have 5 Tome: DOW 
converted into a decimal, in which (since cis prime to a, and also to 
10, and therefore to 5") the period will begin immediately after the 


point, and will consist of not more than c-—1 digits; and in _, 
the effect of the additional factor in the den’ will be only to carry 
the decimal point m places to the right. Similarly, if n > m. 


may be 
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N.B. This assumes that if 2 "> ghoul be a mized No., the 





num’ of the proper fraction it hoe will still be prime to ec, 
since it is only to this ee [139] refers. This is easily 
seen; for let any fraction ee q reed 5 and suppose ; reducible, so 
that + and 6 have a common measure, d; then (63) d will also 
divide gb+r or a, and therefore a could not have been prime to 6. 


141. It is plain from (194) that in the scales of 6, 7, 8, &c. all 
fractions can be expressed with terminating digits, whose den™ are 
of the form 28", 7”, 2™, respectively. This shews the advantage 
of taking a composite No. as radix, since it allows of more fractions 
being expressed with terminating digits. Moreover, it is plain that 
within given limits more Nos. will be found of the form 2”3”, than 
of the form 2”5": hence 6 would have been preferable to 10 in this 
respect, but would be inconveniently small as a radix for expressing 
large Nos. The radix 12, however, which is composed of the same 
small factors, 2 and 3, is not liable to the same objection; and is 
perhaps the best that could have been chosen. Almost all nations 
however, probably from reference to the fingers, have chosen to 
reckon by a decimal notation. 


142. Since 1 ft. = 12 in., this suggests the employment of the 
duodecimal scale, in the calculation of lengths, areas, and solids. 


Ex. Find the area of a floor, 30 ft. 3in. long by 18 ft. Tin. wide. 

26.3 Here the length and breadth, expressed duo- 

Be yA 16.7 decimally, are 26.3 ft. and 16.7 ft. and to prove 

1579 the result, we have cast out elevens by the side. 

7X oh Since 3¢¢ ee 562 (den.), and .19 or 5%, 

376.19 (duod.) = 2, (den. ), we ee Hay write the Answer. 

(noticing that 1 sq. in.=;4; sq. ft.) 562 sq. ft. 21 in.; 

or we may denote it thus 562.1’.9”, where 1’, 9”, (read 1 minute, 
9 seconds) denote 3,, 727, respectively. 


Ex. 27. 
Express and multiply together 2, 2;4,, 33 in the senary scale. 
. Express .043 (quinary) and .263i (septenary) as fractions. 
. Express 23.32 in the quat., oct., and duodenary scales. 
. Express yA; in the binary, ternary, and undenary scales. 
E5 


me oo BD 
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5. Express 3, 2), 25, in the senary and duodenary scales: 
multiply them together in each scale, and transform each result to 
the other scale. 

6. Reduce .0644 to a vulgar fraction, supposing it to be a number 
given in each of the first four scales which employ the digit 6. 

7. Find the area of a floor 20 ft. 10in. long by 13 ft. 4in. broad, | 
and find the side and diagonal of a square of the same dimensions. 
8. How many yards of matting, 2 ft. 3in. wide, will be wanted 
for a square room, whose side is 18 ft. 9 in.? | 
9. What is the length of a room, whose breadth is 11 ft. 11 in, 
and which it takes 17 sq. yds. 2 ft. 131 in. of drugget to cover? 

10. How many cubic ft. of water may be contained in a vessel | 
with square base, whose side is 6 ft. and height 1 ft. 5 in.?P 

11. Find the solid content of a beam of timber 15 ft. long, 
2 ft. 3in. wide, and 1 ft. 2} in. thick. 

12. What is the length of a room, whose width is 10 ft. 4 in. and 
height 10 ft. 6in., and which contains 3038 cubic ft. of air P 





143. If two Nos., P and Q, have p and q digits respectively, | 
their product PQ will have either p + g orp +q-1. | 

For by [128] PQ <71?.ra and > 7?-'. ra", that is, <r?" and >r?*t, 
and therefore will have p+q orp+q-ldigits. — | 

So, if & have r digits, then PQR <7?ta > reta+-5, and therefore | 
will havept+qgtr,orptgtr-—l,orpig+r-—2 digits. 

And, generally, if there be m Nos., the sum of whose digits 
p+qtr+&c.=n, then their continued product will have from 
n ton — (m — 1) digits. 

144, On the same supposition, P + Q will have p — g or 
p-q+1 digits. 

For P+ Q <7? = rt and >r?! = rf, that is, < r?-?! and > 9?-¢"), 
and therefore will haye p - g orp-q +1 digits. 

N.B. The preceding reasonings will evidently hold, if any of 
Pp, q, &c. should be negative, in which case there would be no digits 
in the corresponding No. to the left of the point: thus if a number 
N begins with g,, the third right-hand digit, then N< r*> 9°, and 
the above reasoning would apply, by taking - 2, for the No. of 
Cigits in N, that is, by considering it to have as many digits 
negatively, as it has cyphers after the point. 








NOTATION, INTEREST, &C. 83 


145. Hence if a No. WV have n digits, N* will have 2n or 2n-1, 
N3 will have 3n, 3n -1, or 3n -2, &c.; and, generally, V™ will 
have from mn to mn -(m — 1) digits. 

Again, if ./N have z digits, then WV will have 2z or 2x-1; .°. nis 
either 2x or 27 - 1, and 2 = $n or 3(n + 1), whichever is integral. 

So if / 7 have z digits, then n is either 3z, or 3z — 1, or 32 - 2; 
and 2 = 4n, or $(n +1), or 3(m + 2), whichever is integral. 


_ And, ee if VN have x digits, then x = =, or at, &e. 


Pe as (m - 
m 

It will be observed that the above values for z, in the case of the 
square and cube root, correspond, as they should, to the No. of 
dots obtained by pointing (51, 55). 

146. In (197) if the Int. be paid half-yearly, then R = 1+ 3r, 
and the No. of payments is 2n; .. M=P (1+ ir)”: or, if it be 
paid every mtb part of a year, 1f=P (2 + “| » which = Pe™ [118], 
if m be supposed infinitely great, or the Int. paid every moment. 


147. Zo find the Amount of an annuity (A) for n years, (1) at 
Simple, (ii) at Compound Interest. 
(i) The 1st Ann, bears int. for (n-1) yrs; «. M=A{ltr(n-1)}; 
Qna www ww (m2) ww = Afl tr (n- il 
&e. « 2 « « «© «© BO hl} CRO 


P ] whichever’ is integral. 


nth °o ee e 0 P =A; 
senate amount =n A 4{14248e. +(n-1)} pas nA+in(n-1)rA. 
(ii) The whole amount = 4 (1+ R+ &e.+ R™)=A. va _ 


148. In practice, it is most common to reckon as the present 
value of an Annuity that sum, whose improved value for the given 
time would equal the amount of the Annuity at the end of it. 


If this be V, then (i) Y(1+nr)=n4+4in(n-1 )rA; 


(ii) VR" = 2 “Sor Vad. 1 -fa- R”). 


Hence, if P be the fine on renewal of a lease for m years, it may 
be converted into rent: for if 4 be the additional rent, then 


A os _ fF 
P= — il - BR}, and A= 77H 
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If the annuity be perpetual, (as, for instance, if it be the rent of 
a freehold estate) then, putting n = 0, we have V = £ 


If it be a reversionary annuity, that is, one to begin after a certain 
number of years, m suppose, then V = V,, - V,, -4 {R™”- R"}, 


or for a perpetuity, = 2 - PaaS. RM aS. 


149. But now suppose we estimate it otherwise, as follows, by 
calculating the present value of each Annuity as it becomes pay- 
able. Thus we have 


_ V,= present value of 1st Annuity = (i) < » or (ii) < ; 


A A 
= °° © @ e ® d eee ————— e e — 
Vy = 142r’ R’ 


de s,s <a 97, m 


.. V= present value of whole Annuity = V, + V, + &c. 
. 1 1 1 . 4 R11 A 
=(1) A fer + 1+2r +&o+7——h, or (1) so e R-1 = - (1-2). 
It appears then that at Compound Interest, (which is the case 
usually met with in actual practice) the present value of an 
Annuity, on whichever hypothesis we calculate it, would be the — 
same; but not so, at Simple Interest. It is easy to shew the 
reason of this, and, in fact, to see that the latter is noé a correct 
mode of estimating the Present Value of the Annuity. 


For, V, (Simple Int.) is indeed the present value of a sum P, 
payable at the end of a year, but not if afterwards P is to be. 
continued at interest for any time; since, though V, + its int. for 
a year= P, yet as the Int. is not added to the principal, it would 
still be only V, that was bearing Int. in the one case, whereas | 
it would be P in the other, that is, in the actual case of the 
Annuity. Of course, this is not the case at Comp. Int., in which 
at the year’s end V, with its Int., or P, becomes the principal for _ 
the second year. 


150. Equation of Payments. A sum P is due at the end of 
time ¢, and P’ at the end of time ?; to find the time at which both 
sums should be paid together, at Simple Interest, 
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Let z be the time; then the interest on P, which is paid after 

its time, wae on P’, which is paid before its time; 
r(v’-2 
or Pr (z-%)= tr (é=2) 

In practice, however, it is usual to reckon the interest instead of 
discount in the latter case; when we shall have 

P(z-t)h=P (¢-2z), or e(P+P)=Pt+ Pl. 

Generally, if there be » sums P,, P,, &c. due at the end of 
times ¢,, ¢,, &c., and if z be the equated time, on this latter sup- 
position, for payment of the whole sum P, + P, + &c. or =(P), 
then the amount of =(P) for time z ought to equal the sum of 
the amounts of the separate sums for their separate times, that is 

=(P){l+rz}=P, (1+ rt, + P,(1+rt,.) + &e.=2(P)+rd(P2t); 

”. @.2(P)= =(P2). 

If, however, we wish to get the strict result in this case, we 
shall have the present value of P, = i = , of Poe eee , &e.: 
let S=sum of these; then S should = present value of = (P), due 
at the end of x years: .. =(P) =S(1+7z), which gives z. 


, from which quadratic z may be found. 





151. In the solution of questions on Interest, Logarithms are 
often required, as in some of the following Examples. 


Ex. 1. Find the amount of £100 in 50 years, at 5 per cent 
Comp. Int. 

Here M=PR’; .*. log M=log P+n log R=log 100+50 log (1.05) 
= 2+ 50 x (.0211893) = 3.0594650, (where we obtain log 1.05 from 
the Table in p. 64, by observing that 105 =3 x 5x 7,) which being 
log 1146.74, we have M = £1146 14s 10d nearly. 


Ex. 2. In how many years will a sum of money increase m-fold 
at Comp. Int.? 
Here M=mP= PR’; 
m= Rk", logm=n log R, and n= log m = log R. 
Thus to find when a sum will double itself at 5 per cent: 
porn) _ log2 _ .3010300 
here m=2, R=1.05; and n= log 1.05 ~ .0211893 
Ex. 3. How many years’ purchase should be given for an estate, 
money making 5 per cent.? 
A A 


Here [147] V= eo OR 20.4; that is, the estate is’ worth 


20 times the rent, or, as it is said, is worth 20 years’ purchase. 


= 14.2 years. 


86 
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Ex. 28. 


. In what time at 5 per cent Comp. Int. will £100 amount to 


£1000? 


. What will £50 amount to at 5 per cent Comp. Int., in 10 yrs, 


interest paid half-yearly ? 
(Given log 8193 = 3.9134430, log 8.1931 = .9134483.) 


. How long will a sum take to double itself at 4 per cent, 


(i) at Simp. Int., (ii) at Comp. Int.? 


. What is the amount of a farthing at 6 per cent Comp. Int. for 


200 yrs? (Given log. 1.150270 = .0611800 nearly.) 


. A leaves B £1000 a year to accumulate for 3 years at 4 per 


cent Comp. Int.: what sum will B have te receive P 


. Find the present value of the above legacy. 
. How many years’ purchase should be given for a freehold 


estate at 4 per cent, Comp. Int.? 


. What is the present value at 5 per cent of an estate of £1000 


a year, (i) to be entered on immediately, (ii) after 3 years ? 


. The reversion of a freehold estate of £882 per annum, to 


commence two years hence, is to be sold: find its present 
value at 5 per cent, Comp. Int. 

A banker borrows at 34 per cent, interest payable yearly : he 
lends at 5 per cent, interest payable quarterly, and gains 
thus £441 in a year: how much does he borrow? 

The rent of a farm is £4, and a fine of £P is required for 
a lease of m years: what ought to be the fine for one of 
(m+n) years? 

An annuity of £1000 for 4 years is left between 4 and B 
in the proportion of their ages 25 and 16, and they arrange 
accordingly that 4 shall have it the first two years, and B the 
other two: find the present value of each legacy at Comp. Int. 


CHAPTER IX. 


CONTINUED FRACTIONS. 
. b . 
152. Every expression of the form a+ ox gq? om as we shall write 


b @ ce + &e. 
it, a + — aes is called a Continued Fraction, and is said to be 
rational or trrational,'as the n° of its terms is finite or infinite. 
The Fractions, however, of this kind with which we have com- 
monly to do, and to which the following remarks will be restricted, 


are of the form a+ 1 ato , where a, 8, c, &c. 
e+ &c. nea 
are all positive numerical integers. 
153. Zo convert any given fraction to a continued fraction. 
Let = be the given fraction: divide m by n, with quotient a and 


rem’ p, » by p with quotient 6 and remr gq, and so on, as in the 
process for finding the G.c.M. of m and n: 
then ~ = a+t, ube 2 Pec, &c. and =a +5 . 
n n’p Pp gq qg b+¢+ &e.’ 

where, of course, if m be less than n, the first eentian a will be zero. 

Now since, by following the process for the G.C.M., we must 
always come at last to a remr zero, it follows that any commensu- 
rable fraction may always be converted to a terminating, or, as it 
has been called above, a rational continued fraction. 
. Ex. Reduce 4253 and #22 to continued fractions. 


329) 1051 (3 1051 1 _@,i111 
987 mere) sop St 5 | "8485 7G 5! 
64) 329 (5 itg 
mini Gy 3 1 1 11 
i 1051 345+7+ 9’ 
F)90 the first quotient being zero. 


EX. 29. 


Reduce to continued fractions 


1.43, 2.282, 3,129, 4.3892, 5,97, 6.452, 7. £5. 8. 482. 
1, 22 
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154. To convert a quadratic surd to a continued fraction. 


A surd cannot, of course, be expressed as a ferminating con- 
tinued fraction; since then, by the mere labour of performing the 
operations, this might be reduced to the form of a common fraction, 
or the surd be expressed as a commensurable quantity. The 
method, however, of converting a quadratic surd to an trrational 
continued fraction, may be best seen by the following example, the 
steps of which are explained below. 


3 7+2 ee 2 











Ex, 7=2+(/7-2)= 2+? 3 =1+ Est 
V7+1 J/7-1 3 os yin’ 2 1 
=xl4y-— = _ Aa 
2 gg at 
VT+2_ 3 ; 
ae V7 + 2 = 4+ Tre by taking the value of /7 


from the first step, after which the same quotients will be repeated ; 
11 11 1 


“W0s24 017 a4 Take 


[£xplanation. In the first step, 2 is set down as the greatest 
integer in 4/7, and then the quantity ie 2 is both mult. and div. 


by /7+2; in the second step, vit is the reciprocal of —_— 





3 
V7 +2” 
just obtained, 1 is the greatest int. in yee » which =1 + (4 1) 


3 
Ji - —*; and then Y= + is both mult. and div. by 741; 





=1+ 





3 
and so os 

It will be observed that the quotients begin to recur, as soon as 
we have come to a quotient double of the first: this, we shall shew 
hereafter, will always be the case. 


Ex. 30. 
Express as continued fractions 
175 2j/6 3/8 4 Jill. 65 6/12. 6. 4/13. 
7. /19% 8 21. 9 22. 10. 23. 11. 33. 12, 4/55. 





155. We shall now explain certain remarkable properties of the 


continued fraction z = a + -—— ; : 
b+ e+ e+ Bo." 
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The fractions formed by taking one, two, three, &c. of the quo- 
tients a, b, ec, &c. 





fe ote. 1 c abe+ate 
soci Gc Sie Tae aT aig "Fs as 7S al 
c 


are called converging fractions, because, as will be seen, they 
approach more and more nearly to the value of z. At present, it 1s 
at once plain that they are alternately less and greater than the 


e 1 e 
true value of z: thus a is too small, a + 7, 18 too great, because 


part of the denr is omitted, @ + i is too small, because 6 + = i is 
too great; and so on. ots C 


If z be less than 1, we shall have a= “ii and the first convergent will 


be : . If we begin to reckon with : org in all cases, we may state 


the above Law as follows: The convergents of an odd order are all 
less and of an even order greater than the true value of the fraction. 
156. From a given continued fraction to obtain the corresponding 
series of converging fractions. 
If we consider the first three convergents in [155], we shall 
see that the num! of the third fraction abe+a+ce, =c(ab+1)+a, 
that is, it may be formed by mult. the numr ot tne second by the 


third quotient, and adding in the numr of the first: and similarly 
for the dent. 


Let then - E z , be any three consecutive convergents, with 
quotients m, m', m”, and suppose the above Law to hold = for the 
last of these, so that p” = m’p’' + p, g" = ais +g. Now differs 
from 2 only in wails in another quotient m”, and ae a 


m” 


be obtained from £ ra by merely writing in it m”’ + = for m"; hence 


i (m’ + —=) pt+p _ am (m"p’ + p)t+ 4 py mp" 4 pr 


we hav a (alt win” A 
q (mr dt m"(m'd +q)+q mg’ +q” 











mnt 


that is, the Law still holds good; and, having been shewn to be 
true for the third convergent, it is therefore generally true. 
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Ex. 1. In [153 Ex. i.] we have quotients 3, 5, 7, 9, convergents 
&, 18, 115, 1051; where the first two are formed from 3, 3 +4; 
and then the third = (~ 1648 ana the fourth = 2% 15+ 16. 

7 +1 9x 364+5 

In (ii) we have quotients 0,3, 5, 7,9, convergents 2,3, &, 25, 222. 

We might have set 2 in each case as the first convergent, (that 
is, before 2 or 2 respectively,) since it would be found that the third 
convergent would still be formed from the first and second, accord- 
ing to the Law above stated, upon which fact alone the reasoning 
of this Art. depends. We shall not, however, give 3 or 2 in the Ansrs, 

Ex, 2. In [154 Ex.] we have quotients 2, 1, 1,1, 4, 1, 1, 1, &c. 
convergents 3, 2, #, $, &, 22, #5, 82,1422, &c., which fractions are 
all nearer and nearer approximations to the value of 4/7, and 
alternately greater and less than it. 

EX. 31. 

Obtain the converging fractions to the vaiue of 

1. £4. 2.285 3.422. 4. 248. 5, 2482. 6. 2088. 

Obtain the convergents, with only two figures in the den", which 
approach nearest to the value of 


7. 10. 8 14. 9 f15. 10. /17. 11. /18. 12. 4/20. 





o , 1 
157. 2 P be consecutive convergents, then © ~ P = — 
fang gine Fe "—"— OE Og? 
or pq’ ~ pq=1. sca 
We see that this Law holds with the first two fractions, i ; ws ; : 


assume that it holds with a ? ; 
then p"¢ ~ pq! =(m'p' + p) g ~ p (m' + 9) =p ~ pg =1; 
that is, the Law still holds, and will therefore be generally true. 
In forming a series of converging fractions, this is a useful test 
to try the accuracy of the work, being so very easy of application. 
Thus in [156 Ex. 2] 
8 5 1 5 8 -1 8 37 1 37 45 -1 


i 9"ia? 23°23 3 147 Sa’ 1417 a7’ & 
Cor. 1. Hence every converging fraction P is in its lowest 


terms: for if p and g had any common measure, it would also (63) 
be a measure of pq’ ~ p’g or unity. 

Cor. 2. Hence we may always (when possible) find one solution 
of the Indeterminate Equation of the first degree, az + by = c. 
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For convert A to a continued fraction, and let 2 be the con- 
vergent last but one; then aq ~ bp = 1, or acg ~ bcp =e, so that 
z= + cq, y =F cp, is a solution, and may be used for a and £ in (138). 

Ex. 182 + Ty = 127. 


7) 18 (2 Here we have ii 2,1, 1, 3, 
14 convergents 3, #, 2, 2, 4%, and 18.2-7.5=1: 
4)7(1 hence 18 (254) - 7 (635) = 127 = 182 + 7y; 
= *, 18 (254 - x) = 7 (y +635), 
a and 254-—2=7t, or z = 254-—7t = 2 


i339 + 635 = 184, eae ae 


158. The successive convergents approach more and more nearly 
to the true ape of the continued fraction. 


Let 7 aa , be consecutive convergents to the value of 2. 
aie a ntbed from - only by taking instead of m” the complete 


quotient m” + _ = M suppose, which is always greater than unity; 





- _ mip +p _ Mp +p 
-. since “— a ee we have z M¢+q’ 
M (pq ~ M 1 
and 2 w= u (pe PPO) Eg Fn 


g(Mg+9g) y(t gy)’ q (Aly + 9) 
Now M>1, and q<q; .*. on both accounts, Pawarent , that is, 


py is nearer to x than! is, one being > [155] and the other <than it. 
q 


¢ U 
Cor. Hence also it follows that Z xo an , according as act >z 


é ° ? M , 1 
fe , if 2 >z, then 2? =24+—_—__. Poy a. 
eg q a(Mg +9) 7 q (Mq'+49) 
+ PP my & MY —9_ J M"PY—Pq 
"47 qq My’ +q x ‘(My + (y+ 9)* ag (Md + q)’ 


(putting for x its value from above, and reducing,) which is 
>z?, since M>1, p’>p, q’> q; and so in the other case. 
1 1 

159. The error made in taking i Sor x lies between a9 and ataray 
M 1 Ss 1 1 
> ee — but> ee eee 
q( Ug +9) q es <q a(d'+9) 

q (7 + 4) 


For[ 158} ~ r= 
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Cor. 1. Since g<q’, we have also, @ fortiort, the error < z > se 


which limits, on account of their simplicity, are prefeesiile 3 in practice. 
Cor 2. If we wish to find a convergent ” differing from 2 in 


value by a quantity less than any given quantity 1 +a, we must con- 
tinue the series until we come to one, whose dent q 5 /a. 


Ex. In [156 Ex. 2] $2= 2.645161, being one of the even fractions 
is less than ,/7; and the error made in taking it tor tne true value 
1 


‘ , 1 . 8 
< or > ¢ 46” that is < 561° > 608’ and, a fortiori, 


900 5000 or 0002, from which we see that it will not 


affect the third place of decimals, so that »/7 = 2.645. 


160. Those convergents which immediately precede large quotients 
are near nies to the true — of the continued fraction. 
LP. oP ” 
For 7] 2 2 ~~ .: and g” = mq +9, and is 
eo ga’ F" 7 


therefore much greater than qg if m” be large, that is, 7 is much 
p" P 


less than a7 or © differs much less from=, than it does — ; 


and therefore x, which lies between A and & | anil also between 


g' 
P and & (2 and & being both ae or both less, than ad z,) 
f° Gg go mr 4 


must be much nearer to F than to - ‘ 





161. Any convergent P approuches more nearly to the value of x 
than any other fraction whatsoever, whose den” ts less than q. 

Let ~ ~ be a fraction intermediate in value between 2 and x: 
if this frantton be one of the aan the proposition is already 
proved by [158]: but, if not, since — = lies between & - and 2, it lies, 


a fortiort, between + P and P —, since 2 lies between them: hence 


Y 
; 1 
pee id ef oF ae * , or rd ~ps< a which is impossible if s be 


8 Y g ¥ aq’. 


fess than gq, since 7, 8, p’, q' are all integers, 
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162. The following examples of the use of Continued Fractions 
are also noticeable. 


Ex. 1. To approximate to the roots of 2* - 52 — 3 = 0 by Con- 
tinued Fractions. 


Here z = 3(5 + 4/37): taking first the upper sign, we may pro- 
ceed as in [154], 


/37 +65 /37 - 5 6 
2 


2 a 


and shall find the quotients 5, 1,1,5,1,1, &c., and =4,$,12, $1,722 &¢, 


1919 29119133 


Again, taking the lower sign, - # = 4 (4/37 — 5), with which we may | 
(37 — 5 


6 
proceed as before, a es + 375 EVE &e., getting the same 
quotients (except the first) as above, so that -2=0, 4,1, %, %, &c. 
Ex. 2. To solve the equation 2” = 3 by Continued Fractions. 
Find in such a case the maa next lower than z, that is, in 


= §+ 











the case before us, 1; put z=1 ti then 2.2¥ = 3, or (5) = 2: 

find now ar integer nest lower than y, which is in this case, also 1; 
1 

puty=1 #5 bien dia 2, or (4)*=2: putz=1+4- >} then (2)°=4: 


1 1 
puto=2+ — , &c.; then we neve ga 24s 32 sent 4, 2,8, &e.; 
and the error made in taking £ = 1.6 for z is < 2, = .04, or = lies 


between 1.56 and 1.6. ; 7 ; 
Ex. 3. (i) Inte 2 ot 3. @tpe-1=0, 





1 
and 2=—L p+ay(p*+ 4): hence 7-/(p*+4)=2+i p=4 p+— 


l 1 ptp+&c. 
Put p = 2; then 2 = l+o3 Free =>; and so in other cases. 
1 1 
Gy) tet ew 24 





ptatpt+qt&. ptaqta’ 
1 
then, as in Ex. aemm sats Ure + 4pg): 


Put p= 2, g=8; then yi5=342{- a Sag} and eon. 
Ex. 4. Letz=v[a+v{a+ V(a+ &e.)}J=/(a+2); «.2=24V(at2), 


Put a = 2; then [2 + {2+ (24 &c.)}] = 2; and so on. 
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Ex. 32. 

1. The ratio of the circumference of a circle to its diameter 
being 3.14159: 1, shew that this is nearly that of 22: 7, more 
nearly that of 333 : 106, and still more nearly that of 355 : 113. 
Find to how many places of decimals each of these may be de- 
pended on as agreeing with the true value. 

2. Two clergymen having to make up together the income of a 
common schoolmaster, and the net values of their livings being £297 
and £685, shew that they should pay nearly in the ratio of 10: 23. 

3. The Ib. Troy weighs 22.8157 inches of distilled water, the 
lb. Av. 27.7274 inches: shew that the two lbs. are nearly in the 
ratio of 96 : 79. 

4. The height of the great Pyramid being 479 ft. and of St. Paul’s 
404 ft., shew that they are si - the ratio of 13: 11. 


5. Find the value of 1 + —— = a # — accurately to within .0001. 


6. Shew that the ratio of the diagonal of a square to the side 
- may be nearly expressed by 99: 70, and that of the diagonal of a 
cube to its side by 97: 56. What is the Limit of the error made 
in taking these fractions for the respective ratios P 

7. Mercury makes its revolution in 88 days, Venus in 225 days: 
shew that, in the time taken by Venus to make 9 complete revo- 
lutions, Mercury will also have made very nearly a certain num- 
ber of complete revolutions. 

&. Two scales whose zero points coincide are placed side by side, 
and the space between consecutive divisions in the one is to that 
in the other as 1: 1.06577; shew that the divisions which most 
nearly coincide are 15 and 16, 61 and 65, 76 and 81, &c. 

9. Find z correct to two places of decimals in the equations, 

(i) 832* = 7, (ii) 32° -524+1=0. 

10. Find z by an equation when 


a Se a ee 
ere qt+rt+qt &ec.” “PY Ot ri strt &e." 


11. Find z correct to two places of decimals in the equations, 
(i) c= [3+ {34+(3+&c.)}]. (ii) 8*= 4. (ili) 2 = 2, 
12, Find 2 by an equation when 
b 
z= a+ —_________ |, 
I qo} 


(a + &c.) 


CONTINUED FRACTIONS. 95 
163. Leta bethe greatest integer in ie N [154]: then ./ N=a+(./N-a) 


r : 

=a+ -— if r = N—a’*, where TNia <1, since /N-a<1; 50 
VN+a ,VNta- rb r' _N-a’ 
es OP gr gy gr if a= rb-a@, r= ae 
IN+e  JN+d-r8 ep py py Net? 
ae tS = b+ * OTe 79 if a’=r0'-a, r’= vy? 
(‘the quotients 8, 6’, &c. being all positive integers, since the fractions 
ceil 4 es é , &c. are all >1,) and so on, until, as will be 
shewn, we bat at last arrive at a den" unity, which gives the 
last quotient in each period. 

The above formule, @ = rb -— a, rr'= N - a® might be applied to 
find a’, r’ from a, 6, , and then a”, r", from a’, 0, 2’, &c., without 
going through the actual calculations in any case: but the method 
itself in [154] is very easy of application; and the above is rather 
given by way of introduction to the following remarks upon it. 














164. (i) The quantities a’, a”, §c. r’, rv’, Fc. are all positive integers. 


For let 7 e , 7 be consecutive convergents to NV, corre- 
sponding to the quotients 8, b’, b”; then, since instead of 6”, the 
VN + a” 

id 
VN +a 

PtP yNta)p trp. 
VNt+a” , (VN +a) +1"¢q : 
eet 
whence, equating rational and irrational parts, we have 


ap +4"p — or a” ( pd - gp’) = pp - an; 
a +9 r” (pd - gp’) = GN - p 


but pa’ — sa ene 1, pan 





complete quotient is , we have, as in [158], 


JN = 


and .° . according as 


IN 22 or GNP" , and also [158 Cor.] as BE, 2. or pp'z q¢N: 


hence it appears that a” and r” are positive integers, and similarly 
for any other pair of these quantities, except the first two pairs, 
which are assumed to be positive integers in the above proof, (in 
which we take for granted the formation of the first two convergents,) 
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and for these we may take (0, 1) (a, r), respectively, correspond 

(ii) The extreme limit of the value of a’, a", §c. 8 8. 

For rr’ = N-—a"*, and 7 r” are positive integers; .. /N >a" 
but @ is the greatest integer in /N; .°. the limit of a” is a, 

(iii) The extreme limit of the value ofr, r’, $c. or of b, b’, &c. 18 2a 

For a'+a’=7r'6', and 7 and Jb’ are positive integers, and by 
(ii) a + a" cannot exceed 2a; .*. neither 1’ nor 0 can exceed 2a. 

Cor. Hence, since the values of a” and r” are limited respec 
tively to a and 2a, the same values of a” and r” must recur togethei 
within 2a’ terms, that is, the series of quotients must recur. 

(iv) If any quotient b' = 2a, then yr’ =1, and a’ =a"=a, 

as appears plainly from the reasoning in (iii). 
165. The recurrence begins with the first complete quotient. 
Let the quotients be 0,, 6,, &c. corresponding to a,, a,, &c 


Ty) Ty» &c., so that 
r Nta r, 
UN 0+ Gat pigs te bt aig be 
and let the quantities @,,, 7,,, recur, so that, after n -m terms more 
we obtain a, =@,.) f, =m: Then, since 
Tmala = N — dy8 = N - 4,2 = 7,7 99 

we have also ry. = 1x1 

Again, eal =On my and a, +4, eo OF @,_,+4,,=5,, nt 


~ Ons 


hence we have — —— =, therefore, an tnteger or zero 


— 


But [164] if 7 be the three consecutive convergent: 


7 7 a 
to /N, saecesciaae to the quotients B,, + 54,0) On) then we hav 


ae 
Cus t8nQ= P's FT Gn y= - SIny=(4t+5)-5 suppose 
TD tf mi =P's 17 T prers (Gt 5) ~ tee PP 
where 8 is positive and less than gq’; for the first convergent ‘ 
is less than »/V, and, therefore, any convergent z » being neare. 
to /N than a, will necessarily exceed a by a proper fraction 


8 e e e 
Hence we have a - a,,, = rake - —, which is <r,,,, since g<¢ 


Y 


\ 
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and, in like manner, we obtam a - 4a,,,<%q41<1%m,,: and, there- 


es 

fore, @ forttort, Ggy~ An,<1my OF Sms Oe <1, and, conse- 
m-} 

quently, it must = zero, so that a,,,= 4,4, and b,,, = 5,» 

In like MANNE, Oy g = Oye Ting =Tias Ome = 9,9, &C., and so on, 
backwards, until we come to a, (Or @)==Gpy_ (m_1)) 7 (OT 7) =P n—(—1)5 
b,=6,_(a—1); that is, the recurrence will begin with the first com- 
plete quotient. 


166. The last integral quotient will be always 2a. 


VN + On, then, 


For let the last complete quotient be since this 


_ heal! WP 2 At a we shall have @ + @, = Binl'm 
and N-a*=rr,, ae N-a’*; .. r,=1, and b,,=a+a4,,. 


But, reasoning as in (165), a - G,, t= Sr - ue (where 8 < 7’) 


q 


= f - a which cannot be satisfied, (since a and @», are integers, 


and q and # are each less than q”,) except ¢ =8', and .. a, =a, 
or b,, = 2a. | 
167. If N be of the form (i) a°+1, then /N=a+{/(a* +1)-a} 
1 1 41 
— /(a* + thea ** dat 2a + &c. 
of one term only. — 

If WV be of the form (ii) a*-1, or (iii) a*+ a, or (iv) a*-a, it will 
consist of éwo terms, as will be easily seen on trial, the quotients being 
for (ii) a-1,| 1, 2(a-1) | &c., for (iii) a, | 2, 2a, | &c., 
for (iv) a—1, | 2,2(a@-1), | &c. 


168. The equation x*-Ny*=1 can always be solved in positive 
tntegers, where N represents any integer not a square. 


For [164 i] pp— Nq?=-+r=+1 [164 iv], iff be next before 


is followed by 


, and the period will consist 


the last’ quotient 2a, + or — according as ae IN. 


Now all the convergents in even places are >./N, and in odd 
places < ./N: and, if the No. of quotients in the period be even, all 
the fractions, formed, as above, next before 2a, will be in even 
places ; but if odd, then the second, fourth, &c., of such fractions, will 

. F 
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be in even places; and, therefore, it is always possible to find an 
infinite No. of solutions for z*-— Ny*=1, by converting /N toa 
continued fraction. 


Cor. 1. 2*~ Ny*=- 1, is always possible, in an infinite number 
of ways, when the number of quotients in the period is odd. 

Cor. 2. Hence 2*- Ny*=+2* may be solved (subject to the 
above limitations) by first solving p*- Ng*=+1, and putting 
T= p%, Y= qe 

Cor. 3. If a be found among the values of 7, 1’, &c., then 
z* - Ny*=+a may be solved in integers, subject to limitations as 
above, by means of the equation p* - Ng* =+ 1’. 

Ex. 2*- 7y*= 1. 

Referring to [156 Ex. 2] we have the bali 2,1,1,1,4,1,1,1,4,&c. 

convergents 4, #, , 8, 87, 45, 82, 127, &e.; .*. (the n° of termsin the 

period being even) we have (8)?—7(3)*= 1, (127)? —7(48)*=1, &c.; 
or r= 8, 127, &c., y= 3, 48, &e. 

The equation 2* - 7y*=—- 1 is impossible. 

Ex. 2. (i) 2*- Ty’ =- 3, (ii) 2*- Ty* = 2. 

It appears from [154] that the complete quotients for ./7 are 
_ vit’, vist ye &c., so that 3 being found in 
the den" of the first, third, fifth, &c. of these, and 2 in those of the 
second, sixth, &c., the equations above given are possible, and the 
solutions are (referring to the convergents in Ex. 1), 

for (i) z= 2, 5, 37, 82, &e., y= 1, 2, 14, 31, &., 
for (ii) x = 3, 45, &c. y =1, 17, &c. 
Ex. 33. 


1. 2t-Syt=1. 2. at By*= 1. 8, a8 23y%22, 4. 2*-23y"+7=0, 
5. a%-13y%1=0, 6, 2*-44y%8-0. 7. 2*-44y%o4, 8, 2*-6ly*= +5, 
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CHAPTER X. 


INDETERMINATE COEFFICIENTS, PARTIAL FRACTIONS,. 
AND SERIES. 


169. IN any series a, + a,2 + a,2* + &c., any term a,z” may be 
made > the sum of all that follow it, by sufficiently diminishing 2. 

For let & be the greatest coeff. in the whole series; then the 
extreme case will be when the terms following a,,2” are all posttive 
and have their coeff* each = k, in which case their sum becomes 
kaos ka? 4 &e.=kao™ (1424+ &c.)=ke™ + (1-2), ifz be taken<1: 


+} 


kx kz 
now 4,2" > raat Bm? Togs esa 


Cor. If 2 be taken < ee , the first term will be > sum of all 
that follow it; and, since a, may here have any value whatever, we 
see that, by sufficiently diminishing x, any series a,z2 + a,z* + &c. 
may be made less than any assignable quantity whatever. 


170. If a+ bricx®+ &e. =a 4+ 02+ cx* + &e. for all finite values 
of x whatever, we must have a=a,6=0',c=c’, &c. 

For a —a’=(b'—b) +(e —c) 2* + &c. for all values of x what- 
ever; but if a—a’ be finite, we have seen that, by taking z of proper 
value, we may make the series (0’ - 6) 2 + &c. <a - a’; which is 
contradictory: hence a -a’=0, or a=a’; and then bz + cz* + &e. 
= Bx + c'x* + &e., or b+ cx + &e. = 6 + c'x + &c. for all values of x 
whatever; .. b= 38',and soon. This Proposition we have, in fact, 
assumed as almost self-evident, in [116]. 


Cor. If 4 + Br + Cr* + &c. = 0, for all values of x, then 4 = 0, 
B= 0, &c. 


171. If 4+ a= B+ f, where A, B represent constant and a, B 
variable quantities, which may become each at the same time less 
than any assignable quantity, then 4=B, a=: for, if not, 
let d= B+C; thena~ $8 =C,and therefore a, 8 cannot be both at 
the same time <C, contrary to the hypothesis. [This result is some- 
times employed in proving a main Proposition in Trigonometry.] 

F2 
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172. The following are applications of the above. 
a+Ue 
1 + az + bz* 
a’ + Ux 
Assume —————. = 4 + Br + Cx* + Dx + Ex‘ + &c. 
1+ar+ bz* 
when A, B, C, &c., as yet unknown, are called Indeterminate Coc ff; 
then +e =A4+ Be + Cre + De + Ext + &e. 
+aAzr+ aBxr* + aCe + aDr' + &e. 
+ bAz* + bDB2x* + bCx* + &e. ; 
hence, equating coeff’, we have 4 =a’, BiaAd =’, C+aBibA=0, &e, 
so that A =a’, B=0 - ad, C=-aB -bA = a’a’ - abd’ — ba’, &e., 
ot ret - ad) 2 + (a*a’ ~ ab’ — ba’) z* + &e. 

Ex. 2. Given y = az + bz* + cx* + &c. to express z in terms of ¥. 

Since, when y = 0, we have also xz =0, it is at once plain that the 
series required for z cannot contain any constant term 4 ; for then 
when y = 0, we should have x = 4: assume then 

z= Ay + By + Cy +&c.; buty=ar + b2* + cz’? + &e; 
°.@= Aar+ Abz*+ Acz® + &c. 

+ Ba’a* + 2Babe+&e. «1 = Aa, 0= Ad + Ba’, 
+ Ca®x* + &c. 0 = Ac + 2Bab + Ca’, &e. 
2 
hence 4 = - B=-3, C= =, &e., and x == - oe &e. 
Or thus: since y = az + 62° + cz*+ &c., and x= Ay + By*+ Cy° + &e. 
“y=ady+aBy?+ aly’ + &e. 
+ bA*y*? + 2A By + &. 1.1 =ad,0=aB + 6A’, 
+ cA’y +&. O=aC+ 204B + cA®, &e. 
whence the values, as before, of 4, B, C, &c. 

The above is an instance of what is called Reversion of Series. 

Ex. 3. Revert the series y = ax + bx* + cx + &c. - 

Here, since by changing the sign of z we should only change the 
sign, and not the value, of y, it is plain that x must be also of the 
form z= dy + By* + Cy’ + &c.; in fact, if we assumed as in Ex. 2, 
we should find the alternate coeff* each zero. Making this assump- 
tion, and proceeding as before, we shall obtain 
oy" (GF Saal y - &o, 


a‘ a 


Ex 1. To expand in ascending powers of x. 


and 





e-/- 
a 
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* Obs. If the series to be reverted in any case be of the form 
y=a'+az+bz'+ &c., we must put y —a@’=2, and express x in 
terms of s and its powers. | 


Ex. 34. 
Expand in ascending powers of z to five terms, by Ind. Coeff’. 
1 l+z 1-2 1 + 22 - 32z* 


2-32° °24 32° é. 1l-z+a2*° * 1— 227 + 32*° 


Revert the Series 


1; 


5. y=rt+a2*+a 4+ &e. 6. y= a — 22* 4+ 32% - &e. 

I y=2-22442-&. 8. yor-t2etha-32"+ &e. 
zs | om 2 

% ymetigtiggt& 10. yae-Ta5t rasce 


Mh. y =2t+92+ 2 o+shigz"+&e. 12. y= 2-424 3,.2°-shi ga t&e. 


Ex.4. T ets 
o resolve G@-ijet x 


2+3 -4, 


into separate, or paréial, fractions. 


SO? oD" Tee 


Or thus: assuming as before, mvultiply by each factor of the den' 
in turn; then | 
z+ +s B ao =) 





() 5 A+ , where putz-1=0, orz=1; thend= § 
iy #3. Aces), B, .scccoseesee O+ 2=0, or 2=—2; then B=-4, 





This second method, besides being more simple, enables us to 
find at once the num’ of any one of the partial fractions, without 
finding the others, by merely multiplying by its den, and then 
putting this multiplier = 0: or, without so much trouble, we may 
set down at once the partial fractions in such a case as follows. ‘ 


Ex. 5 27 +3 2243 —-443 243 
* Bya-2” @+2@-1) @+2)C3)" 042 @-D 
1 5 


- 3@+2) 3(e-1)’ 
where to form the first fraction we put z=- 2, derived from 
2 + 2= 0, and to form the second z = 1, derived from z-1=0. 
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32+2 A B C D hich 

yeti a2 (tly @tip adi’? 
assumption we are obliged - make, because, when these fractions 
are added together, their common den’ will only be the same 
as that of the given fraction, and therefore it may have been 
composed of such as these : 


Ex. 6. Let 


; Sz+2 2 (-3) +2 _C_ D 
then, as in Ex.) Z(e+iy 2 * Cly(erip* Grip’ 24l 
2 a Cc D 


“2 *(@+ip* @+lY 241° 
and now, before we can find C and re . must subtract from the 


; 1 ' 
other side a1” which leaves re neti" where the num’ is 








(x 
now divisible by z+1: striking out this factor from num’ and den’, 
Ce Oa nl Een 
a(z+1)* 2 (x+1) ae (-1)(z+1¥ ztl 2 (e+1) x+1' 
: 2+ 2z 
again, subtracting — CES ay from the other side, we have z(@t 1)" 
where numerator ae ae are again both divisible by z+1: 
ee ee ee 
za(z+1) 2 w2+1 2 (-1)(@+1) 2 «+1? 
i ee ee 


z(z+1) z' (@+1) (w+1)® w#4+1° 
Perhaps, however, the simplest way of obtaining the partial 
fractions corresponding to a power in the den’, is as follows. 


32 +2 A P 2 P 


ie esl) e aly es ae 
P _ 3x2 +2 _2_ 2a? + Gat+ Be Dat + Or + 3. 
(Gri a(¢+1P 2 x(x+1) @@+iy* 
z. oq, PP _ _ 2 (8-19 +6 (e-1)48 
how pal et beg Or Peete ea a 
22*+ 22-1 > 2 1 28 2 1 
Soe Ee at aor Gry ep? 2 


N.B. In all the above cases, it is supposed that the given fraction 
is a proper fraction, that is, with num' of lower dimensions than 
the den’; otherwise it must be turned into a mtred quantity, and 
the above method may then be applied to the resulting fraction. 
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Resolve into partial fractions: 

1. z+1 2 zt+1 3 3z+2 z-3 5 oe 

* (x+2)(a+8)° “° 2(z-2)° ~* 2*-1° a(e+1)" —* (#-1)*(x+1)’ 
2*-xz+1 7 22*+1 (82-1 9, 1- 2-2 10. et 
z(ztl)y® * eXat+1)° * 2*(e+1)" o Fen x(x-1)" ~* (x+1)(2-1)"" 
Ex. 7. Resolve —_,.— gerbes) In this case the roots of z*+2+1=0 


2(a*4x+1)° 

being impossible, a, 8, suppose, we can only separate 2*+2+1 
into impossible factors (x-a) (x-8): we might do this and assume 
as before, but the following method is preferable in such cases. 

eee Se+be+1 A Beil ==+ Be+C 
a(et+az+1) 2 at+a+1 a+241’ 
Ex. 5, (where the latter fraction may be vainiiiincea as arising from 
the addition of the two with impossible den™:) now to obtain B 
and C, multiply by 2*+2+1, and then put 2*+2+1=0, or 2*=-z-1; 
then we have we od a or “e-* = Br +C; 

*, 22 -2=B (-2-1)+Cz, or (equating coeff?) B=2, C=4, 

‘Ex. 8. Let 
22s 8A+4 Act B Cet D Ex+F G2+H 
(x*+1)(2*—24+1P 9 o?+1 9 (a*—-2+1)) (2*-2+1P) 2t-24+1’ 
(the reason for which assumption is plain from Ex. 6;) then to 
find 4 and B, mult. by 2*+1, and put 2*+1=0, or 2*=-1; 

-227-3+4  -2¢+1 
ee — Cap fe) 7 = Ar+ B, 
whence - 27 +1=-4+ Bz, and A=-1, B=-2: 

to find C and D, ark by (z*-2+1)*, and put 2*-2+1=0, 
or z*=2-1; then wen risers Sl oaths Sa Botan, 

* 32-1=C(2-1)+ Dz, and C= 1, D=2; and now, before we 
can find £ and F, we must subtract te or (a! fees 1 
from the first side, and then shall be able to strike out of both 
numerator and denominator the factor 2*- 2+ 1. 


by 








Ex. 36. 
Resolve into partial fractions, 
eB  g eB gael yg Bate] 
2 (z*+1)° a*'-1° ° 2-1" ‘'2+1° 
5 1 6 (82-2 5 32° - 2743 8 __ wt 
"a(e—1)° at (att DO ae (xt- x41 (at - 1" 
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Def. A series is said to be convergent or divergent, according as 
there exists or not a limit to the sum of its terms taken ad infinitum: 
thus 1+343+4&c. for which ==2, is convergent; but 142+4+&c. . 
is divergent. 

173. Any series is convergent, in which, after some finite No. of 
terms, the ratio of each term to the preceding becomes < 1. 

For let St a+6+0e+ &c. represent the series, S denoting the 
sum of that part of the series before the point in question, and 
which will of course be finite since the No. of its terms is finite; 


and let each of the ratios °, + &c. be <1: suppose & to be > the 
greatest of them; then b < ka, c<kb<FK’a, &c., 








a 
1-’ 
which is finite since k < 1. 


Ex. The series for e [117], viz. 141+ — : &c. is 


1 
i2* 123° 
convergent, since the ratios in question are 1, 3, 4, &c. 
174. The sum ad inf. of any series, such as a—-b+ce-d+e-&c., 
where the terms a, 6, c, &c. continually decrease, as before, and 
are alternately positive and negative, lies between a and a— 0. 

' For ==(a-b)+(ce-d)+&c., in which the terms are all posztive, 
and is, therefore, >a-6; but ==a-(b-—c)-(d-e)-—&c., in which 
the terms are all negative, except the first, and therefore is < a. 

Ex. 2=1-3+24-43+ &c. lies between 1 and 4. 


175. If R, S, be the greatest and least ratios formed by dividing 
each coeff. of the series a + bz + cz* + &c. by the preceding coeff, 
then, as in [173], the sum of the series lies between 

a(1+ Re + Rx® + &c.) and a nny oe ene 
or, when Rz (and therefore Sz) is < 1, between ie and _— i 85" 

Hence if in any case Rr <1, the series will be convergent; 
if Rxr>1 but Sz <1, the series may or may not be convergent 
but if Sz>1, it must be divergent. And it is plain that this 
statement is also true when R, S, are the greatest and least ratios, 
formed as above, after any finite No. of terms of the series. 


Ex. 1. In (1+ 2)", 2 a positive fraction, the inverse ratio of two 


consecutive coeff® is a , =2tl_1, : hence R=(n+1)—1 
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=n, and S=—1; so that, when nx< 1 orz7< 1 +n, the value of 


(1+2)* will lie between and 


] 1 
l—ne 1 +2 

Ex. 2. What error will be made in taking the first three terms 
of the series 2(1 + 1yé as the value of /40P 

The fourth term is .0015; hence the sum of the series after the 








‘ ‘ 0015 — .0015 
third term lies between {-3xt and ——— Tee? that is, between 


0015 &c. and .0012, which are therefore the limits of the error. 


176. A recurring series is one in which any term is the sum of 
one or more preceding ones with constant coefficients, or in which 
an equation of the first degree with constant coefficients exists 
between any given number of consecutive terms. 

Ex. 1. In the Geom. series 1+ 22 + 42*+ &c., each term is 
formed from the preceding by means of the constant factor 22, 
so that if u,, u,,, denote the rth and (r +1) terms, u,,, = 2xur, 
or #,,,- 2zu,=0, in which equation the sum of the coeff* or 1-22 
is called the Scale of Relation of the series. 


Ex. 2. In 3+ 11x + 312* + 95z° + 2832 + &c., it will be found 
that any three consecutive terms are connected by the equation 
yg = 22U,,, + BLU, OF Uy,g — 2TU,,, — Bz*Uur = 0: 
thus 31lz* = 2z.11z + 32°.3, 952° = 27.312? + 32°.11z, &e.: 

and here the scale of relation is 1 - 2x - 3z*. 


177. In any given case of a recurring series it will be generally 
easy to find by trial its scale of relation, as it will probably consist 
of very few terms. Thus in [176 Ex. 2], since we see at once that 
the scale cannot consist of two terms only (for then, as in Ex. 1, 
the series would be in G.P.) we may assume it to be of the form 
1+ az + bx*; then we shall have the equations 

(i) 31+11a+35=0, (ii) 95+31a@+11b=0, (iii) 283 +95a+81b= 0; 
and since the values a=—2, 6=-3, obtained from (i) and (ii), 
also satisfy (iii), we conclude that the scale of relation 7 of the 
assumed form, viz. (as above) 1 — 22 - 32%, 

Of course, if we had found that the values of a and 6 obtained 
from (i) and (1i) did not also satisfy (iii), it would have shewn that 
our first assuraption was wrong, and we should have had to begin 


again by assuming the scale to be of the form 1+ ax +6z"+cx". 
F5 
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178. Series of the above kind will always result from the 
‘expansion of an algebraical proper fraction, the denominator 
itself being the scale of relation. © 

Thus we have seen {172 Ex. 1] that 

a+ UVa | eae 
i an + Bet Ce + De + Exit &., 
ahere A and B are given by the equations 4 =a’, B+aA =, 
and then, for the other coefficients, 
| C+4B+bA=0, D+aC+bB=0, F+aD+bC=0, &e,; 
that is, 4+ Bre +Cz'+&c. will be a recurring series, whose scale 
of relation is 1+ az + dx*. 

179. Conversely, we may sum ad infinitum any such series, or 
restore it to the form of its generating fraction. 

For let 4 + Bx + Cr + &e. be a recurring series, and let its 
ecale of relation, found as in [178], be 1+axr+62*: assume 

a+Uz 7 ‘ 
4 tart ba =A+Brt+ Cx? + &a; preetaenee = 7 a 

° +(B+aA)zx — +axz)+ Dx 
o4 e a = = = — -= er? =~ @ 
and .. 4+ Br+ &c. ad wf. were t. liars br 

Similarly, if the scale of relation had been 1 + ax + bz* + cx’, We 


should have found == A (i+ ax + bz?) + Bz (1+ az) + Ce ~ 
j | 1+.az + bz* 


| A 1 
Ex. In {177 Ex. 1], ae see Oe, 


A(l+azr)+ Be _ 3(1-2x)+11z_ 3 +52 
“L+actbe® = = 1 - 2 - 3" 1-22 ~32*" 


180. Zo find, generally, the Sum of a recurring series. 


in Ex. 2, == 


Let the scale of relation be 1+p,r+ p,.27+ &c. p,v", and the 
series uy+u, +u,+ &c.; and let S,, S,, &c. denote the sum of oné, 
two, &c. terms, = the sum ad infinitum. 

Then we have %, + p,Ttta, + Pyt'Uyn, + Sec. + pt", = 0, 

Un + Plt + pet ly, + &c. + Pyk"U, = 0, 


i = &e,; 
ave adding, (= - S,,) +p zx (= = S31) + pr" (= - S,-s) + &c. +p," >> = 0, 
or Ex Sat Pt Sn + Pet Sng + Kee 


1l+py + pat" + &e. 
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181. Fhe general term of a recurring series, and its sum to 
n terms, may be easily found, whenever the scale of relation can 
be separated into simple factors. 


Thus, if 1 + a7 + b2* + cxz* = (1 + az) (1+ Br) (1+ 42), 


a+ 0'x+cx* 
then the fraction 5a sy ca! 


ad inf. of the series for which 1+az+bz*+cz* is the scale of relation) 

B C 
l+az bh + I+pa* ‘T4+ga ye? 
and these, when expanded, will produce three geometrical series, 
the sum of which to n terms will give that of the recurring series, 
and the sum of their nth terms its nth term. 


(which may represent the sum 


may be separated into the partial fractions —— 


Ex. In [177 Ex. 2], we have 
en 
1-27-82 (1-32)(1l+2) 2(1-37) 2(1+42) 
=i{1 + 3x +(3z)*+ &.}-2 {1-24 2*- &e.}, 
the nth term of which is 4 {7.37 - (-1)" J 2", 
7 (8zyf'-1 1 (-2z)*-1 
2° 82-1 °2° #41 
The above method may of course be employed whenever the 


den’ admits of separation into simple factors: but the result would 
appear in a complicated form if the factors be not rational. 


== 


and the sum of » terms ~ 


182. In other cases, if we can succeed in finding by any means 
the nth, or general, term of the series, we may, by using this to 
obtain the (n+1)th, &c. terms, obtain the sum to m terms as 
follows. 


Let S denote the sum to n terms of the recurring series, 
A+ Bar + Ce + &e. + Na"! + Po" + Qr™ + &e., 
whose scale of relation is 1+ax+bz’, and =’ the sum ad inf. 
of the same series after the first n terms: then since the latter 


portion of the given series, viz. Px" + &c., is also a recurring 
seriey, with the same scale of relation 1 + az + bz*, we have 


§ad-2= {A (1 + az) + Br} -{P(1 + az) + Qzr} x? 
1 + az + bz* 
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Ex. In 2-2+2'-2z2'+&c., we shall find the scale of relation 
to be 1+2x+4+2*, and therefore 
2(1+2z)-2 - 
oe (2 + 32) (1+ 2) 
= (2 + 3x) (1 -— 22 + 32" - &c), 
and .*. P = coeff. of 2* = (-1)* {2 (n + 1) - 8n} = (-1)* (2-2), 
and Q (putting n +1 for n) = (-1)™ (1-n) =(- 1)" (n- 1): 


fate: Wet Se DG) ee ee 


== 





1+ 22+ 2* 
_ (2 + 8z) + (- 1)" {n - 2 + (m - 8) 2} 2” 
1+ 22 + 2° ° 


183. If a mere numerical series be given, as 1454+13+429+61+&c., 
then we may first sum the series 1+52+13z*+&c., the nth term 
of which we shall find (as above) to be (4.2"'-3)2*', and the 
22x)” z"-1 

x 


sum to » terms 4 Nts ee IE whence -putting z= 1, 


(and first striking out from num and denr of the latter fraction 
the vanishing factor z - 1) we obtain for the nth term of the given 
series 4.2") — 3, and for its sum to m terms, 4(2"— 1) - 3n. 

In this case, however, it might have been noticed that the 
1st term of the given series = 4-3, the 204 =4,.2-3, the 3r4 =4,4 - 3, 
and so the general term = 4.2”'- 3, and the sum of terms 
=4(1424+4+ &c.+ 2*") -3n =4(2"-1)-3n. A similar artifice 
may be used to sum other series of this kind. 

Ex. 37. 
Sum ad enfinitum the recurring series 
1, 142%+32* + 52° + 82‘ + &e. 2. 14 62+ 92* - 272*- &e. 
3. 14 32 4+ T2* + 132° + 25a‘ + S1z* + 1032° + &e. 
4.1449 + 62* + 112° + 282* + 632° + 1312* + &e. 
Sum ad infinitum, and find the general term of the series 
5. 1-S2+62'-72°+92"-&e. 6. 1452+162°431x*453z';812°+1 1524+ &e. 


Sum to 7 terms the series 
FT. 14+624122°+48254+1202'+&e. 8. 2-574 928-1925 372'-&e 
91434+7+15+431+ &e. 10. 14+24+5+144414 &e. 
11.14+3+4+64114 214+ &c. 12. 142423 +244 228 + &e. 
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184. Certain series may be summed by the following method. 
Ex. 1. Let S=a+(a+6)x+(a+ 2b) 2*+ &c. + {a+(n-1)b} 2%"; 
then Sz= ax+ (a+b) 2° + &e.+{a+(n—-2) d}2™"* 
+{a+(m-1)b} 2"; 

and S(1-2) =a + bx + b2* + &c. + bx™" + bx" — (a + nb) 2", 





ea(1- 2%) +b2. ~~ be"; 
a bx nbz” 
a {rs —2 ta 2) a- o)- T=" 
and = (found by putting 2 = 0, or z*=0)= ist (i = 


In the above result are included all series, in which the terms 
consist of two factors, proceeding one in A.P., the other in G.P. 








Ex. 2. Sum wart aT5 Gren te 
Let S’= : + —_ +&c.+ PRICEY + 
6-2 —s + — +&e.+ 53 
— wer (art) (a8 fatwa) yaa {a+nbj * sab 
= bS§ + ee * aeraay B= aT ab when n=o. 
1 


So too we may sum + &e., 


a (a+b) a5) * (a+b) (G42) (a+ 30) 
and, generally, any series of such fractions, in which it will be 
observed that the den™ are formed of factors in A.P., by as- 
suming S’ to represent n+ 1 terms of a similar series, wanting 
the last factors in the den™. This method also (called the method 
of Subtraction) will be found to succeed in some other instances, 

Ex. 3. To sum the series 1* + 2° + 3° + &c. to m terms. 

Assume S=1'+2?+&c.+n*=A+Bn+ Cn*+Dn*+&c.: 
then, writing n+1 for n, we obtain 

194.274 &c.+n?+(n+1)*=4+B(n+1)+ C(nt+1)P+D(nt+1)+&e.; 

. subtracting, (n+1)°=B+0(2n+1)+ D(8n*+ 38n +1); 
(where we have stopped with D, because there are no terms on 
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the first side with n*, &c., and therefore the coeff’ EZ, F, &c. op 
the second side wend have to be equated to zero :] 

hence, equating coefficients, 1= at 2=20+3D, 1=B+0+D, 
whence we get D=}, C=}, B=i, and S=4A+4n+4n*+4n°: 
put 2=1; then S or 1*=4 eae whence we find that 4 = O, 
and, therefore, S=1n+4n*+in'=1n(n+1) (2n+1). 

Since when n=0, the sum of the series ought to reduce itself 
to zero, we might have seen at once that there would have been 
no constant term, and might have assumed, therefore, 

S= An+ Bn’ + Cr? + &e. 

Ex, 4. Similarly, it may be shewn that 1°+2°+3°+&c. to n terms 
= {in (n +1) ={14+2+4+3 + &c. to m terms}’*. 

185. We may sum many series by the method of Increments. 

Der. The encrement of any quantity, depending upon 4, is that 
quantity by which it is increased (or diminished) when for n we 
write »+1. Denoting this increment by D, and the two values of 
the given quantity, which is called the integral, by S,, Sy, we 
have S,,, - S, = D. 


186. Now (i) if D=.A, a constant, then the integral to which it 
belongs, or S,, = 4n+C, where C may be any constant whatever. 
For S,,,=4(n+1)+C; «. S,,-S,=A=D. 


187, (ii) If D can be expressed in the form 4.24.06, ... ty 1-thns 
where %,, %,, &C. Um, represent m factors in A.P., and such that, 
when » is changed to +1, they become each changed to 
the consecutive factor (as, for instance, when D=n(n+1), or 
=(n-1) n(n+1), or =(2n+1) (2n+ 8), &c.,) 


A 
then S, = (m+ ib 


where u, represents the factor immediately preceding u,, and 6 the 
common difference of the factors. 
For thus we should have 


Uy Uh Uy 20 Umm + C, 


A 
i “Gas Wh U Ugly 00 Unethn,, + C3 
* S.4.-5,= (m+ ips Uy. thy. Ug. 00 tay (Uy — Uy) = A.%6,.06y.Uy...U,, = D. 


188. The value of the constant C’ may always be determined in | 
any given case, as follows, where S,, will represent the sum of 
m terms, and therefore D, the (m+ 1)th term. 
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Ex. 1. 1424+34&c,; here D=n+1, and S,=4n(n+1)+C: 
to find C, put m=1; then S,, or 1,=1+¢, and C=0; .-. S,=4n(n+1). 
Ex. 2. 1° + 2°+ 39+ &c.; here D=(n+1fP="(n+1)4+n241; 
« S,=4(n -1) n(n +1) + 4n(n + 1) (C= 0, as in Ex. 1.) 
=4in(n+1) (22 +1), as in [184 Ex. 3]. 
To save trouble, we shall express the value of C, thus found, in 
a bracket, as [4]; unless it be zero, when we shall omit to notice it. 
Ex. 3. Find the sum of » terms of 1.3 + 3.5 + 5.7 + &c. 
Here D =(n + 1)th term = (2n + 1) (22 + 3); 


re Ba ENN On SN CHLS 5 a] = an (Ant 4 On — 1), 


where the factor 2 in the den’ arises from the common diff. 8, 
which in this case is 2. 


Ex. 4. Find the sum of n terms of any order of Figurate Nos. 


Figurate Nos. are formed as follows, the nth term of each order 
being the sum of z terms of the preceding order. 
1st order 1,1,1, 1, &c. Now for the 1st order, S, =, and 
Qnd ..:... 1, 2,3, 4, &c. this is the nth term of the 204 order; 
3rd ...... 1, 3, 6, 10, &e.  .. D for 224=n+1, and S,=in(n+1); 
hence D for 34 order = sd te , and S,= polite lace 
1.2 12.3. 
n(n+1)...(n+r-—-1) 
1.2.09 ° 
Ex. 5. To find the sum of n terms of any order of Polygonal Nos. 
If in the expression S=n+4n(n-1)6, which is the sum of n 
terms of an AR. series whose first term is unzty, we give 6 the values 
0, 1, 2, &c. successively, we get the general term of the 1st, 2nd, 
3rd, &c. orders of Polygonal Nos., and from these the Nos. of each 
order are found by giving the values 1, 2, 3, &c. Thus we have 


and generally for rth order, S,, = 


1st order, for which the nth term = n 1,2, 3, 4, &e. 
20d OFT, .ceccccccccccscsccscocseese =2N(MW+1), 1,3, 6,10, &e. 
TA OTE, wcacesiecsssensedssasaceses = I's 1,4, 9, 16, &c. 
4th order, .....cecceee Lease RAS Arne’ = in (3n-1), 1, 5, 12, 22, &c. 


The Nos. in each row have received respectively the names /near, 
triangular, square, pentagonal, &c. and generally of polygonal Nos. 
from the fact that (putting a dot to represent each unit) the Nos. of 
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each kind admit of being arranged in the form of the corresponding 
polygon: thus (i) linear, . .. ... &c.; (il) triangular, « .°. wets OCag 
(iii) square, . 3: 33: &e. 

Now the general term of the rth order will be n+3n(n-1) (r-1), 
and, therefore, D=(n+1)+3(r-1) n(m+1), and S,=4n(n+1) 
+3 (r-1)(m-1) n(n +1) =3n (n +1) {((r-1) (2-1) + 3}. 

Hence for linear numbers S, =4n(n+ 1), for triangular 
S,, = in(n - 1) (n+ 2), for square S, = tn(m +1) (2n+1) &c. 


N.B. The above results may be applied to calculate the No. of 
cannon balls piled in a pyramidal heap. Thus if the base be 
triangular and one side of it contain 30 balls, the No. of shot 
in the pile will be 3n(m +1) (+2) when n= 830, that is, 4960. 

If the pile be not pyramidal, but formed of horizontal rectangular 
courses, finishing by a single row at the top, then, if 2 be the length 
of the top row, the length of the (n +1)th course from the top 
will be 7 +n, and the breadth » +1; 


hence D=(J+n)(n+1)=n(n4+1)+U(n+1): 
*, S, = 4n(n*® - 1) + 4m (n + 1) = 42 (n +1) (38l'- 1 + 1), 
where ?'=14+n-—1= length of lowest row, and n =the breadth. 

If we suppose the pile, in any case, a broken one, the first 
m courses being removed, then the No. of balls = S, - S,,. 

Ex. 6. Find the sum of ” terms of 5+9+16+ 26439 + &c. 

If we set down this series and take the differences of each two 
consecutive terms, and then the differences of these, and so on, 
we shall at last arrive at a row of differences all identical. 

Thus 5, 9, 16, 26, 39, &c. Now in any row of these differ- 

4, 7,10, 13, &c. ences, the nth term is the increment 

3, 3, 3, &e. of the nth term of the preceding row; 

hence 3 = D,, and the integral of this = 3n + [1] = (8n+1)=D,; 
the int. of this = 3(8n — 2) (82 + 1) + [42] =4(8n*-n+8) = D, 
= the nth term of the given series; hence the (n+ 1)th term, or D, 

= 2(3n* + 6n + 10) = 3 (n* + $n 442) =S {n(n +1) 4+3(n + 5)}; 
* S,= 3 (n-1) n(n4+1)+3(04+4) (n+ 5) — [10] = 32 (n* +n + 8). 

It will generally be easy to throw the value of D into the form of 

factors, as above; if not, we can always do it by Ind. Coefficients: 
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thus, if D=n*+1, put n*+1= An(n+1)+ Bn+C, and equate 
coeff’. But here we might have written n*+1l=n(n-1)+(n+1), 
which is at once of the proper form. 

N.B. The above method may be applied, whenever any order of 
differences becomes at length composed of the same quantities. 


189. Generally, let a, 6, c, d, &c. be any series, and let d,, d,, &e. 
be the first terms of the 1st, 294, &c. orders of differences, found 
as above: suppose that in the 3rd order the differences become 
identical, and each =d,; then we shall have D,=d,, D,=nd,+C: 

but (putting »=1) d,=d,+C; .. D,=(n—-1)d,+4,: 
hence D, = 2(n—1) (n-2)d,+nd,+C, and (as before) d,=d,+ C; 
D,=4(n-1) (n-2)d,+(n-1)d,+4,; and, in like manner, 
D, = D2) in — 9) o) in =) d, + enor d,+(n-1)d,+ea 
= nth term of given series: | 





. D=(n+ 1) term = a + nd, + 2A dp HE (f=) 7 
n sua n alee — n (n-1) (n-2) (n-3) 
d, + d,+ +——To34  % dy. 
A similar es for S i ae hold, whatever be the 
number of orders of differences, that is, of the quantities d,, d,, &c. 
Ex. In [188 Ex. 6] 
S= in + 2n(n-1) + 4n(n—-1) (n - 2) =4n (n* +2 + 8). 


and S=na + —— 








-_ A A 
Pan Ne gg en Gana e 
ee, ee ee _ A (Um =%) oy = 
a ecw “+ Sra Sa= (m-1) bu,.u,... ae: 
1 1 1 1 
1 n 1 1 
és Se - —_. 41= a= = . =. 
S, 2 (int 1) * Le on+1’ Stn 9? when (oo) 
1 2 3 n+1 
Ex. 2. 35 ¢ 307 * 57.0 * © P= Gazi) Gans 3 Gants) 
4(2n+5-3) 1 3 
* (antl) (2n+3) (2015) 2(2n+1) (2nt +8) 2 (2n+1) (2n+3) y (2n+5)! 
3 


°. S,=- + [4], and == 4 


E (Qn +41) * 8(@n71) (nt 3) 
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Ex. 38. 
Sum to n terms, and, when possible, (x <1) ad infinitum. 
1. 1+ 2x + 32z* + 42° &e. 2.14424 T2* + 102° + &c. 
3. 1+ 3.2 4 5.2% + 7.28 + &e. 4.1-8+£-Z+4+ &e. 
6. @+2(a+z)+4(at+2z)+&ce. 6. a-(a+1)2+(a+2) 2*-&e. 
7. 1.2423 + 3:4 + &e. 8. 1.3 + 2.4 43.5 + &e. 
1 1 #1 1 1 1 
*Tatgstset . Ta3* gaat 545 * & 
1 1 1 3 5 
11. 75+ 54 t+ aq t &e 12. >93+ o34+t 345 * & 
13. 17 + 3% + 5° + &e. 14, 1+ 24+ 34+ &e. 
15. 1° + 3° + 5 + &e. 16. 1°.2 + 2%.3 + 3%.4 + &c. 
~ 1 1 1 1 1 1 
li. 54 46 ja t & 18. S76 foot * inva * 8 
1 1 1 14 2.5 3.6: 
1 reat aastasat® = s5t gat get 
21. Find the No. of balls (i) in a triangular, (ii) in a square pile, 
each side of the base containing 25 balls. 
22. Find the No. in each of the above cases, if the piles be 
incomplete, 10 courses having been removed. 
23. Find the No. in a rectangular pile, the length and breadth of 
the base row being 50 and 24. 
24 


. Find the No. in (23), if the pile be incomplete, half the whole 


number of courses having been removed. 
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CHAPTER XI. 


PROPERTIES OF NUMBERS, AND DIOPHANTINE PROBLEMS. 


191. If nm be any No., then any other No. NV may be expressed 
in the form N=np+r, where p is the integral-quotient upon 
dividing WN by 2, and r the remr will be less than nm. The No. n 
in such a case, to which the other is referred, is called the Modulus ; 
and, to any given Mod. n, there are evidently (including the case 
of r= 0) different Forms of numbers, with different values of r. 

Thus, to Mod. 2, any No. whatever will be expressed in one 
of the tooo forms, 2p, 2p + 1, according as the No. is even or odd; 
to Mod. 3, in one of the three forms, 3p, 3p + 1, 3p + 2, or 3p, 
3p + 1, (since 3p + 2 may be expressed as 3 (p + 1) -1 or 3p’ - 1); 
80 also to Mod. 4, in one of the four forms, 4p, 49 +1, 49 +2; and 
generally, to Mod. n in one of the n forms, np, np + 1, np + 2, &c., 
as far as np + im or np + 3(n — 1), according as n is even or odd. _ 

We may apply the above to the following Examples. 

Ex. 1. Shew that the product of two even Nos. is even, and 
of two odd Nos. odd; and hence that NV” + N is always even. 

(i) 2p x 2p’ = 4pp’, which is even: (ii) (2p + 1) (2p’ + 1) = 4pp’ 
+2 (p +g’) +1, which is odd: hence, by induction, the product of 
any No. of even Nos. is even, and of odd Nos. odd: hence (iii) 
NV” is even or odd according as N is, and ... V*+ NV is always even. 

Ex 2. If N be odd, shew that (V*+3)(N*+ 7) is divisible by 32. 

For let N (being odd)=2p+1; then(N*+ 3) (N*+7)=(4p*+ 4p +4) 
(4p* + 4p + 8) = 16 (p*+p+1)(p*+p4 2): but (Ex. 1) p* +p, and, 
therefore, p* + + 2 is even: hence the given quantity is div. by 32. 


Ex. 39. 


1. The sum or difference of any two odd Nos. is even; and the 
sum of two consecutive odd Nos. is divisible by 4. 

2. The product of two consecutive Nos. is even; and the pro- 
duct of two consecutive even Nos. is divisible by 8. 

3. The product of any three consecutive Nos. is div. by 1.2.3, 
and of any four, by 1.2.3.4. 

4. If an odd No. divides an even No., it will also divide its half. 
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5. The difference of the squares of any two odd Nos. is div. 
by 8, and the sum of the squares of three consecutive odd Nos. is 
of the form 12p - 1. 

6. If m be even n(n? — 4) is divisible by 48; and if » be odd, 
n (n* — 1) is divisible by 24. 

7. Every even square is of the form 16p or 4 (49+1), and every 
odd square of the form 8p + 1. 

8. Every No. and its cube, when div. by 6, leave the same rem’. 

9. Shew from (7) that, if the sum of an odd and even square be 
@ square, the even square is divisible by 16. 

10. The product of any two odd Nos. is less than the square of 
the middle No. between them by the square of half their difference. 


192. A prime number is one that admits of no divisors but. unity; 
all others, being composed of factors, are called composite Nos. 


_The following are elementary propositions on prime Nos. 
(i) Ifa be prime to b, then a + b ts prime to each of them. 
For, if not, let a+ 5 and a have a common factor, then (63) 


(a +b)~ a, or 6b, has the same common factor, which is absurd, 
since @ is prime to 6, 


(ii) Jf a be prime to b, Pe ee oe ee b, or else they 
have only the common factor 2. 

For, whatever common factor a+$ and a—65 may have, the same 
(63) will their sum or difference, 2a and 2), have; and these, since 
@ is prime to 6, can have only the common factor 2. 


(iii) Tf a be prime to b, and a= nb +1, then xr ts also prime to b. 


For if 6 and r had any common factor, then (63) nb +7, and 
.. a, would have the same, 


(iv) Zf a be prime to each of b and c, then a ts prime to be. 


For a cannot be div. by any factor of 5 or c, nor by any product. 
of such factors, nor, therefore, by any of the factors of be, which 
consist of all the products that can be made by multiplying a factor 
of b by a factor of c. 

Conversely, if a be prime to bc, it cannot be div. by any factor 
of be, nor, therefore, by any of the factors of b and c, of which, 
multiplied together, the factors of bc are composed; that is, a is 
prime to each of } and c. 
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(v) Hence, if a be prime to 3, ¢, d, &c. it is prime to bed, &e.: 
and, conversely, if @ be prime to any number, ‘it is prime to each 
of its factors. 

(vi) Hence, if a be prime to 4, we have also a x a or a* prime 
to 6, and .°. also a* prime to 8, and, generally, a” prime to }; 
and, since a™ is prime to 8, therefore a” is prime to 6 x bd or 8%, 
and .°. also to 6°, and generally to 5”. 

(vii) Since a fraction can only be reduced to lower terms, by 
dividing both num: and dent by a common factor, it follows that, 


if a be prime to 3, - and, generally, = is in its lowest terms: 


hence also, if ; (a fraction in lowest terms) = any other fraction ZN 
then c and d must be equimultiples of a and b. 

(viii) Hence also, if a be an Se and Va a proper surd, it 
cannot be expressed as a fraction £: for then we should have a = ae 


or an integer = a fraction, which is absurd. r 

Now every proper surd (112) may be expressed with its num: in 
the above form; and therefore no such surd can be expressed 
either as a fraction, or as a ¢erminating or circulating decimal, 
either of which might be reduced to the form of a fraction. 


193. If in either of the expressions 2* + 2+ 17, 22* + 29, 
z'+2 +441, we give x successively the values 0, 1, 2, &c., we shall 
find that 17 terms of the first, 29 of the second, and 40 of the 
third, are prime numbers: the same is true for 31 terms of 2” + 1, 
if we give to 2 the values 1, 2, 2", &c.: but after these points the 
expressions no longer give primes, and it is easy to shew that 
no such formula can give prime numbers only. 

For let P=a+bxe+ca*+ &c.=a+2(b+cx+&c.)=a+mz suppose, 
and let P be a prime for a certain value 2’ of z: for x write z’+nP; 
then we have the new value of P or P’ =a+m(a’+nP)=P(1+mn), 
which is no longer a prime. 


194. The No. of primes ts infinite. 

For let P, P,, &c. P, be all the prime Nos. in order of 
magaride: then P,.P,...P, is divisible by each of them, and 
os Pyed give ket 1 by none of them: hence this No. must be 
either itself a prime, or divisible by some prime > P,; and in 
either case it follows that P, cannot be the greatest prime No. 
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195. The student should here refer to the proof in [71], that if 
a bea prime to 3, then each of the quantities a, 2a, 3a, &c., (6-1)a, 
when divided by 8, will leave a different positive rem". 


196. If n be a prime No., the coeff. of every term of (1 + x), 
except the first and last, ts divisible by n. 

For [92 Cor. 2] n(n -1)...(n-7 41) is divisible by 1.2... 7: 
therefore, if m be prime, and r <n, the product (n-1)...(m —r+1) 
must be div. by 1.2...7; and hence the coeff. of every term (except 
the first and last) will contain a factor n, and be divisible by it. 

The same is obviously true of the coeff. of (a2+5+c)", when n 
is a prime No.: since {(a + 5) + c}"= (a+b) + C,(a+ 6)"'c+ &e, 
where the coeff* of (a + 6)", as well as C,, C,, &c., come under 
the preceding case, and those of (a + b)*', &c. are all integral; 
therefore the coeff. of every term of the expression, except a”, b”, c*, 
is div. by m: and similarly for any such multinomial. 


197. Fermat's Theorem. If n be a prime No., and N oe 
ton, then N™*- 1 #8 a multiple of n. 

For [196] (4+ b+ 0¢+ &c.)* - (a® +0" +c" + &c.) is div. by n: 
suppose there are VV quantities a, b, c, &c., and put each of them =1; 
then V"- N= N(N*'- 1) is div. by n: but XN is prime to n; 
..N*™'- 1 is a multiple of n, or N™" is of the form np + 1. 

Upon the above result we may make the following remarks. 

(i) WN may be any No. <n, since each of these will be prime to n: 

(ii) NV" and N, when divided by , leave the same remr: 

(iii) V""' is of the form np + 1, if NV be prime to m, and of the 
form np, if NV be not prime to n, since in this case (n being prime) 
N must be a multiple of n; thus V* is of the form 3p or 3p +1, 
according as Vis a multiple of 3 or not: 

(iv) Since » is prime, n-1 is even; and therefore N*'-1 
= (NA + 1) (W4C"9— 1): hence, if W be prime to n, one of these 
two factors must be div. by n, and therefore V4 is of the form 
np or np + 1, according as JV is a multiple of n or not; thus NV’ is 
of the form 5p or 5p + 1, according as NV is a multiple of 5 or not. 


198. Sir J. Wilson’s Theorem. If nu be @ prime number, then 
1,2.3...(n - 1) + 108 @ multiple of n. 

By [119] it is seen that 
1.2.3...(n—1)=(n-1)*"- (n—1) (n-2)"142(n-1) (n- 2)(n-3)""-&e; 
but [197] each of (nm - 1)", (n - 2)", &c., is of the form np +1; 
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hence 1.2.3. ..(7%—1) =(suppose) nP+1-(n-1)+3(n-1) (n-2)- &e. 
=nP +(1—-—1)*'-1 (since x -1 is even) =nP —1; and therefore 
1.2.3...(% — 1) + 11s a multiple of n. 

Upon this result we may remark as follows, 

(i) 1.2.3...(% -1)=1(n-1) 2 (nm -2)...{2 (n- 1)}.x{n-2 (n-1)}. 
Now this is manifestly of the form nP+Q, where Q=1".2*...{4(n-1)}?, 
and the sign will be + or — according as 4(n — 1) is even or odd, 
that is, according as it is of the form 2p or 2p — 1, or n of the form 
4p +1; therefore, by the Theorem, nP +Q+1 is a multiple of 
n=nP” suppose, and ..Q =n(P’~P) F 1, or 1*.2%...{8 (n-1)f +1 
isa multiple of , according as n is of the form 4p + 1 or 4p - 1: 

(ii) When x is of the form 4p — 1, since1*.2*... {4 (n — 1)}* — lis 
a mult. of », it follows that one of its two factors, 1.2...4(”%-1)+1 
and 1.2...2(#2 — 1) -1, is a multiple of x. 


EX. 40. 

1. If a No. consisting of two parts be prime to one of them, it 
will be prime also to the other. 

2. If m be a prime No. and a and 6 integers prime to m, then 
a™!_ 6™" is div. by m. | 

3. The square of any No. is of the form 5p or 5p + 1, and that 
of any No. prime to 4 is of the form 4p + 1. 

4. Every cube No. is of the form 4p or 4p + 1, and every fourth 
power of the form 5p or 5p + 1. 

5. Every cube No. is of the form 7p or 7p +1, and every sixth 
power of the form 7p or 7p + 1. 

6. If n be a prime No., then 1%'+ 2"* + &c. + (nm — 1)*" is of 
the form np - 1. 

7. The diff. of the squares of any two primes, >3, is a multiple of 24. 

8. If WV be odd and prime to 5, N‘- 1 is divisible by 80. 


199. Zo find the No. of divisors of a composite number. 

Let a, 6, c, &c. be the prime factors of any No. N, which may 
therefore be expressed in the form a%b%c” &c.: then the different 
divisors of N are evidently comprised (and no others) in the terms 
of the product . 

(l+a+a*+ &. a”) (1454 0+ &. bY) (l+e4c'+ &e. c’) &e., 
the No. of terms in which is (p + 1) (¢ + 1) (r + 1) &c,, including 
as divisors both 1 and N. . 
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’ 

Thus 360 = 2°.3%.5, and admits of 4.3.2 = 24 divisors; 400 = 2'** 
snd admits of 5.3 = 15 divisors. 

From the above we may infer as follows: 

(i) The No. of divisors of JV, containing a, is evidently the No. 
of terms in the product (a + a* + &c.a’) (1+5+ &c.) &c., which 
is p (¢+1)(r+1) &e.: 

(ii) Hence the No. of ways in which N can be divided into 
two factors is +(p +1) (q¢+1) &c., except when WN is a square No., 
and then py, g, 7, &c. will be all even, and (py +1) (q+1) &c. will be 
an odd No.; here the No. required will be #{(+1)(q¢+1) &c. + 1}, 
and the two factors will be equal in one of the products: 

(iii) The No. of ways in which WV can be resolved into factors 
prime to each other, will be the same as if we wrote a, 8, c, &c. 
for a®, b%, c’, &c. in the above, and will be therefore 4.2.2. &c. = 2"", 
if n be the No. of the prime factors, a, }, c, &c.: 

(iv) The sum of all the divisors of J is 

aph— 1 on px Tt x be. 
a-1 b-1 c— 

200. To find the No. of integers less than N, and prime to it. 

First, let N =a’: then all the Nos. from 1 to W are a” in nun- 
ber; but, of these, the Nos. a, 2a, 3a, &c. a?"'.a are multiples of a, 
and therefore not prime to WV, and these are a?-* in number; 
therefore the number of os os. a than JV and prime to it is 


a? — g?-l= arpt(a-1)= v.= 








Next, let N= a’b*; then, as ‘before, among the Nos. less than J, 
there are u®'* multiples of a, a?*” multiples of 6; but among 
these are some which are common to both sets, viz. those which 
are multiples of ab, in number a®’*": therefore, subtracting 
these from one of the former sets, we have on the whole, among 
the Nos. less than J, aP 58 4g? bt? a? bt" | which are not 
prime to NV: hence the number of Nos., less than WV and prime 
to it, is a 2% - Ate ab + a? Ot" = a? bt" (a - 1) (6-1) 
=N.— oe am : and similarly, if W = aPb%cr &c. 


Ex. 1. 100 = 2%. 5*: hence the No. of integers, which are less 
than 100 and prime to it, is 100.3.4#= 40. 

Ex. 2. The No. of forms for primes to mod. 20 is the same 
as the No. of integers less than 10 and prime to it, viz. 10.4.4=4: 
these are evidently 20p + 1, 20p + 3, 20p + 7, 20p + 9. 
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Ex. 41. 

1. Find the No. of divisors of 60, 90, 144, 240, 300, and 1000. 

2. How many of the above divisors in each case contain the 
factor 2? and how many contain 4? 

3. In how many ways may the first three of the preceding Nos. 
be divided into two factors? or the last three into factors prime to 
each other P 

4. Find the sum of all the divisors for the first three Nos., in 
each of the three cases of Ex. 1 and 2. 

5. Find the No. of integers less than each of the given Nos. 
in Ex. 1, and prime to it. 

6. How many forms of prime Nos. will there be for each of the 
six Nos. in Ex.1? Write them down for 60. 


201. DIOPHANTINE PROBLEMS. These are so called from Dio- 
yhantus, who first treated of them about A.D. 360. 

The problem is to find such values of z as shall render a given 
function of x a square quantity, which we shall denote by 0 or 
by 2. It must be observed, however, that many of the questions 
which occur in this part of Algebra are of considerable difficulty, 
and require more than ordinary skill and judgment for their solu- 
tion. The following hints will suffice for most of those which the 
Student is likely to meet with in actual practice, and will shew the 
method of treating such questions. 


202. 1. Given az* + br+c= 2%, 
(i) If a be a square = p’*, 


: aloe 2) eee 

put pst +beto=(pe+™), whence 2 = ros 
(ii) If ¢ be a square = p*, 

Pia Pa 

put az* + bx +p = (22 +p) , whence x = att 


(iii) If 6*—4ac be a square, then [65] az*+br +c=a(zx-a)(x-f), 
where are rational ; 
ae ma —n'aB | 
: waar 
in which three results m and » may have any values whatever. 
(iv) If az*+h2+c can be put into the form (ex+f )* + (gz+h) (z+), 


pat it = {(ex + ff) + ~~ (gz + h)}*, whence x may be easily found. 


put (x - a) (z- B)= = (xz - a)’, whence = 


PART II. G 
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(v) If any one solution, as z=,r, can be found in any way, either 
by rule or by guess, put z=y+r; then a(yt+r)*+o(ytr)+e=2 
= ay’ + (2ar + 6) y + p*, (if ar* + 67 + ¢ = p’,) so falling under (ii): 
or, otherwise, a (z*- 7°) +b (x-r)+pe=2=p* + (2-1) (axr+ar + 5), 
so falling under (iv). 

N.B. Cases (i) and (ii) include those of az*+ br=2" and bz + c=2', 


2 
by supposing p = 0, that is, by putting az*+ bz = a t,bric= 


Also az* + bry + cy*=2* is included in the above by putting 
z=vy, and dividing by the square quantity y*, which leaves 
av’ +bv+e= 0. 


2 
Ex. 1. Given 42* - 32 -2=p= (20 -™)' - = 4g*~ 4x4 cal 
n "” 
: m® + 2n* ; 
@= 7 = 3, ifm=1,n= 1. 


2 2 
Ex 2. Given 62" +9 =0=(" 2 +3) = 2+6— 249; 





“es me = 12, ifm=2,2=1. 
bn* — m 
2 
Ex. 3. iia. 
~ On? — m3 


Ex. 4. Given i pda aaviekecen asa 
8 
= {a+ — (@- 4) by (iv) =29 +2 a (@- 4) 4 (we -4)' 


2 

124 5=2— z+ (-4), po Cpt ny = 24, if m=1, n=2. 

Ex. 5. Given 32*- 22y + 8y*= 2%, or (putting z=ey, and di- 
viding by y*,) 3e*- 20+3= 0: since this admits of » = 1, put 
ee — mn) 
m? — 3n* ’ 
where we may write - m for m, which only amounts ne assuming 
4 (mn + mn). is 

m*— 3n* ' 


m=2, n=1, then #=12; .. o=13=7, and any pair of values 


v=ut1; then 3u44u+4=0= (= u+2), or u= 


(- a+ 2)* instead of (“a + 2)*, and then u= 


of x and y, taken such that 2=13y, will be a solution, as z= 13, 
y=1, 
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But we may obtain more general values for z and y. as follows: 
welave oe OT pe a den ae 
m* — 3n® ’ m* — 3n* y? 

we may therefore take 2 =m’ +4mn+n', y =m’ - 3n', and give any 
values we please to m and n: thus if m=3, n=1, then r= 22," 
y=6, &c. 

In like manner, if in any case az*+bry+cy*=2*, or av *ibvie=p, 
admits of solution, we may always find integral values for x and y, 
by taking for them the numerator and denominator respectively of 
the general value of v. 

Also if any solution =r, y=8 be found, then z=pr, y=ps, or 


2 “3 y or , are manifestly solutions, whatever py may be, since 


if ar*® + bre + cs* = Gg, 80 also 
ap*r* + bp*rs + cp*s* = p* (ar* + bre + cs") = O. 
Hence in the above Ex., since x = 22, y=6 is a solution, 80 
also is x= 44, y=12, or e=11, y = 3, &c.; that is, any pair of 
equi-multiples or sub-multiples of the first. 


203. The equation az* . bx = z* may always be solved in positive 
integers; for if az* + bx=— Le then z= ss - Now by [166] 


it is always possible to icles m* —an*=1 in integers, and, putting 
in the numerator the value of » thus found, we shall have z a 
positive integer. 

But the equation az*-bx=2z* may always be solved in ¢ntegers, 
but not always in positive integers, since this would require 
m* — an* =—- 1, which [166] is not always possible. 

Also cases (ii) and (iii) can always be solved in positive integers: 
for the den‘ in each case being m*-an*, we can put this =1, and 
solve it in all cases, and then we can take positive or negative 
values for m or » in the numerator, according to circumstances, so 
as to get x positive. 

And Case v may be treated thus: 


li ie ae ale ea i 
put B+ p=—(e- r), 2-p= = {a (x +1) +3}; 
then, eliminating, 


__ (m* ‘+ an*) r+ 2mn oon sili fl le cane 
Ss ae 
m* — an® m* — an® 








G2 
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whence, solving the equation m* —an*=1, we may get positive 
integer values for z and z, taking m or n (or p, since it originally 
enters in the form of p*,) positive or negative, as we please. And, 
of course, any value of z thus found may again be substituted 
for r in the numerators, (retaining the same values of m and m) to 
find new solutions, and so on. 


Ex, If 30° - 20 +3=2* (as in Ex. 5), where r =1, 
then 3(e*-1)-2(0- Daw saaoet Oe): 


2 3 
2. 942=% (0-1), 2-2=% Go+1), and a kc 


m* — 3n* 
as “before. "| 


1 
on? : ° 
Here then we must solve m*—3n*=1: now /3=1+ — 1+ 2+ 1+&c. 


and the convergents are 1, 3, &, 3, oe 
'.m=2, n=1, or m= 7, n=4, &e; 
*,0=13, or e=177, &c.: and, of course, we might start again, 
taking r= 13, and so on. 
N.B. The above method includes the case of b=0 or az*+c=2", 
which may be similarly treated, and can always be solved in positive 
integers, tf one solution, x=r, be given. 


Ex. 42, 
Find values for z (when possible, in positive integers) which 
shall render square the following quantities: 


1. 42% + 29, 2. Txt — be +1. 8. 62" + # - 1, by (iii). 
4. 2z*- 1, by (iv). 5. 2(z*-1), by (iii). 6. 22*+ 2, by (iv). 
7. 102* + 7x + 1, by (ii). 8. 52*+ 11, given r = 1. 


9. 227-2, r=1, 10. 62° +2-1r=2 11. 22*-1,r=1. 
12, 72°42, givenr=1.13, 6-1327462', r=2. 14. 52*-324+7,r=1. 
15. 6 (z*-2), given r = 3. 16. 7z* — 3, r=1 or 2. 
Find positive integral values of z and y to rationalize the expressions 
17, o/(112* + Try + y*). 18, «/(4a* + Szy + 6y*). 
19, «/(6z* + Ty -— 3y*). 20. «/(52* - 3zy + 2y”). 


204. 11. (i) Given az+b=0, cx+d=0, for the same values of z: 
put ax+6=2*, and substitute the values of z from this in ex+d=p, 
which will now become of the form a‘z*+3’=0, and will fall under 1. 

(ii) Given az*+br= 0 and c2*+de= 9; put - for x; then 
a+ by =0,¢+dy = Q, which falls under the last case. 
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Ex. 1. Given 22 -6= 0, 32+ 7= 0: from 2z - 6=8%, we get 
2=1(z* +6), whence 3z +7 becomes $(z* + ne 7 =, or (mult, 


by 4, a square No.) 62°+64=0 =(= 248) = te 16 = 2 +64; 


s= ae, = 16ifm=2,n=1, and - \gei(e46)=181. 





Ex. 2. Given 2+82=0, 92+ 52*= 0: for z put 2, then 


a+ 300) or (mult. by ¥) y+ S=O =2, and y=2*- 3; 
60 9y + 5 = 92-22 =0= (se-%) 92? - Care 








8 2 . 
= AEE 2A if m=2, n=l, and y=2-8=88; 2 2-9. 
si Phgin (i). Given az+by=O =p, cr+dy=oO=¢', then 
-bf | _ag'-op |. ia 
te = 7 w= “T — 7, and if p and g be taken any multiples 


of ad — be, such as p= m/(ad — bc), g=n(ad - bc), then z and y 
will be obtained in integers. 

(ii) Given ar+by=0, cet+dy=0, er+fy=o: 
put ax+by=p*, cr+dy=q*, whence, substituting for 2 and y, 
ex fy=a'p*'+Uq?= 0, or, putting g*=p"s’, and dividing by the 
square p*, &@ + U2= 0. 

Ex. 1. 2+2y=o=p', 32+4y=0=9'; .*. c=g*-2p*, y=2 (8p*-¢"), 
whence, if p=2, g=3, we have z=1, y=13; or, if p=3, g=65, 
then z=7, y=1; or if p=2m, g=2n, then z= 4 (m* - 2n'), 
y = 2 (3m — n’). 

Ex. 2. 24+2y=0o, 8¢+4y=0, 7x+6y=0D: taking the general 
values for z and y found in Ex. 1 from the first two equations, we 
have 7x + 6y =4q*- oe O, or (putting q = pe, my div. by p*) 

m* + 5n* 
47-5= a= (22-2) = 42 4 et; By .gem = 8, if 
n 4mn 


m=1,n=1; hence g=$p, and t= aye op = tp, y=3 (8p*- g') =S2": 
if p= 4, then z=4, y=6., 


206. The above solutions in (I, II, 111) are all general ones, 
by means of which we may obtain an unlimited No. of different 
values for 2, all satisfying the conditions of the Problem, though 
they may not all be integral: but in the following (excepting 
the first) the Solutions are limited, generally to one only, the 
values of m and n being fixed by the steps taken. 
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207. Iv. Given az* + b2*+cex+d=0D: 

(i) If c=0, d=0, put az* + b2* = m'*2*; 

(ii) If d=p*, put az*+&c.=(mz+p)*, and then put 2mp =e. 

(iii) In no other case can rules be given, except when a solution 
z=r can be found in any way, when by putting z=y+-1, the 
case will fall under (ii). 

Ex. 1. 227+ 3z*=0 = m*2*; ». 2 =3(mn* - 3) =3, if m=3. 

Ex. 2. 22°+32*+ 54+ 4=(mz+2)*=m'*z*+4mxr+4; put 4m=5, 
then 22°4 32*=m'x', or 224+3=28, and x=- 28, which solution 
we might put =, and employ as in Ex. 3, to find another. 


Ex. 3. 22*-32*+52-5= has a solution z=2: put r=y+2; 
then 2y°+3y°+17y+9=0 = et ae hae m*y* + 6my + 9; 
put 6m=17; .. 2y4+3=m*=282, and y=482; ».ray+2=452. 

208. v. Given az‘ + bz°+cz*+de+e=0. 

(i) If a=p*, put az + &c. = (pz* + mrt n)’, 
and then put 2mp = 6b, 2np + m* = cc, which gives m and n; 

(ii) If e=p*, put az‘+&e.= al nx+p)*, and then put 2np<d, 
2mp + n> =e; 

(iii) If a=p*, e=q*, put az‘+ &c.=(p2*+mz+q)*, and then put 
either 2mp=b or 2mq=d, by which we get two different solutions; 
or put az‘+ &c. = (p2*+mz-q), and proceed as before, by which 
we get two other solutions, which, however, we may obtain from 
the former by merely changing the sign of g. Also, since this case 
comes under both (i) and (ii), we may by the methods there given 
obtain two other solutions, that is, stz in all. 

‘(iv) Lastly, if a solution z=r is known, we may put z=y+r, 
as before. i 

Ex. 42-32 + 22*-22+1= 3 this comes under (iii), but will 
enable us to illustrate also (i) and (ii). 

By (i) put 4a - 32° + 22*- 2241=(22*4+mrt+n/) 

= 42* + 42? + (4n+ m*) 2* + QZmnz + n*s 
put 4m =-3, 4nim’=2; 2. m=-3, n=28; 
and now - 22+1=2mnz+n?=- 8% e+ $225 «=, 2 = S86r, 

By (i) put 42 — 32° + 22% - 27 + 1 = (mz* + nz +1) 

= mx‘ + Imnz® + (2m +n) 2+ Qne+1; 
put 2n=-2, Im+n®=2; » m=-1, m=); 
and now 42*- 32° = m*x‘ + 2mnaz’*, or 42 -3=32-1; 2H ibys 
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By (in) put 42‘ - 32° + 22* - 22 41 = (22* + mx +1) 
= 424 + 4mz* + (m* + 4) 2? t+ Q2mze+1; 

put dm =-—3; «. m=- 4%, and 2z*- 2x =(m* + 4) 2*+2mz; 

.. with upper signs, 27 - 2 = (,2, + 4)2-43, whence z=- 


419 
with lower signs, 22 - 2=(,8, -4)2+2, whence x= 48; 
or put t2m=-2; ..m=-1 or +1, according as we take the 
upper or lower signs; 
and — 32° + 22° =4mz2* + (m*+4) 2’, or —-382+2=4mze4+m'+4; 
.. with upper signs, — 3x + 2=- 42 +45, whence z = 3, 
with lower signs, -3x+2= 42-3, whence z= 4. 
Lastly, since z = 3 is a solution, put x =y + 3; 
then 4y‘ + 45y* + 191y* + 36ly + 256 = a, 
which is of the same form as the given one, and, being similarly 
treated, would yield other solutions. 


209. vi. Given az* + b2* + cx +d =a perfect cube: 
(i) If a=p’, put az* + &c. = (px +m), and then put 3mp* =; 
(ii) If d=p*, put az*+ &c. = (mz + p), and then put 3mp*=e; 
(iii) If a=p*, d=q', put az*+ &c.=(prtg); 
(iv) If z=r is a solution, put r=y +7. 
Ex. 43. 
Solve the Diophantine equations 


1 g+1ll=o, 2-13=0. 2. 2° +2=0, 2-2=0. 
3% 2e+y=O0, ©-2=O0. 4. 2 +2=0, 82°+2r7=9 
6 112° + 32* = 2%. 6. 2° - 227 + Q2e241=27, 

7 2-32 +3=2, r=1, 8. 1 - 2x + 32*-32*+ 42! = xt, 
9, 2— 22° + 3x. 10. 329+ 127 -8=2. 

ll, Jee + l=, r=1. 12. 6-32 =2, r=-1, 


Pros. 1. Find the general values of z, y, and z, in az*+y*=2". 
m 2mn z 
Here put z=vy, then avi+1=o0 = te 1)*, © an = : 
“. 2=2mn, y=m'* —-an*, z= m* + an’. 
If a=1, then 2*+7*=2', and c=2mn, y=m'*-n', 2=m*+n*. 


— is such that the sum of the squares of 








, 2 
Hence the fraction a 


its num: and den' is always a square. For m write n +1; then 
2 


this fraction becomes ont oe =" + id , from which, by giving 
2n+1 2n+1 
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n the successive values 1, 2, 3, &c., we get the following curious 
series of fractions, 14, 22, 3%, 4%, &c., each of which possesses 
the above-mentioned property. 

Pros. 2. Find three square integers in A. P. 

Let 2*, y*, 2* be the numbers; then 27+ 2'=2y', or if r=p—-4@, 
z=p+q, then p*+q*=y*: now by Prob. 1 this is satisfied by 
p=m'* —n*, g=2mn, and y = m*+n'; .. the three quantities are* 
(m* —n*— 2mn)*, (m* +n*)*, and (m*—n*+2mn)*, where m and n 
may have any values. If m=2,n=1, these are 1, 25, 49. 

Pros. 3. Find a number z such that 2* + az and z*- az may 
both be squares. 


2 
Let 2*+ar=p*z*: ., t= a and 2*-az= aa ao EO, 
whence 1-(p*-1)=2-p*=0 =2 suppose: 
“ #@-1l=1-p*: let f+ 1=—(1-p), s-1=— (1+p); 


. m*—2mn-n* 4mn (n*- m* n*+m*)* a 
tee eae ies ae tnt) teem pach rk m*)" 
If m=1, n=2, then x=24a, which evidently satisfies the question. 
Pros. 4. Find three integers in a. P., so that the sum of every 
two may be a square. 
Let there be z, x+y, 2+ 2y; then 
2r+y=0, WwtW=o, 2+8y=o: 
let Qet+y=p*, Ww+Qy=g*; 2. Qe = Qp*- Gg, y=q-p, 
and 2x + 3y=29*-p*=: hence 20°-1=2*, or 2¢-y*="-1:2 
2 2 
let z+o=—(v-1), t-9=— (v+1); s, ar a ea 
“g=miin, p=m'-2mn-n, ¢-p*=(q +p) (q-p)=4mn (m*-n*): 
©. 22 = p*+ (p*— 9g’) = (m* +n") - 8mn (m*-n*), y= 4mn (m* - n°), 
where, in order that x may be integral, we must have m and n 
both even or both odd. If m=9, n=1, z= 482, y = 2880, and 
the numbers required are 482, 3362, 6242. 
Pros. 5. Find two numbers such that if to each and also to 
their sum a given square a* be added, the three sums shall be 
squares. 


Let the numbers be 2* - a’, y’ — a*, by which assumption the first 
two conditions are satisfied: then 2*+ y*— a*=2', or 2*- y=z-a: 
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(m?-n*) a + 2mnz 
m'+n* 





let tty=— (2-4), t-y=— (z +a); then z= : 
_ (m? — n*)z — 2mna 
ee co aaa 
If m= 2, n=1, then x=4 (3a + 42), y=4 (32 - 4a), and if 
a=2, z=11, then x=10, y=5, and the numbers are 2*-a* = 96, 
y°- a’ = 21. 


Pros. 6. Find three square integers such that their sum may 
be a given square. 


Let 27 + y*+2*=a"; then this is satisfied by putting y* = 2zz; 


» where g may have any value. 


3 
ee T+2=24, and y* = 2zz = 2ar- 22° = = 2 suppose: 


eo 2n*a a m*a _ 2mna 
mtg ont? OF ey ont? I my ont” 
If m=1, n=1, and a=3, then z2=2, y=2, z=1, and 2*+2%+19=3?; 
if m=1, n=2, and a=9, then 7=8, y=4, z=1, and 8*+4*+1?=9%. 
Ex. 44. . , 

1. Find a number z such that «+1 and 2-1 shall be squares. 

2. What is the least number of terms of the series 1, 2, 3, &c., 
whose sum is a square P . 

3. Find two squares, whose difference shall be a; and apply the 
result to find integral squares, when a = 15, and when a= 16. 

4. Find the least two integers, whose difference is a cube and 
sum a square. 

5. Find the least two integers such that, if the square of each 
be added to their product, the sums shall be squares. 

6. Find two squares such that their difference shall be a given 
square; and apply the result to find two integers, whose difference 
shall be 441. 

7. Find the least two integers whose sum and diff. are squares. 

8. Find two numbers such that, if their product be added to the 
sum of their squares, the result shall be a square. 

9. Divide a given square into two squares. Ex. 225. 

10. Find the general values of 2, y, and g, in z*-ay*=2*. 

11. Find two numbers such that, if each be added to their 
product, the sums shall be squares. 

12. Find general expressions for converting a number, which is 
the sum of two squares a* and*, into the sum of two other ta 
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210. Ir an event may happen in n ways, each equally possible, 
the probability that it will happen in any given one of them 


is properly represented by , if we represent certainty by unity. 


For let z represent this probability, Then, since the event must 
happen in some one or other of the m ways, the sum of all their 


separate probabilities must be certainty; hence nz=1, and z= a 


So also the probability of its happening in any one out of m 
specified ways is the sum of m such separate probabilities, or — ‘ 


Ex. If there were 20 tickets distributed to as many persons, 
the holder of one of them to be entitled to a prize, then, since 
it is, @ priort, equally possible that any one of them may hold the 
fortunate ticket, the probability of success for each person is 4, ; 
and if any one person held seven such tickets, he would have the 
same probability of success as seven different persons, with their 
separate tickets, would have between them, that is, 4, 


The fraction in each case is called the Mathematical chance, or 
simply the chance of the corresponding event happening, and 
represents, as we have seen, the probability of this, on the sup- 
position that certainty is represented by unity, 


211. If there are a+ occurrences, all equally possible, a of 

them favourable to a certain event and 6 unfavourable, the chance 
» « @ ways b 

of that event happening is a Eb? and of its failing to happen, ret 

For the chance that any one of the a+ occurrences will happen 


a+b 
that some one or other of the a favourable ones or of the 3 
unfavourable ones will happen; the former then is the chance 
of the event itself happening, the latter of its failing to happen. 


s iL a b : 
is ——; and therefore sae" age respectively the chances 
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Or thus: It is plain, from the hyp., that the chance of the event’s 
happening : chance of its failing :: a: 5; .°. chance of happen- 
ing : chance of happening + chance of failing :: a: 4+: 

but chance of happening + chance of failing = certainty = 1; 

.. chance of happening = — , and chance of failing = 7 ‘ 

In this case the odds are said to be «@ to } upon the event, the 
odds being in the ratio of the chances for and against it. If we 
denote the former chance by p and the latter (or 1—p) by q, then 
the odds will be p: q on the event, tn tts favour or against tt, ac- 
cording as p>or<q. Ifa=6, the odds are even, and p=i=q. 

If we have the chance of an event in the form of a fraction, we 
may obtain the odds at once by taking the numr from the den: 
thus, if the given chance be 2, the odds are 2: 3 against the event, 
this being the ratio of the chances 2, 8, for and against it. 


Def. The chance then of any event is represented mathema- 
tically by the fraction, whose dent is the No. of possible occurrences 
and num” the No. of them favourable to the event in question. _ 


Ex. 1. If there be 10 balls in a bag and one be drawn, the 
chance of its being one of three marked ones is ;4,, there being 
here 10 possible occurrences and 3 favourable: if twu be drawn, 
the chance of their being two marked ones is J,; for there are 
here 45 possible occurrences (since the 10 balls may be drawn, 
2 together, in 45 ways) and 1 only is favourable: the chance of 
one only of the two drawn being one of two marked ones is 3$; 
for each of the two marked ones may be drawn with either of 
the 8 others, making altogether 16 favourable cases. 


Ex. 2. In a bag are four white and six black balls: find the 
chance that, out of five drawn, two and two only shall be white. 

There are here 252 possible occurrences, since 10 balls can be 
drawn, 5 together, in 252 ways; and for the favourable ones, each 
two of the four white balls (which can be taken, 2 together, in 
6 ways) may be drawn with any three of the six black balls (which 
can be taken, 3 together, in 20 ways), making altogether 6x 20=120 
favourable occurrences: hence the chance required is 322 = 4. 


Ex. 3. Find the chance in Ex. 2 of two at least being white. 


Here we must find the chances that two only, three only, and 
four, out of the five drawn, shall be white: these will be found to 
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be respectively 22, 4, 2,, and their sum, 2}, is the chance 
required. 


212. In all the above and similar instances, if we subtract from 
unity the chance we have obtained, we shall get the chance that 
the event in question (4 suppose) will not happen, or, which is the 
same thing, that some other, which may be called complementary, 
event (B suppose) will happen. 

Thus, in Ex. 3, the chance of not drawing as many as two 
white balls, or the chance of drawing at least four black balls, 
is 1 — 81 = 34, and the odds will be 11: 31 against this event. 

This may be often applied to simplify the calculation of chances; 
since it may be easier to estimate the chance for the comple- 
mentary event, than for the given one. Thus in Ex. 3, the chance 
of the complementary event is the sum of only ¢wo chances, viz. 
that of drawing four black balls (= 4) and that of drawing five 
(= J,), whereas we had before to find the sum of three chances; 
and now 4, + 2, = 324, 1-24= H, as before. 


213. In like manner, if the No. of equally possible occurrences 
be a+6+c, and a of them be favourable to an event 4, 5 to B, 
and : to C; the chance oe A, B, or C will happen respectively is 

b 


erred ey ee rT ETT which if we denote by », g, %, 


then p+ qtr=1. 

The complementary chance to any one of these, as 4, is the 
sum of the other two, since 1-y=q+7, and it is plain that if 4 
does not happen, either B or C will. Hence the odds upon 4 
are @:b+0c, or p:qg+r; and similarly for any No. of events. 


Ex. 45. 

1. The odds being 1 : 24, 24: 13, 22: 33, find the correspond- 
ing chances, and compare them. 

2. One of two events must happen: given that the chance of the 
one is 4rds of that of the other, find the odds upon the first. 

3. On the same hypothesis, given that the odds upon the one 
are 23 of those upon the other, find the chances of each. 

4. There are three events, 4, B, C, one of which must happen: 
the odds are 3: 8 on 4, and 2:65 on B; find the odds on C. 

5. In a bag are 3 white and 5 red balls: find the chances that, 
one being drawn, it shall be (i) white or (ii) red; or two being 
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drawn, they shall be (i) both white, (ii) both red, or (iii) white 
and red. 

6. In a bag are 3 white, 4 red, and 5 black balls; if one be 
drawn, find the chance of its being (i) white, (ii) red, or (iii) black; 
if too be drawn, of their being (i) white and red, (ii) both black, 
or (iii) one at least red; if three be drawn, of their being (i) one of 
each colour, (ii) two of them black, or (iii) one of them white. 

7. In a bag are 10 balls, of which 4 are drawn: find the chance 
that there shall be among them (i) two marked ones, (ii) two only, 
out of three marked ones, (iii) three only out of five marked ones, 
(iv) two at least out of six marked ones. 

8. A general orders two men, by lot, out of 100 mutineers, to 
be shot; the real leaders of the mutiny being 10, find the chance 
that (i) one, or (ii) two of them will be taken. 


214. If two events are independent of each other, and the 
chance of the first happening is p,, and of the second p,, then 
the chance of both happening will be p, p,. 

a, _ as, 
a+b,’ Pa” a+b, 
of the a,+, occurrences may happen in company with any one 
of the a,+,, there will be (a,+0,) (a,+5,) ways in which it is 
possible for these occurrences, one for each event, to happen 
together, and of these a,a, will be favourable to the happening of 
both events; hence the chance of both happening is 


For, as before, let p, = 








: then since any one 


a 
(a, + 5,) (a, + 5) naan 


Such chances are called contingent chances. And in the same 
way exactly it may be shewn that if g, (or 1- p,) be the chance of 
Jailure, or the complementary chance, of the first event, and 
q,(or 1-p,) of the second, then p,q, will be the chance of the 
first happening and second failing, p,q, of the first failing and 
second happening, ¢,g, of both failing. 

The same mode of reasoning will apply to any No. of contingent 
chances. Thus, if there be independent events, the chance of 
all happening is p,p,..-p,, and of all failing, ¢,9,... qn, of all 
happening but the last, p,p,...ns9n Of all failing but the first, 
PQs ++ Ins KCe 
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215. In like manner the chance of the same event happening 
each time upon n trials is p”; the chance of its happening n-—1 
times and failing once in any given order is p™'g, or in any 
order whatever, npg (since the failure may occur in either of the 
n trials); the chance of its happening m — 2 times and failing twice, 
in giver order, is p"*g*, or, in any order, 4n (n-1) p™*g*, (since 
there are 3n(n—1) ways in which two out of the n trials may be 
taken as being those of failure); and, generally, the chance of its 
happening in »-r ways, and failing in r ways, in given order, 
is pg’, or, in any order, C,p""g’, the coefficient being the No. 
of ways in which the » trials may be combined, r together, as. 
those of failure. It is plain that the chances in the above are 
the successive terms of the expansion of (y+q)", taken without 
or with their coefficients, according as the order of the happening 
or failure of the event is specified or not. 

Cor. 1. The chance of its happening at least r times in n trials is 


f a-r 


ptnp™'¢ +4n (nm -1) p™*¢? + &.+C_h.pg”. 


Cor. 2. Writing p= 5 »g= the above chances become 


a+b’ 
a” na“'b m(n-1) a™*b® 
(a+b)"’ (a+ 0)’ 12 °(@+6)’ 


216. In like manner, if there be three events A, B, C, one 
of which must happen and the others fail at each trial, with 
chances p, g, r respectively as in [213], then the chance that 
A will happen a times, B Bf times, and C ¥y times, in n trials, 
(where a+8+y=m) will be that term of the expansion of 
(p+q+r)", which involves p*9°r’, with or without its coefficient, 
according as the events are to happen in any order whatever, or 
in some one specified order. If we replace p, g, r by their values, 
the chance will be expressed by a fraction, whose numerator is 
@ similar function of a, b, c, and denominator (a + 6 +c)”. 

And the same reasoning is plainly applicable to any No. of events. 

The student will easily perceive how the results, obtained under 
the Binomial Theorem, may be applied to Chances; as, for in- 
stance, to find the most likely result, upon m trials of the same 
event, we must find the greatest term of (p +q)", or of (a+b)". 


Ex. 1. When a coin is tossed, the chance of its falling heads 


(or tails) once, twice, thrice, &c. successively, is 3, 3, 3, &e. 


&c. 
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Ex. 2. A bag contains 3 white and 7 black balls: the chance of 
drawing white the first time is ,3,; supposing this done, there will 
be only 9 balls in the bag, of which two are white, and the chance 
of drawing white again will be 4; similarly, the chance of drawing 
white the third time is 4; hence the chance of drawing white 
in each of the first three trials is 8, x 2 x 4 = x45. 

So the chance of drawing two white and one black in three 
trials will be 3x zi5= 4; for it may be done in three ways, white, 
white, black, or white, black, white, or black, white, white, the 
chance for the first of which is 4, x 2x Z= 25, and al for 
the other two. 

Ex. 3. Taking the same case as in Ex. 2, but estates in the 
bag the ball drawn each time, aaa of drawing white three 
times successively is p* = (,3,)° = ~37,5; that of drawing two white 
and one black, with or without regard to order, is p*g or 3p*g, 
respectively, = ;$35 or 382%; &c. 

Ex. 4. In ¢en trials, as in Ex. 3, epee | event is that 
for which C,p"*q" is greatest, when n= 10, p= 3, g= 4; this 
will be found to be when 7 = 7; hence the most likely Salt in ten 
trials is that we shall have drawn 3 white and 7 black balls. 

Ex. 5. Shew that it is probable that a person will throw an ace 
at least once in four throws witb a single die. 

The chance of not throwing an ace in each of four trials is ¢* 
(where g=4) = £45; therefore chance of throwing it = §7), >}. 

Ex. 6. In a bag there are 3 white, 4 red, and 5 black balls: the 
chance that in 6 trials (replacing) there shall have been drawn 
two of each colour = term involving p*q*r*? in (p+q+7r)%, 
= 90p*g’r? = 90x A xdx J& = 744. 

Ex. 4&6. 

1. Find the odds that, on tossing a shilling thrice, it will fall 
(i) head and two tails without respect to order, (ii) head, tail, head. 

2. Find the odds that, if a shilling be tossed four times, it will 
fall two heads and two tails, sooner than four heads. 

3. If two shillings are tossed three times, find the odds that they 
will fall (i) five heads and a tail, (ii) two heads and four tails. 

4. If a shilling be tossed 5 times, how many times is it most 
likely to fall heads, and what is the chance of this? 
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5. A bag contains 4 white and 6 red balls; 4, B, C draw each 
a ball in order, replacing: find the chance that they have drawn 
(i) each white, (ii) .4 and B white, Cred, (iii) two white, one red. 
Find also the same if the balls are not replaced. 

6. A draws four times from a bag, containing 2 white and 
8 black balls, replacing; find the chance that he will have drawn 
(i) two white, two black, (ii) not less than two white, (iii) not 
more than two white, (iv) one white, three black. 

7. Find the most probable event in (6). What would it have 
been if there had been 4 white and 6 black balls ? 

8. What is the chance that if a shilling be tossed five times, 
it will fall heads either twice or else three times? Find the same 
chance, if it be tossed six times. 

9. There are 9 balls in a bag, 5 red, 4 white; shew that the 
most probable event in 5 drawings is the same, whether the balls be 
replaced or not. Shew the same also in 7 drawings, and that the 
ratio of the two former chances : ratio of the two latter :: 243 : 70. 

10. What is the chance of throwing an ace (i) three times 
exactly, (ii) not less than three times, (iii) not more saa three 
times, in five throws with a single die? 

11. In a bag are 3 white, 5 red, and 7 black balls, and a person 
‘draws three times, replacing; find the chance that he will have 
drawn (i) a ball of each colour, (i1) two white, one red, (iii) three 
red, (iv) two red, one black. 

12. On the same supposition, if he draw five times, find the 
chances of his drawing (i) three white, one red, one black, (ii) three 
red, two black, (iii) one white, four red, (iv) one black, four red. 


217. If p be a person’s chance of success in respect of any 
event, and Xf the amount that will accrue to him, if successful, 
his expectation, or the value of his hope, is Mp. 

For let p= arr then if a+ persons were equally interested 
in the event, each depending upon one of the a+0 possible oc- 
currences from which it may follow, and if z were the expectation 
of each, the sum of .all their expectations should be equal to the 





whole gain, or (a+b) 2=M; hence x= wet and the exp. of one, 


+0 


who depends upon a of those occurrences, will be az = os = Mp. 


Of course, a Joss will have to be reckoned as a negative gain. 
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Ex. 1. A backs one event and B another, the respective chances 
being p and qg; what would be a fair bet between them P 

Let a : 6 be the bet; then .4’s exp.= pb — ga = B’s exp. =qa-pb:; 
.. pb= qa, and a:b::p:4q, that is, in the ratio of the chances. 
In fact, the expectations in this case ought to be each zero. 

If bets were constructed on this principle, there would be no 
unfairness in them: but it should never be forgotten that the 
immorality of gambling consists, not merely in the dishonesty 
which so often accompanies it, nor in the selfish tempers which 
it generally tends to foster; but especially in its generating a 
craving for unwholesome excitement, which, while it is indulged, 
most certainly impedes the formation of a true and manly cha- 
racter, and, where it becomes habitual, effectually destroys it. 

Ex. 2. In a bag are a guinea, a sovereign, and three shillings; 
A is to draw (i) once, (ii) twice: find his expectation in each case. 

The whole sum to be drawn is 44s; if he drew five coins, he 
would draw the whole, and his exp. would therefore be 44s: hence 
(i) if he draws once, his expectation is 4 of 44s = 8s; 

and (ii) if he draws twice, his expectation is double of this = 1728; 
and so on, in proportion, if he draws again. 

Ex. 3. 4 draws five times (replacing) from a bag in which 
there are 3 white and 7 black balls; every time he draws a white 
ball he is to receive a shilling, and every time he draws a black 
ball to pay 6d: what is his expectation ? 

His expectation each time will be §, x 1s- 4, x 6d=- 338; 
hence in five trials he may expect a loss of 3d. 

Ex. 4. In a bag are two red and three white balls: 4 is to 
draw a ball and then B, and so on in order, the stake (10s) to be 
won by whichever draws a white ball first: how much should each 
stake of the 10s? 

A’s chance of drawing white in his first trial is 3: the chance of 
B having a first trial is that of 4 drawing red or #, and then 
(since there would be now ohe red, three white) the chance of B’s 
drawing white would be $; therefore, upon the whole, B’s chance 
of drawing white is #x2=,5,, and of drawing red 2x2= 4: 
the chance of 4 having a second trial is that of B drawing red 
or 4,, and then (since there would be now three white only) his 
chance of drawing white would be certainty or 1, after which = 
cannot have another trial: hence 4’s chance altogether is 2+ 4o>=4» 
and B’s ,5,; therefore their stakes should be 4’s 7s, B’s 3s. 
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Ex. 47. 

1. A person throws a common die, and is to receive as many pence 
as the point he throws: what is his expectation ? what with two dice? 

2. A person throws two dice, receiving as above, except that 
when he throws doublets, he is to receive in pence the sguare of the 
point: what is his expectation? what is it also, if he is only to re- 
ceive as above upon the doublets, but to pay upon the other points? 

3. In a bag are two white and five red balls: 4 is to draw 
a ball, receiving 1s if it be a white ball, and paying 3d if it be 
red: find his expectation, and find also what it would have been, 
if they had been five white balls and two red? 

4. On each of the two suppositions in (3), find B’s expectation, 
who is to draw twice, (i) replacing, (ii) not replacing. 

5. A shilling is thrown five times: 4 is to have it, if it fall 
heads three times and tails twice, and B, if it fall heads more than 
three times: if neither of these events happen, it is to be divided 
equally between them: what are their expectations? 

6. From a bag, containing a sovereign and five shillings, 4 is to 
draw (i) once, (ii) twice, (iii) thrice: find his exp. in each case. 

7. From a bag containing two guineas, three sovereigns, and 
three shillings, .4 is to draw one coin and B three, and 4, B,and 7 
are to divide equally the remainder: what are their expectations ?P 

8. From the bag in (7) (i) A and B, (ii) A, B, C, (iii) 
A, B,C, D are to draw successively till all the coins are drawn: 
what are their expectations ?P 

9. A and B draw from a bag in which are three white and 
three black balls, for a sum of 108, to be received by him who first 
draws a white ball: 4 has the first draw: what are their expect- 
ations, (i) replacing, or (ii) not P 

10. 4, B, and C, staking each 5s, draw from a bag, in which 
there are 4 white and 6 black balls, each drawing in order, and 
the whole is to be received by him who first draws a white ball: 
what are their expectations, (i) replacing, or (ii) not? 

11. There are 10 balls in a bag, two of which are marked: 
@ person pays down 6d, and is allowed to draw 3 balls, receiving 
2s for each marked ball he draws, and paying 3d for every other: 
what is his expectation, (i) replacing, or (ii) not? 

12. A, B, C throw a die successively, staking 3s, 4s 6d, 5s 6d, 
respectively, the whole to be received by him who first throws 

nace: what are they likely to gain or lose by the event? 
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218. From an observed event, which is known to have sprung 
from one or other of certain causes, to estimate the probability that 
any particular one of these exists as the cause of it. [This is said 
to be the probability, estimated a posteriort, of the cause existing. ] 

Let P, denote the probability, a priori, (that is, antecedent to 
the observed event, and wholly irrespective of it,) that the cause in 
question will exist, », the probability that the event observed will 
follow, if that cause exist; then P,p, is the probability that the 
event (i) will happen, and (ii) from that identical cause: and so pro- 
ceeding similarly for the other causes, we have P,p,+ P,p, + &c. 
or = (Pp), the probability that the event will come to pass from one 
or other of the causes, that is, that it will happen in some way. 

Again, =(Pp) being the proby that the event will happen, let Q, 
be the proby required, viz. the proby that, if it happens, it will be 
from that particular cause existing; then =(Pp)Q, is the proby that 
it (i) will happen, and (ii) from ee identical cause, which was shewn 

: - P. SaPs_ 
to be also P,p,: hence Q, bs 0Q,= S(Pp)’ &e. 

Cor. If the causes are all, a priori, equally possible, then 
P,= P,=&c., and, therefore, Q,=p,~+ = ( Ph ae =p,~>=(p), &e.; 
and if also =(p)=1, then Q,=p,, Q,=p, & 

Ex. 1. A bag contains 3 balls, and we know only that their 
colours are (i) white and black, (ii) each white or black: a ball 
being drawn is found to be white; what is the probability of 
drawing again a white ball, the former being replaced ? 

Here Ae two cases are equally possible, one white, or two white; 
“ P,=4, py=%, =(p)=1; and Q,=43, Q,=4%; hence the pro- 
bability of dceetoe again a white ball is 3Q,+2Q,=$: 

(ii) three cases are equally possible, one, two, or three white; 
. P=}; Ps=3; p,=1, =(p)=2; and Q,=4; Q,=3; Q,=3; hence 
proby of drawing again a white ball is 3Q,+29,+Q,=,+2+4=4. 

Ex. 2. In a bag are three white and two black balls: a person 
draws one in each hand, and looks at one of them, which proves 
to be white; what is the probability that the other is (i) white, 
(ii) black P 

Here P, = probability that he has drawn two white balls = 4, 
} oe aaa that he has drawn one white and one black = ,%; 
P,=1, p,»=43 Pip, = vo» Pap. = Hs and Q,=Q,=3- 
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Ex. 48. 


1. In a bag are four balls, one white, the others either all white 
or all black: a ball is drawn, and found to be white; what is the 
chance (i) that the others are white, (ii) that a white ball will 
again be drawn, the former being replaced. 

2. Find the chance in (1), the white ball first drawn being re- 
placed, of drawing (i) a black ball, if one be taken, or, if two be 
taken, (ii) a black and a white, (iii) a black and then a white one? 

3. There are three balls in a bag, of whose colour we are igno- 
rant, except that each of them is either white or black: a ball is 
drawn twice and replaced, and each time it was found to be white: 
what is the chance of drawing two black in two more trials ? 

4. In a bag are 7 balls, 2 black, 2 white, and the others doubt- 
ful; two balls are drawn and found to be white; what is the chance 
that the other three are white? and the chance of drawing black 
and white at the next trial, the two already drawn being removed? 

5. Find the chances in (4) when the balls first drawn are found 
to be (i) both black, (ii) white and black, (iii) white and then black. 

6. In a bag are three balls, which are known to be all black or 
all white: a white ball is dropped into it, and now a ball is drawn 
and found to be white: what is the chance that they are ali white? 
and the chance, when this is replaced, of again drawing white ? 

7. Find the chances in (6) if the ball dropped be taken, without 
being seen, from a bag containing one white and three black balls. 

8. Find the chances in [218 Ex. 1], if the number of balls be 

9. .A has 3 sovereigns in one pocket, and 3 shillings in another, 
he knows not which: he takes a coin from one pocket and transfers 
it to the other, and then draws out a coin from the latter, which 
turns out to be a shilling: what is the chance that B, who is to 
have the contents of the other pocket, will receive two sovereigns? 
and what is his just expectation P 

10. There are two purses, one containing two sovereigns and 
a shilling, the other two shillings and a sovereign: a person takes 
a coin from each of them and drops it in the other, the first of 
which is now given to 4, and the second to B: what are their 
reasonable expectations, (i) as the case is stated, (ii) if 4 has 
drawn a coin from his purse and found it to be a sovereign, 
(iii) if B has done the same? 
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219. The following are additional Problems of interest in Chances. 


Ex. 1. Find the chance of throwing 8 in three throws of a 
common die, or, which amounts to the same, in one throw of 3 dice. 
The No. of ways in which this can be done will plainly be indi- 
cated by the coefficient of z* in the expansion of 
6,3 
(zt aetartafi ete Past(Lltrtattar+ai¢ evar (= =); 
that is, by the coeff. of 2° in (1 - 32° + 32" - 2"*)x(1-2)°, or in 
(1—z)*%, (since the terms omitted cannot affect the coeff. of 2’,) 
and will therefore be 21; but there are 6°=216 possible throws; 


hence the chance required is 23, = 3. 


Ex. 2. Concurrent Testimony. A speaks truth a out of a+b 
times, and B a’ out of a’ + & times: what is the probability of the 
truth of a fact which they both agree in asserting P 

Observe that .4’s veracity, in the sense in which it is here used, 
will depend, of course, upon his judgment, means of knowing the 
truth, &c. as well as mere truthfulness. 

Now the fact asserted (i) is true, (ii) is not, (either of which 
cases let us suppose, for the present, a priori, equally probable): 

then in (i) they both spoke truth, in (ii) untruth; 


hence p, = 





ot = ppl suppose, py = ean = a's 
(a +6) (@ +0) 7 £9 (a+b) (@ +5’) : 
° i sis =z _ aa = _ PP 
. (since P, =} 2)» we have Q, aa tO py tay" 

So also, if 4 asserts and B denies, the probability of the truth 
U ; _ PY 
of the fact may be shewn to be aah wy +oe" 


Of course, if the two suppositions are not, @ priori, equally 
probable, we must take into account the different values of P,, P,. 

It is plain that the same reasoning will apply to any number of 
such testimonies; and if the veracities of m such witnesses each = PD 
the proby of the truth of a fact which they ee in asserting is 
am or if m assert and n deny it, ae =i at - f= 
the same as if there were m—-n concurring y witiiseaea, 

Ex. 3. There is a raffle with 10 tickets, and Ab prizes value £7 
and £3 each: A, B, C, whose veracities are 2, 4, #, (a, 6, c, suppose) 
respectively, were present at the decision, and report the result 
to D, who holds one ticket: 4 and B assert that he has won the 
£7 prize, C, the £3 prize; what is D’s expectation ? 
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Three cases are possible; he may have won £7, £3, or nothing, 
for A, B, C may have all spoken falsely: now for these we 
have the a priors probabilities, P,= 4, P,= 4, P,= 353 also 
p= abe =4xixt=f,, pp=abe=txhxt= fF, py abc =4tx2xi=F ; 
“. Pipy=rhs P,Ps= Tio PsPs= Fes Q,=4=4, W=4, Q,= 3; 
”. D’s expectation = 3 of £7 + 4 of £3 = £2 4s. 

_ Ex.4. Traditionary Testimony. If A states a fact, having 
received an accourt of it from B, the fact will be truly stated, 
if either B has told 4 the truth and 4 reported truly, or B has 
told 4 untruth and 4 reported untruly, that is, if they have both 
spoken truth, or both untruth, the probability of which (using the 
notation of Ex. 3) is pp’ + gq: and, in like manner, the probability 
of the fact being falsely stated is pq + p’g. 

The former of these chances is > the latter, if p(p' — q) 
>q(p'-Y), or (p- 9) (p’- 7) > 0, which requires that, if p > or 
<q, then p’>or<q: so that the probability is in favour of the 
truth of the fact if 4 and B are both credible persons, or both not 
credible. 

If there be m witnesses, of equal veracity y, each of whom has 
transmitted a statement of a fact to the next, it is easily seen that 
the chances for or against the truth of the statement made by the 
last of them will be the sums of the odd or even terms respectively 
of (p+ 9)", (bearing in mind that, in a chain of such traditional 
testimony, any even number of false statements counteract each 
other ;) that is, they will be 4 {(» + q)" + (p- q)"} respectively. 

Thus, if there be five such witnesses, the statement of the last is 
true, if all five, or three, or one only, speak truth, the probability 
of which is p* + 10p*q* + Spq*. 

Ex. 5. The veracities of A, B, C, D, £ are i, 3%, 3, 4, 4, 
(a, b, c, d, e, suppose) respectively: what is the proby of an event, 
equally likely @ priors to have happened or not, which A asserts, 
B denies, having each received it by tradition from C, D, E? 

Here the proby of the truth of the statement which reaches 4 
and B, or that arising from the traditional testimony of C, D, £, is 
cde+cd’e'+clde + c'd'e=3x$xS4+Sxtxt4hxtxt+dxdxdcd; 

* p= fab= 4, p=tab= 8, Q,=F. 

N.B. It will be supposed in the following Examples, that the 
fact spoken of is, a priori, equally likely to have happened or not, 

unless it be otherwise mentioned. 
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Ex. 49. 


1. Find the separate chances of throwing 5, 7, 9, or 10, (i) with 
two, (il) with three dice. 

2. Find the chances of throwing 6, 8, 11, or 16, (i) with three, 
(ii) with four dice. 

3. Shew that, with three dice, there is an equal probability of 
throwing the number 10 or under, and a number above 10. 

_. 4, Compare the chances of throwing, upon two casts with two 
dice, the number 9 or under, and a number above 9. 

5. A speaks truth twice out of three times, and B three times 
out of four; what is the probability of a fact which (i) they both 
assert, (ii) 4 asserts and B denies, (iii) 4 reports having heard 
a statement of it from B? 

6. Three witnesses, on each of which it is 3 to 2 that he speaks 
truth, agree in asserting that a certain event occurred: what is the 
probability that it did so occur? and what, if the probability of 
their speaking truth be 2 to 1, 3 to 2, and 4 to 3, respectively ? 

7. Find the chances in (6), if the evidence is traditionary. 

8. A speaks truth 2 out of 3 times, and B 3 out of 5 times: 
what is the probability that they will contradict each other, in the 
statement of the same fact? 

9. .4 and B being the same as in (8), 4 brings word to C’ that 
he has won a prize of £10: what is C’s expectation, if B also 
brings word (i) to the same effect, (ii) to the contrary? and what, 
(iii) if 4 only reported the result, having heard it from BP? 

10. -A and B assert the same event, having each heard a report 
of it from C; what is the probability of its truth, when the 
veracities are (i) of each 4, (ii) of A and B, 3, of C, 3, (iii) of 
A, 2, B, 4, C3? 

11.. Find the last chance in (10), (i) if A, B, C assert the fact 
independently, (ii) if 4 asserts, B and C deny it. | 
12. Find the same, if 4 assert (i) by tradition from B and C, 

(ii) having heard the same report from each of B and C 

13. In a bag are 2 white and 5 red balls; one of these has been 
drawn, and 4 and B each assert that it is a white ball, C denies 
it, all three having seen the ball: what is the probability that it is 
a white one, taking the veracities as in the three cases of (10)? 

14. A, B,C, D are witnesses of equal character, whose judg- 
ment may be relied on twice out of three times: what is the 


144 PROBABILITIES, 


probability of a fact which (i) they all agree in asserting, (ii) 4 
asserts, having received it by tradition through 2B, C, D, (iii) 
A and B assert, having each received it by tradition througk C 
and D, (iv) A asserts, B denies, under the last circumstances P 

15. If each can be relied on 4 times out of 5, find the proba- 
bility of an event, which (i) 4, B, C assert, D denies, and 
(ii) A, B assert, C denies, having each heard from D. 

16. A and B being as in (8), what is the probability of a fact 
which (i) 4 and B assert, but C denies, who speaks truth 3 out of 
4 times, (ii) 4 asserts, but Band C deny, (ili) A asserts, having 
heard from B, who has heard from C, (iv) A asserts and B denies, 
having both heard from C. 


220. The principal application of the doctrine of chances is to 
the Calculation of Life Insurances and Annuities. 

Thus, supposing that, out of 86 persons born, one dies every 
year till all are extinct, then an Insurance Office would consider 
that the average duration of life for a number of persons, aged 20, 
would be 66 years, some of them dying earlier, but others later 
than this. Hence, to insure £100 to be paid on the death of any 
of these, they would charge such an annual premium, as with its 
Interest at the end of 66 years to produce to themselves £100, 
with what profit upon the transaction they may choose to require. 

Supposing again a person of that age wished to procure him- 
self an annuity for the remainder of his life. Let & represent 
£1 with its interest for a year; then the present value of £1 

to be paid in one, two, &c. years is 1+ R, 1+ FR’, &c.; and the 
chance of his living one, two, &c. years is $5, $4, &c.; therefore 


1 (65 64 } 
ors 


the present value of an Annuity of £1 is =, + &e 


66 LR * 
which is the amount he must pay down, in order to receive £1 
every year he lives, and proportionally for any other Annuity. 

The above will give the student a general idea of the mode of 
calculation in such cases. The practical treatment of the subject 
will involve many complicated considerations, only worthy of the 
special attention of those who are actually engaged in them. 
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11. 
12. 


13. 


14. 
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16. 


MISCELLANEOUS EXAMPLES: Part II, 


. Find the L.c.M. of 225+ (2a- 3d) 2*-(8a+ 2) dr +30? and 


2x* — (3b — 2c) x — 3be. 
Divide ax! +a'x+2 by ata} +a7tz3- 1. 


. Shew that (a - 5)*+( -c)* +(e - a)? 


= 2 {(a — b) (a— ¢) + (b- a) (b- c) + (e- a) (c -8)}. 
A starts from a certain place, and travels a miles the first day, 
2a the second, 3a the third, &c.; after 4 days, B starts to 
overtake him, travelling 9a miles per day. After how many 
days will he come up with him? 


. Solve in positive integers 42 + 5y + 14z = 49. 
. If a, f, are the roots of 2*°+pr+q=0, find the value of 


a* + aB + B*, a*® + PB, and a‘ + a®B? + Bt 


. Divide a given number a into parts in the ratio of 1, 2, 3, &c. 
. The No. of Variations of m+n things, two together, is 56, 


and of m-—n things is 12: find the No. of Combinations of 
m things, * together. 


. Solve the equation 4/(a* + er) +'4/(a* — cx) = »/(2acz). 
. £P is left among A, B, C, so that, at the end of a, 8, ¢, 


years respectively, when they come to age, they will possess 
equal sums: find the present share of each at Comp. Interest. 

y° — (2a + b) y* + (2ab +.a*) y — a®d 
Reduce “5 a de + Dyy + bab +o 
If 2m=2+2" and In=y+y", express mn +4/{(m*-1) (n*- 1} 
in terms of x and y. 
Find the nth term of an A.P., when the sum of »+1 terms 
is (2 +1) (n+ 14). 
A lb. of tea and 3 lbs. of sugar cost together 6s; but, if 
sugar were to rise 50 per cent and tea 10 per cént, they 
would cost 7s: find their pees 
If a, : a, :: 1: &C. tt Gy, t Gy then @, 2 yt: Va: Vay 
A, ont a se of pranen which was known to contain 
under 200, observed that when he told them by 2, 3, 4, 5, 6 
at a time he had none over, but when by 7, he had 5 over: 
how many had he? 

[a] 


ii 


17. 


18. 
19. 
20. 


21. 


22. 
23. 
24, 


25 


26. 


27. 


28. 


29. 
30. 


31. 


32. 


MISCELLANEOUS EXAMPLES. 


Two vessels contain each a mixture of wine and water. In 
A the wine : water :: 1:3, in B:: 3:5; how much must be 
taken from each to make 56 gals. of wine and 9 of water? 


Obtain the square root of 1+(1- ety? in the form a* + Bi 
My 2 BY 

a+2 J(a+a) 2 

A flag-staff (c) stands at the top of a tower, whose height is a. 


Solve the equation 


‘Find the distance from the foot of the tower, at which the 


flag-staff subtends the greatest angle. 
a* + b*- c*- d*)* 
2 (ab + cd) 
Form the equation whose roots are /m + {/m + /(m — n)}. 
If @:b::c:d, then a+6:c¢+d:: a*(c-d): c*(a— bd). 
Shew that in the series 1, 3, 5, &c., the first half of any even 
No. of terms has to the second half a fixed ratio. 
If A had travelled half-a-mile an hour faster, he would have 
finished his journey in $ of the time: whereas, if he had 
travelled half-a-mile an hour slower, he would have been 
23 hrs longer on the road. How many miles did he travel? 
Find the No. of Combinations that can be made of the letters 
in the word Notation, taken 3 together. 
A sum of £8 6s 6d is made up of sovereigns, shillings, and 
sixpences; find the No. of coins of each kind, it being known 
that the amount of the shillings is a guinea less than that of 
the sovereigns, and a guinea and a half more than that 
of the sixpences. 
Find the equated time of payment, at 5 per cent Simp. Int, 
for sums of £400 and £2100, due at the end of 2 years 
and 8 years respectively. 
Solve the equations (7+ y) (2° + y*) = 76, (2+ y)® = 64 (4-y). 
In a certain country, the births in a year amount to a 
mth of the whole population, and the deaths to an nth: in hov 
many years will the population be doubled? 
Express in the form of the sum of two simple surds the roots 
of the equations, 
(i) a*-2aa*+b*=0, (ii) 42*-— 4 (14n*) atz* + nta*=0. 
Find the relation between y, g, r, 8, (i) when pz*tqa*trat+s 
is a perfect cube, (ii) when a4 p2*+ga*+ra+8 is a square. 


Decompose 1 - into simple factors. 


33. 


MISCELLANZOUS EXAMPLES. ili 


A train, an hour after starting, meets with an accident which 
detains it an hour, after which it proceeds at 2 of its former: 


' rate, and arrives 3 hrs behind time: but had the accident 


34, 


36. 
37. 


38. 


39 
40. 


41, 


42. 
43. 


44, 


48. 


49, 


happened 50 miles farther on the line, it would have arrived 
13 br sooner. at the length . the line. 


If 24+2{e-—— =i +845 = +4{e~ 5 + &e. 


to n terms = i ra that z= 





. Find the No. which when divided by 7, 8, 9, Teavae remr 


1, 2, 3, and such that the sum of the three quotients is 570. 

. ‘ “Ss 1 
Find the coefficient of 2” in log, enee 
Given the No. of Var2s of 2n + 1 things,.m - 1 together : No. 
of Varns of 2-1 things, 2 together, :: 3: 5; determine n. 
Given log 14=.0969100, and log .1 = 1.0457575, find the logs of 
2h, 2, 2, v4, V3, and & ¥(.0027)* = ¥/(.015)*. 
Solve the equations «/(az) + /(by) =4(«+y)=a+46. 
What is the chance of throwing (i) 10, (ii) 20, in three 
throws with two dice ?P 
Shew that V(N*-1) or N(N*+ 20) will be divisible by 48, 
according as WV is an odd or even number. 


1 1 , 
Find the value of 4/(5—— = + g3)- 5,’ When z=0. ; 


A person distributed p shillings among x persons, giving 9d to 
some and 15d to the rest. How many were there of each? 
Obtain the square root of 


(Y Vary? + /(b Va) + 2V(Vd).V'V V Var 


- Divide 75 into two parts so that, when divided by 5 and 6 


respectively, they may each give the same remainder 4. 


; bets down the general terms of (a*- ~ x8 and (a* $a). 
es » shew that 


a+ ab /a+6\* ma*—nab+pb* 
ba td? ed - (+3) = ~ me*—ned + pd** 
A country trebles its population in a century: what is the 
increase in one year per million, given log 3 = .4771213, 
log 1012, = 2.0047512, log 10123, = 2.0047941. 

a+2z a’x by e’e 


Solve () (= =) 145, (B) ass a” os ae 





50. 
61. 


52. 


53. 


55. 
56. 
57. 

58. 


59. 
60. 


61. 


62. 


63. 


«64, 


65. 


MISCELLANEOUS EXAMPLES. 


Compare the chances of throwing 4 with one die, 8 with two, 
and 12 with three dice, having two throws in each case. 
If (a* + be)*. (6"+ ac)*. (c+ ab)* = (a* - be)*. (b* - ac)*. (c* - aby, 
shew that either a°+6°+c°+abe=0, or a°+6%+e%+a"'b'c*=0. 
If N, N’ be two consecutive numbers, neither of them a 
multiple of 3, shew that N°+N’* is a multiple of 9 and 
(N° ~ N)-7 of 54. 

| 1 v(y+1)-2zy-1 


Evaluate ee Ao ee and 


Poa aei ! SGy-y-2y-y’ i 


. Given log 3 = 1.6989700, log 3 = 1.5228787, find the logs of 


/3, 4/2, /6, 9/(1.44)*, 2.06, 43 V(1.6)° x V(21.6). 

Find the n° of terms in (a + 5° + c*)" and the coeff. of a*b‘c*. 
Expand (1+ a): to 5 terms by reversion of series. 

The sum of terms of an A. P. is pn + qn": find the m*‘> term. 
A gives Ba bill for £a, due at the end of m years, in 
discharge of a bill for £4, due at the end of n years: for 
what sum should B give A a bill due at the end of p years, 
to balance the account at Comp. Int.? 


2 3 
Solve the equation (= i) + (5) =n(n-—1). 


In a bag are five red balls and one white: find the chance that 
in three drawings (replacing the ball drawn after each) there 
will have been drawn (i) three white balls, (ii) three red balls, 
(iii) two red and one white. 
Find the G.c. M. of 

(az + by) - (a — b) (2 + 2) (ax + by) + (a - bY ae 
and (az — by)* - (a+) («© +2) (au - by) + (a + 5)* zz. 











- 8 — 1- 4 
Evaluate (= = 4 and 3 - = , when v=a. 
2 
Find the maximum or minimum value of Ss 
(4m? +1) 2 


A person bought for £100 a hundred head of cattle, for 
which he paid 30s, 10s, and £10 a head respectively: how 
many did he buy of each, it being known that the sheep and 
oxen were together under 20, the rest being pigs? 

ma + nb 


min 
be the Arithmetic mean between m and n, and the Geometrio 


mean between a and 8. 


Determine m and n in terms of a and 8, so that may 


66. 
67. 


7. 


78. 


79. 
. A had in his pocket a sovereign and four shillings; taking 


81. 


MISCELLANEOUS EXAMPLES. Vv. 


Find the coefficients of 2? and z* in (a - be! + cx - dz), 

The mail from 4 starts for B at p hrs P.M., and that from B 
for A at ghrs A.M. Now, if the mail from B, hrs after 
starting, meet a mail from 4, and again at a miles from 4 
meet another mail from 4, what is the distance from 4 to BP 


. If 2=ay-y*+ay - &c., express y in terms of 2. © 

. Solve /(a* + 2bz + a*) - /(2* - 2bx + a*) = 2 /(2* - 8*). 

. Find the last two chances in [60], if the balls are not replaced. 
. Simplify (7+1) (a*+24+1)'+(e-1) (2*-vt+1)142 (2t4+a*41)4 


. Shew that —————— 
. Shew thata:b::a+actc®: B+bet+e::(atcf:(b+c), 


2 +3 2-4/3 


724 V+ y8) * y2-V@-y3) 


if ¢ be a mean proportional between a and 6. 


. Write the general terms of (1 +2)*, (1-2) “t and (a*- ax)s. 
. Find what values of z make 


x — Qaz* - a*x + 20° 
z3— az’ - 4a°2 +40 
fraction, and evaluate it in those cases. 


a vanishing 


. Given § the sum, and s* the sum of the squares, of the terms 


of an infinite G.P., shew that its sum to n terms 


-8{1- (ar) }: 


A and A’ can separately produce effects a and a’ in times 
t and ?: in what time could they together produce an effect ¢? 
Shew that if c=a+a’, this time will be the a. or G. mean 
between ¢ and ¢, according as ¢: ¢ =a:a@' or a’: a@’*. 

Shew that the n° of different Combinations of » things taken 
1, 2, 3, &c. m together, of which p are of one sort, q of 
another, r of another, &c., is (p +1) (q¢+1)(r+1)...- 


Solve the equations az + — = a* = (a* - bz) - . 


out two coins at random, he promises to give them to Band C: 
what is the worth of C’s expectation ? 
Shew that (4 + b-c)'+(b4+¢e-a)+(e+a-b) > 8abe. 





82. Eliminate z and y from aztby=c V/(a*+y*), a'z+Uy=e' /(2*+y"). 
T+-8 ,8+87-8_ 42-y7-3) 

a aa a 2ty-8 I= y-3 * 

84. Resolve eet MSs into partial fractions. 


(@-1) (e-2) (2-3) eres 1)" 


v1 


85. 
86. 


87. 
88. 


89. 
90. 


91. 


92. 
93. 


. Shew that /N =a ~ 


95. 


96, 


97. 


88. 


MISCELLANEOUS EXAMPLES. 


If a, 6, ¢ are in H.P., then a: a-b:: ate: a-c, and a*+c*>20*, 
The sides of a square are bisected and joined, the side of the 
square thus formed being a foot less than that of the former; 
the sides of the second square are bisected and joined, and so 
on for ever: find the sums of the perimeters and areas of 
all the squares. 

If y*° —- azy - 6 = 0, expand y in terms of z. 

When wax candles are 28s 6d a Jb, a composition is invented 
of such a nature, that a candle made of it will burn two-thirds 
of the time, in which a wax candle of the same thickness and 
one-fourth as heavy again will continue burning. If the two 
candles give an equally bright light, what must be charged 
per lb. for the composition, that it may be as cheap as wax? 


Solve the equation - V(a+2z)+ : V(a + 2) =5 V2. 


Find the worth of C’s expectation in [80], (i) if it is seen 
that one of the two coins which 4 has drawn is a shilling, 
(ii) if B, having received his coin, finds it to be a shilling, 
(iii) if both these suppositions are made together. 

Find the n° of div's of 2160, and the n° of Nos. less than it, 
and prime to it. 

Shew that 7 log 42 + 5 log 24 + 3 log $4 = log 2. 

Expand by the Bin. Theor. (1 - ax + 62")! to five terms. 

2N + a°* 


Ni od nearly, a being the integer next 





greater than VN. 
In every G.P. of an odd number of terms, the sum of the 
squares of the terms = product of sum of all the terms by 
excess of the odd terms above the even. 

If the G. mean between 2 and y: the H. mean:: m:n, then 
Ziy::m4+ v(m -n'):m—V(m'* - x’). 

Find the sum of all the numbers of m places which can 
be made with n digits »,, p,, &c. in the scale of r. What 
is the greatest possible value of that sum for the given radix ? 


The weight of a spherical shell is Z of what it would have 
been if wholly solid. Given that the weight of a sphere 
e (diam)*, compare the inner and outer radii: and, if the 
inner be increased by one-half, find in what ratio the present 
weight will be reduced. 
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100. 
101. 


102. 
103. 


104. 


105. 
106. 


107. 
108. 


109. 
110. 


111. 
112. 
113. 


MISCELLANEOUS EXAMPLES. vil 


Solve the equation 
V(z + V2) - Y(2- Vz) =a Veque" 


The veracities of A, B, C, are as 2, 8, 4: a aie Is tossed, 
and 4 and B assert that it has fallen head, C that it has 
fallen tad: what is the chance that it fell head ? 
If az*+b2+e=0 and a’z*+b'%+c=0 have a common root, 
prove that (ac’—a‘c)*+(ab’ - a’b) (cb’-bc')=0. What is the 
condition that they may have both roots common? 
Shew that the sum of any two consecutive triangular num- 
bers is a square. 
If a, 6, c, d, &c. are in G.P., find the sum of n terms of the 
series (a°+b°)'+(0°+c*)'+(c?+d°)'+&c. in terms of a and 8. 
If 2a = 3b, find the numerical values of 
a-b a- a+36° 5a*b* ab (a + dD) 
a+b’ at+bt? Qq>— 30’ 2a*+ 3b'’ (2a + 3b) (Sa — 2b)* 
Evaluate {(1- z) i -(1+ xy} + (2 - 2‘), when z= 0. 
If m shillings in a row reach as far as m sovereigns, and a 
pile of p shillings be as high as a pile of g sovereigns, 
compare the values of equal bulks of gold and silver. 
S,, S,, &c. are the sums of m AR. series, each to ” terms, the 
first terms being 1, 2, 3, &c. and the differences 1, 3, 5, &c.: 
shew that S, + S, + &c. = 4mn (mn + 1). 
If a~b be an irreducible fraction, and 6 any number prime 
to 3, shew that, when the fraction is converted to a decimal, 
the period will be divisible by 9, and the sum of the re- 
mainders will be a multiple of 2 

a+zt/(a-2*) _ 6 ; | 
(i ) at+az- V(a - z*) rt. (ul y= tae = 6, 
The veracities of A, B, C, ee 2, 8, 4, C asserts that 
I have won a prize of £10 in a certain raffle, where there 
are 10 tickets, of which I hold tco: what is the value of my 
expectation, if I find that C has only heard a report of the 
case from B, who again had only heard from 4 ? 
Given log 2 =.3010300, find those of 5, .016, 4, 6.25, 12, 155. 


Shew that z+ ms + ie unless z lies between 1 and S: 
Nx n n 





Write down the general terms of 
(a* - 5az) “s, (a* + 3a%x)', and (az + 2*)*. 


Viil 
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115. 
116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


MISCELLANEOUS EXAMPLES. 


+a az ‘ , 
Separate te ee ay and rer into partial fractions. 
Find the coeff. of x's in the expansion of (az—62*+ez*-&e.)*. 


If N and x be nearly equal, 
N N .1Nin 
then. 9/'<- "Win 4 ” 


Wend: ats 





very nearly. 








If in [116] Vin have their first p decimal] 


places the same, shew a the approximation may be relied 
on to 2g decimals at least; and hence find ./30 to eight 
decimal places. 

If the mth term of an A.P. be n, and the nth term m, 
how many terms must be taken so as to give the sum 
4(m+n)(m+n-1)? and what will be the last of them ? 
Solve the equations 

1 + 42*y* + fd + &e. a hom 52z*y* 


i 
Lik(ety+ Ss S ety ao (ety) t &e. ad inf.=4/1 -25f 


There are 7 ad in a bag, one of them a white one. 4 and 

B stake each 3s 6d, the whole to be won by whichever shall 

first draw the white ball, the balls not being replaced when 

drawn. 4 has the first draw: what are their expectations ? 

and what should B have staked, that 4’s drawing first 

might give him no advantage? 

Find the n° of divisors of 140, and the n° of numbers less 

than 140 and prime to it: express generally the rational 

values of z and y which satisfy the equation 140zr = »*, and 

find how many integral solutions there are of zy = 10. 

Given that e?=y+./(l+y*), shew that y=3(e"-e~); and 

prove that 4/{e + /(2ac — a*)} + /{e — +/(2ae — a*)} = «/(2a). 

Find a series of fractions converging to $5} and ./28. 

If c=a-—6, and is very small compared with a and 6, then 
a’b® (a* — a*x* + bt) # = @— 2c + 3cz* nearly. 

zt+a z*+2ar+3a* 2*-axr+a® 


Resolve -- steno’ Gi-at * zie) into partial 
fractions. 
If a, B, y, be the roots of z*-22*;3x-4=0, find the ralues of 


a+ Bt4 97%, a® + Bt +9, a*+ Bin 
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131. 


132. 


133. 


134. 


135. 
136. 


137. 


138. 


139. 
140. 


141. 


MISCELLANEOUS EXAMPLES, 1X 


The value of diamonds « (weight)*, and the (value)* of rubies 

a (weight). A diamond of a carats is worth m times a ruby 

of 6 carats, and both together are worth £c. Find the 

values of a diamond and ruby, each of 2 carats. 

A vessel (A) contains a gallons of wine, another (B) contains 

6 gallons of water: c gallons are taken from each and poured 

into the other, and this operation is continually repeated. 

Shew that, if c = ab + (a+ 6), the quantity of wine in each 

vessel will remain always the same after the first operation. 
z+a\t a-b ai cikeg = 

(i) (5) - Ferg Tit Gi) eat 2ee? + 22-1 =0. 

A bets B 3s to 1s that, with two dice at one cast, he will 


throw seven before B throws four, each having a pair of dice 
and throwing together: what is the value of B’s expectation, 
and what odds ought 4 to have Bryer P 


Prove that, sk al and ad eye a‘), then 


22 = aes 2), oy eate- ) h, 

Represent 4/(2n /-1) in the form of a binomial surd; and 
shew also that V(4 + 3 /- 20) + 4/(4 - 8 /- 20) =6. 
Given log 12 =.1461280, log .144 = 1.1583625, 
and log .0441 = 2.6444386, find the logs of the nine digits, 
Eliminate z and y from each of these sets of equations ; 

(i) ety=% *#+y=a', atys B*, 

(li) z+y=a, ay =x, at+y'= = Br. 
Find the convergents to $#4 and 23928, and the first four 
to the value of /11. 
If a be the first of m GEOM. means between a and 8, 
then a:6:: a: a”. 
In [128] shew that generally the quantity of wine in B after 


: ¥ a ab 
r operations will be 5 (1- yp’), where c= . 5 — p). 


Find the number of men in a hollow equilateral wedge, the 

ranks being r deep, and the outer one containing m men. 

dle 22+Y _o yi t2 

yoy 

In [130] determine B’s expectation, and the odds 4 should 

have given, (1) if 4, and (ii) if B, has the first throw. 

If c=a/(1 - 8) + 0,/(1 - a’), then 
(a+b+c)(a+b-c)(a—-b+e)(b+e-a)=4a sh 





Solve the equations , £+8=4y, 








142. 


143. 


144. 


146. 


147. 
148. 


149, 


150. 


151. 


152 


153. 


154. 


155. 


156. 


MISCELLANEOUS EXAMPLES. 


a gmt) 4 &e.s 
and, if <1, shew that the eo. continually decrease to the 
rth, so long as rn < 1, and after that increase. 

Find the first four convergents to 3.14159, and also to the 
ratio of 5h. 48 min. 51 sec. to 24h. 

If the equation z* + pr +q=0 have equal roots, shew that 
ax*+p(a+6)2+q(a+2b)=0 has one of them, and find 
the other. 


Sum the series 1-2n +3 —— 


. Divide unity into four parts in a. P., so that the sum of their 


cubes may be j. 

Shew that (a,}, + a,b, + &c.)* < (a,° +4," + &c.) (5,9 +5," + &c.), 
unless a, : 6, = a,: 6, = &c. 

Find the ncafiniant of 2" in (a + bx + ex") &*. 

Given A, my income, @ the premium for assuring £100, 
r the rate of Int. per cent per annum: find what sum I must 
lay out in insuring my life, so that my executors may 
receive a sum, whose Int. shall equal my reduced income. 

(i) ne ={y(1 + 2) - 1} {V1 - 2) + 1h. 

(ii) 2* = ax + by, y* = br + ay. 

There are two bags, in one of which are one white ball and 
two black, in the other three white and one black. Find 
the chance of a person drawing (i) a white ball, (ii) white 
and black in two trials, balls replaced, (iii) three white 
in three trials, balls not replaced. 

Divide an odd number 2n +1 into two integers, so that their 
product may be the greatest possible. 


Find the yalue of 1-n*+ tones al ee - fo one +&e, 


From log /z}y = 2.8494850 and log’ V she = 1.1742929, find 
the value of V[/2x {/3 +(.0082)*} = (V1.6 x 4/.25} x (1800)*], 
given the mant. for 19048, 1904825 to be 2798494, 2798551. 
In any G. P. the sum of any two terms is > sum of any two 
between them, equally distant from the extremes. 

Determine which is the greatest term of (3+5z)*, when 


1} 
2=4, and the greatest coefficient of (1+ xvi, 
Shew that the product of ~+1 quantities, each of which 
is the sum of two squares, can be expressed as the sum 
of two squares in 2” different ways. 


157. 


158. 


159. 
160. 


161. 
162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 
170. 


171. 


172. 


MISCELLANEOUS EXAMPLES. x1 


There is a number of series in A.P., whose common dif- 
ferences are 1, 2, 3, &c.: shew that, if the sum of m terms 
of each of these be x’, their first terms will form a decreasing 
A.P., whose first term is (+1) and common diff. 3 (m- 1). 


If n be very great, shew that - 

a +(a+b) + (a+ 2b) + &c. to n terms = slp 
ae ae _ amin psy [T-AY _ 2-2at+b 
(i) zy" =a™b"c™, z"y™=a™b"c". Gi) (255) = 25. 


If in [150] the first drawn ball be wAzte, find the chance that 
it has been drawn out of the first bag. What is it, if also 
the second be black, the former not having been replaced ? 

The diff. between any No. and that No. inverted is div. by 9. 


Find the sum of the cubes of the roots of 2*-24+1=0, 





If n=a*+b, where 6 is very small, ./n= a+ au 


48 nearly. 





i at) + (2- “2 
(1+2-a)°-1 
Write down the general terms of 
(a* + 2*)*, (a - 2°) “3, and (a° - x*}. 


Evaluate — V loge =, an. , when z=a, 


-Prove that 12821, 1234321, 123454821, &c., are squares 


whatever be the scale of notation. 
S is the sum ‘of three terms in G.P., the first being 1, S’ of 


3 
their reciprocals: shew that the sum ad inf. = S {1 - (=F. 


If p, denote the coefficient of 2” in (a, + 4,2 + Gz" + &.¥, 
shew that pp, + P,Pr-1 + p2Dr-2 + Ke. + p, Mo = Gye 


Solve V(x-y) +3 V(ety)= Tena) >" a 44% = f4ry. 


The skill of 4 is double of that of B: find the odds against 
A’s winning four games before B wins two. 


Given log 2 = .3010300, log 3 = .4771213, find the logs of 3.2, 
11, 2, 15, .0054, 142, 1.8, 8.1. 
If a:b=c:d=e:/f, prove that (a*+c*) f*=(0* +d’) e, and 


ai - (ace) + et: (JatVet/e) :: o3 - V(bdf) fi 3 (b+ /diV/f)* 


xii 


173. 


176, 


177. 


178. 


179. 
180. 


181, 


182. 


183. 


184. 
185. 


186. 
187. 


188. 


. Ev. 
. Obtain the general terms of 


MISCELLANEOUS EXAMPLES. 


If » A., G., or H. means be inserted between a and ¢, obtain 

the mth mean in each case. 

2-a+4/(2ar-2a") anal 2 (8a°r-22")- ax V (a'r) 
iS inane Sato 

(2* - a*) a - V(az*) 


» when z=a. 





(a?-2')"4, (a*-az)$, and (a+ 52). 
If 4a B, Bx AC, and Ca VAD +VAB, shew that 
mVAD-nVBC a pfA+qyD. 
A watch stood at 11h. 59m. 49s., when it was Noon by 
a clock; and two mornings after, when it was 9h. by the 
clock, the watch was at 8h. 59m. 58s. The clock being known | 
to gain # sec. in 24h., find the gaining rate of the watch. 
A bequeaths to his eldest child an nth of his property + £P, 
to the second an nth of the remainder + £2P, and so on. 
In the end they all share alike: how many were they, and 
what sum did each receive? 
Solve 27° +9 +a2y (2+ y)=13, (2° + y*) 2*y* = 468. 
Shew that it is probable that an ace will be thrown at least 
once in four throws with a single die: and determine the 
number of times it must be thrown, so that it may be a 
probability of p: 1 that an ace will be thrown at least once. 
Shew that any common number W is divisible by 7, when 
p, + 3p, + 9p, + &e. is so divisible, where p,, p,, &c. are the 
digits, reckoning from the end of the number. 
The present value of an annuity 4 to continue for n years 
is a, and for 2” years is a’: find n and the rate of Interest. 
Find five n° in A.P.,: whose sum shall be 25 and product 2520. 


Write down the general terms of (a3 - 2 4y and (e+ el xy, 
Resolve into partial fractions 

w+ 2742 and 227 Zz tt 

z(#+1)* (x -1)* zé-1 * 
Reduce a'/-1+48/-1 to the form a+By-1. 
Find the sum of 
pa™ +m (pt g)a"™ b+ 4m (m —- 1) (p + 2g) ab? + &e. 
Between each of m+1 pairs of quantities, (2, y), (x, 2y) 
(z, 4y), &c. are inserted m GEOM. means, and If, M,, M,, &e. 
are the mth means respectively: prove that 
M, MM ma jm™ 


—- + —3 rc. = ae | 
mM, | lids 5m 


MISCELLANEOUS EXAMPLES. Xili 


. . [Va-Va Vva-Ve ™ 

189. Solve the equation at Na = J Re 

190. A and B play at a game, in which their skills are as 3: 5; 
find the chance of 4’s winning at least three games out 
of four. 

191. If m>3, then Vm>¥V(m+1): also y(-3,4+V-})+/(- 4-y-3)=1- 

192. If a,:a,: ay 3 a,::a,: a, &c., then 

(a,* + a,* + &c.) (a? + a,* + &c.) = (a,a, + aa, + &c.)%. 

193. Shew that ((1+2)'+(1-2)}}+{(1+2)+V(1+2)}=1- 42, 
nearly, when 2 is small: and find its approximate value 
when z is large. 

194, Given log += 1.69897, find z from the equation 20° = 100. 

195. Expand aha : ce 

196. Find the limits between which lie all real values of z and y, 
which satisfy the equation (* + 1) (2* + y* - a*) = 4nzy. 

197. if S, denote the sum of m terms of an A.P., shew that 
S,, + Si, + &e. to n terms = 142 (3n -1)a@+4n (n-1) (Tn-2)d. 

198. If the prices of y and g cubic feet of timber be £a and £2, 
find the price of a tree containing r cubic feet, the values of 
timber and bark being proportional to the mth and nth powers 
of the quantity of timber in the tree. 

199. Solve the equations r+ y= 65, (2*+y*) (2° + y*) = 455. 

200. 4, B, C, D, in order cut a pack of cards, replacing them 
after each cut, on condition that the first who cuts a heart 
shall win. What are their respective chances of success P 

201. Shew that 

n(n —1) (n - 2) 


142043 20-2) Dg Me) amr 


according as we use the upper or lower signs. 
202. Write down the general terms of 
(1—at)"#, (at— ate), (a - 2)", 

203. Given log ,4, = 2.7958800 and log 20.001 = 1.3010517, find 
the logs of 2.000037 and .02000073: and determine the 
numbers whose logs are 3.3010395, .3010426, 2.3010479. 

204. A farm is let for # years at a fixed rent and a fine of £P. 
‘When p years of the lease remain, what fine must be paid to 
extend these p years to g, at Compound Interest? 


to five terms by Ind. Coefficients. 


+ &c. =(n + 2) 2" or 0, 


Xx1V 


205. 


206. 


207. 


208. 


209. 
1 


1 14° 
210. 


211. 
212. 


213. 


214, 
215. 


216. 
217. 


218. 


MISCELLANEOUS EXAMPLES. 


A and B are playing with two dice, each having staked 1s, 
the highest throw to win. has thrown 6; what is 2's 
expectation P 


If z= 1+h, where h is small, then (approximately) 
sci a = os repels a a1? and ax" +(b*-a") a *=b%x" me, 
a’ 
Eliminate @ and 6 fe the equations 
en Heats _ 39 he «. t.8-2 
ee ayt ee ee 


S, Fa S,, &e. are the sums, to » terms, of n Geom. series 
whose first terms are each unity, and common ratios, 1, 2, 3, 
&c.: shew that 

S, + S,+ 28, +38, + &c. +(n- 1) S,= 1" + 2°+3"4+ 8.4% 


Shew that 
1 1 n n n 
2.6 t 3.6 t &* tom terms= 3 a) * 64d) * O(n 43)" 
There are three balls in a bag, one white, another black, and 


the third either white or black: if two be drawn, find the 
chance of their being (1) . two black ones, (ii) one black and 
one white. 


1 1 1 es 
sapeal ast ma geet Tym get pp gem gee ae 
If the difference of a and 6 be small, compared with either, 


then “Va -/b: Va- Vb iin V7 b"': mva™, nearly. 

From log 14 = .0791812 and log 22 = 3802112, find the 
value of (3.6) x V2, + V842, given the mant. for 45323 
and 45324 to be 6563186 and 6563282. 


Resolve into partial fractions oS. 

Compare the chances of throwing a single ace in one trial 
with two dice and in two trials with three. 

Find what value of 4 will make &* - 4ae a complete square. 
At a contested election, the n° of candidates was one more 
than the n° of persons to be elected, and each elector, by 
voting for one, two, &c. or as many as were to be elected, 
could dispose of his votes » ways. Find the n° of candidates. 
In bringing an irreducible fraction to a circulating decimal, 
shew that, when any two rem™ give the div’ for their sum, 
the two consecutive rem™ will give the same sum, and the 
sum of the two figures in the period, which correspond to 
those rem", will be 9. | 


219. 


220. 


221. 


222. 
223. 


224. 


225. 


226. 


227. 


228. 


230. 


231. 


232. 


233. 
234. 


235. 


MISCELLANEOUS EXAMPLES. XV 


Sum to # terms 

ee | 1 1 1 1 
© 3g- asta & & raat 735 * 346" & 
A, tossing a coin, is to pay B 1s if it fall heads the first time, 
2s if the second, 3s if the third, and so on for n throws, the 
game to cease as soon as it falls heads. Find B’s expectation. 
Eliminate 2, y, z, from the equations 

ame ™ e727 tt 





Find the coefficients of 2* and 2‘ in (1 + at + at + af - be 
Find n integers in A.P. whose sum shall be n’, whatever 
m may be. 
If Veim Vy: Va2—-mVy:: 2 “Va+m'y/(2-y) : /a-m'V/(e-y), 
shew that z:y::14+./5: 2. 
If on the average 9 ships out of 10 return safe to port, find 
the chance that out of 5 ships expected, at least 3 will arrive. 
Find three square numbers whose sum shall be a given 
square (a*). Ex. 81. 
In Ex. 217, find the n° of candidates, if it was one more than 
twice the number of persons to be elected. 
If A,, denote the middle term of (1 + z)™, then - 

A, + A,+A,+.&c. =(1 - 42) 4, 


1 1 n(n —-1) 
Sum l+5n +3 Tg t &e. and (to n terms) 


1.2? + 2.3° + 3.4" + &c. 

Shew that in taking a handful of shot from a bag, it is more 
probable that an odd number will be drawn than an even one. 
If ax? = by = cz, and 2'+y'+z2'=k", then 

(aa* + by* + ezty=(as + bby ot) Ka. 
Shew that, if pg =r, the equation 2° + pa*+qz+r=0 will 
have two roots equal and of opposite signs. 
Find three numbers with prime dents, whose sum shall be 1 £,. 
Resolve into partial fractions 

Tz +8 iz +8 

G41) @+iy ™ G@ya24l) @ tT)" 

If the chance for an event A: that for B:: m:n, then in 
r(m +n) trials it is most likely that A will happen rm times 
and B rn times. 


Xvi 


236. 


237. 


238. 
239. 


240. 


241. 


242. 


243. 
244. 


246. 
247. 


248. 


249. 
250. 


MISCELLANEOUS EXAMPLES, 


If aX+bY¥+cZ=0 and WX+0VicZ=0, 

where X=ar+a@z7+a", Y=br+x'+b", Z=crt+ex' +e", 
— _ {a" (be’ - bc) +B’ (a’c— ac’) +c" (ab’ — a'b)} 

he et ete (be — 8c) + (a’e-ac)'+(ab’-aby  * 

If from a vessel, containing a gallons of wine, } gallons 

be drawn off, and the vessel filled up with water, and this 

be repeated n times, find the quantity of wine remaining. 


Shew that log,z= - {1 ~Voe)+h(1 —Va")*42(1-"V a") &e.}. 


Shew that 1 + 2°+344°+5+4 6°+ &€. to m terms 
= 4, (n+ 1) (2n? +43) or Ain(n+ 4) (22 +1), 
according as 7 is odd or even. 
A bets B 10s to 1s that he will throw heads at least once 
in three trials: what is B’s expectation, and what would 
have been a fair bet? 
Prove that 
(4a+ Bb+ Co+&e.P=(44+B+C+&c.) (Aa + Bb + Ce* + &c.) 
-~AB(a-b-AC(a-c)*- BC (b-c)}- &e. 

If z=1 nearly, then 

mz™ —nz" =(m-n)z”™, and a*= {1 - e + 4/e} nearly. 
Find the coefficients of 2°, z*, and 2’, in (1 ~ 22 —3z*)*. 
Find an A. P., beginning with unity, in which the sum of the 
first half of any even number of terms shall have to the 
second half a constant ratio. Shew that there is but one 
such series. 





¢ 


. Compare the chances of throwing two aces only in two trials 


with three dice and in three trials with four. 
If 22, = y@?* — y?*", then 2, (2, + 2 + &e. + 2,,) = 2,,%. 
Shew that 2‘+p2*+q2*+rz-s* can be resolved into rational 


quadratic factors, if s*= per ; and hence solve the equation 


x - 62° + 52° + 8& -4=0. 
Given 2=2-42°+42-&c. and y=z,/(1-y"), find y in 
terms of z by reversion of series. 
Solve in positive integers 2zy - 327 +y=1. 
A. is allowed to draw two coins from a bag, containing five 
sovereigns and four shillings. What is his expectation? 
and what if B draws a coin before or after A’s first draw ? 


MISCELLANEOUS EXAMPLES. xvii 


ad - be ac— bd 
a-b-ct+a a-b—dtc 
si(a+b+ci+d). 
252. If a, b, c, are in G.P., shew that a®-O4+c>(a-b+4+c)'; 
and if a*+ 3*+ c= 1 = a* + 6% +c, then aa’ + bY + cc <1. 


253, Find the fifth term of (a°+8*./-1)73, the fifth and the 


greatest terms of (1 -3)73, and the fifth term of (2-5x-72"*)*, 
054. Tf 222 2% a Be. then a" — ¢™ iS a”c"e" - (a” - c" + e”)® 
. b _ d bi 9 }°"_ qs” b"d” f" - (6" - q” +f") ™ 
255. In Ex. 250, what will be 4’s chance in each case, if B’s coin, 
being looked at, is found to be a sovereign, 4 not looking at 


his, till he has drawn them bothP 
: z-x fy-yV (ey? 4\ (2? y? _4\_ 
256. Shew that (==) + (G4) + (+5 \(5+%- )=0 
resolves itself into the two equations + a =1 and <= 
257. Find three numbers such that the sum of all three and 
every two may be squares. 
at+(at+y)x+(at 2y) 2* 4+ &e. adinf. | 
258. If ——————— SS SSS —EOeoeEeeee SE ee SS 9 
@t(a-y)x+(a- 2y) 2*+ &e. ad inf. 
and if z receive values in H.P., shew that the corresponding 
values of y will be in A.P. P 


259. Shew that the series x - Los t Toa45 ~ &e converges 


at the nth term, if n>42; and find the greatest term of 
(x -2"')”, when z= 2, n= 5}. 

260. There are three black and four white balls in a bag, and 
three persons draw one each in succession, not replacing 
them. Find (i) each person’s chance of drawing black, 
(ii) the chance of first and third drawing black and second 


white, (iii) of all three drawing black. 
zv+2a 2426. 12ab 


261. Find the’ value of 2 on 2 mh ’ oe a+b |(a+b)'+ lead} ° 
262. Resolve into factors of the first degree 
Qc — Qay — 11y* + 34y — 2 - 3. 
263. Shew that n*-2+1: n*+”+1 lies between 3 and 4. 
264. If {f(z)}*#=1+ {f/f (x), and a =f(x) +f (x), shew that 
Saty=S (Sy) tS (2) (y), and P(cty)=f"(2) S (yt Th (z)/ (y)- 
265. From a bag containing 2 guineas, 3 sovereigns, and 7 shillings, 
4. is allowed to draw three coins. What is his expectation ? 
and what if one of the guineas should be known to be base? 


, then either of these fractions 





hd 


y 
“of 





270. 


271. 


272, 


273. 
274. 


276. 


277. 


278. Sum to n terms and ad inf, 


MISCELLAKEOUS EXAMPLES. 


Shew that 2, {3.10° — 25 (-1)’} is a positive integer, when 
zis so. Find the fifth term of the series of which it is 
the zth, and sum the series to » terms. 

Find a series of numbers which shall be at the same time of 
the forms s°- 1 and 10s". 

How small must z be taken so that the third term of 
1+ 32+ 52* + 7z°+ &c. may contain the sum of all that 
follow at least 500 times. 

A person devised his estate among s persons in the follow- 
ing manner. was to receive £P + 1-nth of the remainder, 
B £2P +1-0% of the remainder, C £3P + 1-ntb of the re- 
mainder, and so on: find the value of the estate. 

In one of two purses there are three sovereigns and a 
shilling, in the other three shillings and a sovereign. A 
coin is taken from one (it is not known which) and 
dropped into the other; and then, on drawing a coin from 
each bag, they are found to be two shillings. What is the 
chance that this will occur again, if two more are drawn, 
one from each purse ? 

Shew that (#+1) (n+2) (#+3)...to » facters=1.3.5...(2n +1) 2"; 
and if a'.a*.a*...=p, find the number of the factors a', a*, &c. 


If =; — = ——_-=&e, and if also a* = 8" =c* = &c., 


then will a, b, c, &c. be in G.P., and z, y, z, &c. in H.P. 

Find the coefficient of z* in (1 + # + 2z* + 32° + &c.)*. 

What value of y will make 2 (y*+ y) z*+(lly-2)2+4 and 
2 (y?+y*) 27+ (11y*-2y) 2*+(y*+ 5y) z+ 5y-1 commensurable ? 





. From a bag, containing 2n +1 balls, 2n are taken out, and 


are found to be alternately white and red. Shew that it is 
equally likely that the remaining one is either red or white; 
and find the chance that it is neither the one nor the other. 
Shew that any triangle will have its area expressed in rational 
terms, if its sides be proportional to 

gh (kh? +0), ki(g*+ h*), (hk + gl) (hl — gk). 

If p be prime, and neither a nor a-1a mult. of p, and ma 
positive integer, then each of the sums a™*'+a™*+ &c. + a"! 
and a™' + a™*+ &c. + a” is a-multiple of p. 

2 3 4 5 
3.5 1 


38 3a'79~ oat * 


279. 


280. 


281. 


282. 


283. 


284. 
285. 


286. 


287. 


288. 


289. 


290. 


291. 


MISCELLANEOUS EXAMPLES. X1xX 


If one of the roots of 2*-px+q=0 be large, compared with 


the other, shew that p, p—- q, AS a 
closer approximations to it. poo Pg 
A is to receive a certain number of farthings, expressed, he 
knows, by the digits 1, 2, 3,4, 5, but in what order he is 
not aware. Find his expectation. 

What value of z makes (4x + 1) (22 + 1)? = 5(82 + 1) (2 + 8F 
for large values of 2? What values of 2 and y make the 
22°+ (x-a) 2+ 2b (x - 2c) 
327+ (y-—b) 2+ 8a (y- 3c) 
If r+e be the G.c.M. of 2*+az+6 and 2*+a'x+U, their L.C.M. 
will be 2°+(a+ a - c) z* + (aa - c*) + (a-c) (@-c)e. 


Extract the square roots of 242 "\/(U?2")-V BPR) ge and 
of 4 {(a* — 6*) cd + ab (c*— d*)}* + {(a* - b*) (c* - - d*) ~ 4abed}"*, 
Find the maximum or minimum value of ot a e = 
There are three white and five black balls in a bag, and 
three persons draw a ball in succession (the balls drawn not 
being replaced) until a white one is drawn: shew that their . 
respective chances are as 27: 18: 11. 
Find two numbers such that, if their sum be added to the 
square of each, the results shall be squares. 
Sum to terms and ad inf, when 2 < 1, the series 

1 + 227 + 22° + Gr‘ + 102° + 222° + 4227 + 862° + &e,; 


, are closer and 


fraction independent of 2? 


’ and find also the coefficient of 2”. 


Shew that the series for (1 - x)* diverges or converges from 
the first term, according as 21. From what term does 
the series for (1 + 2)’ sonveree? 
If n be a prime number and WV a number prime to 2, then, 
when the square numbers WV’, 4N*, 9N%, &c., {3 (n-1)}* V* 
are divided by n, they will each leave a different remainder. 
Find the chance that, if a halfpenny be tossed, it will neither 
fall heads nor tails three times successively in five trials, but 
will fall heads the sixth and tails the three following times. 
Shew that cd —-ab+/{(a-c) (a-d)(b-c)(b-a)}. 
a+b-e-d - 
a, possible quantity, if a, 5, c, d, are the roots of a biquadratic 
with rational coefficients, 


is always 


xx 


292. 


293. 


294. 
295. 


296. 


297. 


298. 


299. 


300. 


301. 


302. 
303. 


304 


305. 


306. 


MISCELLANEOUS EXAMPLES. 


Given 2 (2*+9*-2-y)+1=0, find z and y: and given 
V2 t+a/y : (2x) - /(8y) :: a: 5, find the value of 
(2 --/y + (22) + ¥(3y)- 

If the difference between the (n—1)t and nth terms of an 
H.P. be a a ae i re, find the relation between a, 6, and ¢. 
Solve in positive integers 2zy - 82° + y = 1. 
An even n° (n) of pieces of money being thrown, shew that 
it is 2""+1 to 2”'-1 against there being an even n° of heads. 
A person spends in the first year m times the interest of. his 
property, in the second 2m times that of the remainder, in 
the third 3m times that of what is now remaining, and so 
on; and at the end of 2p years has nothing left. Shew that 
in the pth year he spends as much as he had left at the end 
of that year. 
If NV be any number, which differs from the square numbers 
next greater and less than it by a and 0 respectively, prove 
that N-ab is a square number. 
Find two integers such that if unity be added to each of 
them, as also to their sum and difference, the four results 
shall be squares. 
If z=1+4n", shew that the sum of n terms of the series 
1 + 22+ 32% + &e. is ni. 
Shew that it is probable that, in 25 throws with two dice, 
sixes will be thrown at least once. 
Shew that 12345654321 is divisible by 12321 in any scale, 
where the radix exceeds 6, 
Find the greatest term in the expansion of (./2 + /3)"*. 
Find two integers, such that the sum or difference of their 
squares shall each exceed unity by a square number. 
Sum to terms and ad infinitum, when zx <1, 

1 + 8x + 272* + 642° + 1252 + 21625 + 3432° + &e. 
Four cards being drawn from a common pack, find the chance 
that they are marked one, two, three, four, of different suits. 


_1 1 n(m-1) 1 
If p(n, sda ila eat —a nie shew that 








@(n, m) = “e @(n-—1, m+); and thence deduce the sum 


of the series, when n is a positive integer. 


307. 


308. 


309. 
310. 


v11. 


312. 


313. 


314. 


315. 


316. 


317. 


318. 


MISCELLANEOUS EXAMPLES. Xxi 


Shew that if any number, J, can be resolved into the sum 

of n squares, then 2 (n - 1) NV can be resolved into the sum 

of n(n-1) squares, 

If 2+2+1=0, shew that the sum of those terms of the 

expansion of (1 +2)", in which the index of z is a mult. of 3, 

=4{(1+22)"+(14+2)*+(1 + 22")"}. 

Sum to terms and ad infinitum —~ 133 +455 + Ea ay t &e 

If » witnesses concur in their statement of a fact, which they 

have heard from another individual, shew that the chance of 
1 3, 

its being true is ali a lia , where o = veracity 
vo + m? 

of each of the p + 1 persons, and m= 1 - ¢. 


Shew that n>log, (1+), and that 42y-3 (a*-y*)! 2 1, accord- 
ing as (z + y)'- (w-y) $21. 
If p, be the coeff. of 2” in (1+2)", (n a positive int.,) shew that 


Pr oPs, 3284 Ben fo Mt 
Po Pi Pe Pri rs 


and (15+2:) (Pit Ps) (24+ 2s)---(Par +P) = OO PPa Pe 


A circular field is divided into an odd number of equal areas 
‘by the circumferences of concentric circles; and the radius 
of the outer circle is p times the breadth of the middle area. 
Find the number of circles. 
Eliminate z, y, 2 from the equations 
B(ytzj=a, y(etz)=B, 2(rty)=c, zyz=abe. 
A’s skill is to B’s as 1: 3, to C’s as 3: 2, and to D's as 
4:3; find the probability that 4 in three trials, one with 
each person, will succeed (i) twice exactly, (ii) twice at least. 
If f(y, g) denote the coeff. of z* in (1+24+2°+&o. +2"), 


shew that f(1, 9)-3/(2, g-1)+3/(3, q-2)-&c.= 
unless g +1 should be a multiple of n+ 2, 
If a,, a,, &c. are in G. P., and z,, 2, &c. in A. P., shew that 


g+1' 


a," a,*? tle an = {a,"-» 2 +(8-H By a,- Bn +("-2) #1} (7-3). | 
Sum to terms and ad infinitum a of the series, 


6 6 are re. ae 
1.23.2 2344134568 °° at 234346" 


xxii MISCELLANEOUS EXAMPLES. 


319. Investigate the general forms of z and y, which rationalize 


(az* + by?) when » = 3 or any odd number. 

320. Fifteen persons sit down at a round table. Shew that it is 
6 to 1 against two particular persons sitting next each other; 
and that, generally, for » persons, the odds ugainst the same 
event are n-—3: 2. 


g21. rf 2, Pn 2, Put be consecutive convergents to x, then each 


In1 In’ 
of the fractions 5 Ps Put Pr 2Pn + Pr FP rr SPn + Pres » &C. Pout | 
Int Qnr 29nt Ini 39m +%nr” Ina 
approach more and more nearly to the value of x than any 
fraction with smaller denominator. 
322. If a, b,c, &c. k, be m unequal numbers, and m<n- 1, then 


8 b™ 7 
(a-b) (a-e)..(a-hy'* (b=a) (be) G- ihe a 


323. Shew that log, 2 = (2 - 1) Feu wh taf. 
rar t+ aby. 
324, Find two integers such that their difference, the diff. of their 
squares, and the diff. of their cubes, may all be squares. 
325. The corners of a common die are filed away, till the faces, 
which before were squares, become regular octagons. Com- 
pare the chances of its falling, when thrown, upon a triangular 


or octagonal face, neglecting all mechanical considerations. 
326. If s=a'4B', p=2ab, P= =(2+BY, shew that P. P.P*Pt...ad inf. 
ort piers pt Ee = arty pt Poo PoP pss be 
327. Sum ad infinitum 
1? 2 ee 1* 2 +e 1% 1 2 3g 
ot gtat C.y 37 3t 38 Coy 5 ats c. 
328. How many triangular pyramids can be formed, whose edges 
are six given lines, any two of which are > than the third? 
329. Eliminate m, n, p,q from the equations 
S-P ytd 2,08 n Pe 0 
m n bP Ft Fw EB : 
330. Find the probable sum of the series 1+ 2 +2*+ &c., when 
the number of its terms is known to be not greater than g 
nor less than p. 
331. If =1 nearly, shew that 2, 1-7+2*, 4(1+2-2°+ 2°), are 
nearer and nearer approximations to the value of z*. 














MISCELLANEOUS EXAMPLES, XXili 


332. If y be the Harmonic mean between 2 and z, and x andg 
respectively the Arithmetic and Geometric means between 


1 1 
a and 6, shew that y = 2 (a+ 6) + {(F} + (-)*t . 


1 1 1 1 1 1 
333. Of ltstgtz - + &., 1+s5t 1237 1234 
the former series is divergent and the latter convergent. 

334. If z={(1-2x)*-cz} be expanded in a series of ascending 
— ee x, shew that the coefficient of 2" is 
rg od gg OW (AAA) oo (1) (74-4) (78-9) 

: 2.3.4.5 2.3.4.5.6.7 

335. There are a n° of tickets, marked with some one of the num- 
bers from 1 to n*+1. Every one of these numbers, (such 
as 7,) is marked upon the same number (r) of tickets; and 
every ticket marked with a square number (m*) confers a 
prize of m shillings. draws one ticket: find his expectation. 

336. Shew that the product of any number of factors of the form 
x +axy + by’, 2* + az’y' + by*, &c., may be put into the 
same form, X*+aXY+bY* 

337. Apply the preceding to find a series of positive integral values 
for x and y, which shall make 2*+ 3zy + 5y* a square number. 

338. If s=a+6, p=ab, and g=2+)b, prove that 

4.5 4.5.6 
Pore = +7, 7 = [a3 7 t+ &€), 
and a* + 6" = 8" —nps"* + in(n — 3) p*3"* - &e. 

339. Sum to m terms and ad infinitum zt a + &e. 

340. A bag contains 50 balls, 5 of which are drawn at a time, 
and replaced after each drawing. Two persons draw alter- 
nately, the prize being won by him who first draws two par- 
ticular balls. Find the odds in favour of the first drawer ?P 

1 _1 etl. va-1 1. : V2-1 1 Ve-1 

ska log, 2° 2-1 -345- ver” 4° 4x11 8 *3 ” gat 7 +e}, 

342, Shew that every term of the preceding series (within the 
brackets) is greater than 3th of the term next before it, and 
fess than a third ieapotlionsl to the two next before it. 

343. Shew that the sum of the products of n quantities ¢, c’, c*, &e. 


OO Col) (1) (1) 


taken m and m together, ise # air oes 1) (#=1)...(e"-1)° 


+ &e., 


c+ €+&e.}. 


XXiV 


344. 


345. 


346. 


347. 


348. 


349. 


350. 


351. 


352. 


353. 


354. 


MISCELLANEOUS EXAMPLES. 


If a, b, e, &c. are any n quantities, shew that a"+ "+ c*+ &c. 
>n (abe ...); and thence prove that 1.2.3 ...n < {2 (n+ 1)}*. 
A plays at a game, in which he reckons his chance of success 
to be e. If it be an even chance that he has made an error é’, 
or not, in his calculation, shew that this does not affect his 
chance of success in a single trial, but increases his chance 
of continual success in any number of repeated trials. 
Eliminate 2 from 2‘+rz+8=0, z*+vx=y; and shew that 
the equation in y will be a biquadratic, wanting its second 
and fourth terms, if rv® + 4sv*-7*=0. Ex. Solve 2‘+327=2. 
If m be a prime n°, the expression 4,2” + 4,2"' + &c.+ Ay, 
cannot admit of more than m different values of z, less 
than n, which will render it divisible by n. 
Apply the preceding to shew that, if » be a prime number, 
ee 


each of the quantities N2? +1 has ree integral values of 
N less than n, which make it divisible by n. 
Shew that the number of different ways, in which the letters 


of the expression p™’q” can be written at length, so that at 





min 
least 2 p’s may always follow each other, is (+ 1) nie ° 
ae 


Apply the preceding to find the chance that, on tossing a 
shilling 12 times, it will fall heads at least 6 times successively. 
Prove that, when the expression in Ex. 347 admits of exactly 
m such different values of 2, that render it a multiple of n, 
then the quantities 4,9,+4,, 4,S,-4,, &c. 4,S,,-(-1)"4,,, 
are all multiples of m, where S, denotes the sum of the 
products of those values of z, taken r together. 

Apply the preceding to shew that, when n is a prime number, 


1.2.3...(0 -1) +1 and 1.2.3...(n—-1) (1 +2424 &e. +5) 


are each multiples of n. — 


The chance of an event, whose proby is p, occurring at least 


r times successively in n+ trials, is {1 + n (1 - p)} p’. 
Two persons are known to have passed over a piece of road 


in opposite directions within the time a + 6 +, in the times 


a and b respectively. Find the chance that they will meet. 


EXAMPLES: Parr III. 


EQUATION PAPERS OF ST. JOHN'S COLLEGE, CAMBRIDGE. 


i. 
3x +7 Ww-TT 37-4 
vn; i aa 
6z* + 130 — 24y? 
2x —-4y+3 g tt+2 4-2 91 
® 3 


1. 











2. 3x+6yt+1= 





151-162 9xy - 110 110 


Bee “4y-1 ° 8y-4 

4. Sytdv(2e?- re ae = 47° - 36 
x 2s y 
Sy” cy -VG + 2-3 


5. A is trom ingredient worth £20, brews 500 gallons of 
ale, (on which there is a duty of 6d per gallon,) and sells it at 
2s a gallon. From the same ingredients he afterwards brews the 
same n° of gals, part strong beer, (on which he pays ale-duty,) and 
the rest small beer, (on which he pays } ale-duty.) By mixing, 
and selling the mixture-as ale, his gains are increased in the ratio 
of 10: 7. Find the n° of gals of strong beer. 

6. The n° of deaths in a besieged garrison was 6 daily, out al- 
lowing for this, their provisions would just have lasted 8 days. But 
on the 6th evening, 100 men were killed in a sally, and afterwards 
the mortality increased to 10 daily. At the end of the 6th day 
there was stock enough remaining to support 6 men for 61 days: 
how many will be alive when the whole is exhausted ? 

7. Aman buys a guinea at the market-price of standard gold; 
hut an Act passing, which makes it illegal to sell the coin of 
the realm, he clips off A,th part. He may now legally sell it 
as a light guinea; and finds that by reason of the rise of pure 
gold in the ratio of 239 : 249, he just gains the clippings by his 
purchase. Find the ratio of pure gold and alloy in the guinea, 
and also the relative value of equal quantities of pure gold and 
alloy, having given that the sum of the squares of the two ratios 
exceeds eleven times their sum by 233;2,. 


tp ee ne 


[o 


XXvVl EQUATION PAPERS. 


2. 
2z+1 402-32 9 471 - 62 


° "99°  &4¥2g  ° 2 
2. 3 (Sz - dy) - A (22 - 8y- 9) =Fy+ Ft) 
Fat dy +1: 4x - by - 242: 3h: 32 J 
+3 16-20 

QQ. QWe-5 


4 tiytv(z-y')_9(e+y) \ 











3. 5} 


‘ety-V@-y¥) by 
(a*+y)f+u-—y = 2x (2* + y) + 506 


5. At the review of an army, the troops were drawn up in 
a solid mass, 40 deep, when there were just } as many men in 
front as there were spectators. Had the depth, however, been 
increased by five, and the spectators drawn up with the army, 
the n° of men in front would have been 100 fewer than before. 
Find the force of the army. . 


6. A n° of persons bought a field for £345, the youngest 
paying a certain sum, the next £5 more, and so on in A.P. 
The younger half took a portion of the field proportional to the 
sum they had subscribed; and this they agreed to divide equally, 
_ by equalizing their contributions to £22 each How many 
persons were there in all P 


7. 4 and B travelled on the same road and at the same rate 
from Hto L. At the 50t milestone from L, A overtook a drove 
of geese, which were proceeding at the rate of 3 miles in 2 hrs; 
and 2 hrs afterwards he met a waggon, moving at the rate of 
9 miles in 4 hrs. B overtook the geese at the 45th milestone, 
and met the waggon just 40 minutes before he came to the 
31st milestone. How far was B from L when 4 reached it? 


3. 
47r-34 258 - Ox 69 -z 


ls Se ae a al 


17 3 2 


2. 4 (42 - Qy + 3) -4(18 — 2 + 5y) =22-2y-2-73, \ 
2e-ytlbiy-Qet+loisgr-ty tds dy-set 


EQUATION PAPERS. XXVil 


22 2x -5 
state _————_- = \ 
/ 

4, Ye ip 

z y ty y 

vy 9 

a -— = ——+ 4/2 

z y «yy v 


5. A packet from Dover reaches Calais in 2 hrs; but, on the 
return voyage, proceeds at first 6 miles an hour slower than it 
went. The wind, however, changing halfway, it sails 2 miles 
an hour faster, and reaches Dover sooner than it would have 
done, if the wind had not changed, in the proportion of 6: 7. 
Find the distance between Dover and Calais. 


6. From the middle of a town two streets branched off, and 
rrossed a straight river by bridges A and B. From their 
janction, a sewer, equally inclined to both streets, led to a point 
in the river distant 6 chains from A, and from B 11 chains 
less than the length of the sewer, the expense of making which 
was as many £’s per chain as there were chains in the street 
leading to 4. The sewer proving insufficient, a drain was made 
from a point in this street, distant 4 chains from A, which 
entered the river at the same point with the sewer, and was 
equally inclined to the river and sewer. Now a drain down 
each street, at £9 per chain, would have cost only £54 more 
than the sewer. Find the lengths of the streets and sewer. 


7. A labourer, with his wife and children, saved each a certain 
2’ of pence in A.P. The whole monthly saving was less by 3s 3d 
than the cost of 4 as many bushels of wheat, as the seventh child 
saved pence, the price of wheat being such that the savings of 
the eldest and fifth child, increased by 10s, would buy two 
bushels. But wheat rising 2s a bushel, and work being scarce, 
they find that their savings will not buy as much wheat as before 
by two bushels; and that, at this rate, their annual savings would 
be less by 5 guineas than before. At this time, the two youngest 
died; and it was calculated that, if the others saved each 1s less 
than the eldest child had done before the rise of wheat, their 
monthly savings would not be affected by this event. How many 
vere they in family P 


52 
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4. 

1. 2(5¢-1)- 2, (Iz - 2) = 62 - 

2. Vy - V(a- 2) = V(y - 2) } 
V(y - es z):f(a-2)::532 
5 (382-1 

oe et + F= 82 

4 242. _y-v@-1) _ vet) 

22 3 ¥y-2(2*-1) z \ 
iy = yt - 1 


5. A farmer laid up a stock of corn, expecting to sell it # 
6 months at 3s a bushel more than he gave. But by that time 
instead of having risen, corn had fallen 1s a bushel, and he founc 
that he should, by selling now, lose the cost price of 5 bushels 
He therefore kept it to the year’s end; and then, being obliged t 
sell at 2s a bushel under prime cost, lost just 10s less than he 
had expected to gain. Find the cost price per bushel, allowing 
5 per cent simple interest. 

6. A ship, with a crew of 175, set sail with water enough to las! 
the voyage. But, at the end of 30 days, the scurvy began tc 
carry off 3 men daily, and a storm protracted the voyage 3 weeks. 
They just reached port, however, without the water falling short. 
Required the time of passage. 

7. The hold of a vessel partly full of water, (which is uniformly 
increased by a leak,) has two pumps worked by A and B, o! 
whom 4 takes 3 strokes to 2 of B’s, but 4 of 3’s throw ou 
as much water as 5 of .4’s. B works for the time in whidl 
A alone would have emptied the hold; 4 then pumps out 
rest, and the hold is cleared in 13} hours. Had they work 
together, the hold would have been emptied in 32 hours, 

A would have pumped 100 gals more than he did. Find 
influx per hour at the leak. | 


5. 
1, 2 (42 - 21) + 7842 (7x - 28) =2+32-2(19-Tz)+ 4 
2. 3(32-2y) +142 (1ly—10) =4 (42 - 3y + 5) + 4 (45-2) 
45 —4(4z - 2) = J, (55z + Tly + 1) 


3 
- a, 0. 97 ot 


EQUATION PAPERS. XXIX 


s TL 4- 40y* = 140 - y Vet - =) 


x" 128s 15) += 
5. On a. a 1799, a ae received from 4 as many groats 
as A was years old, and a similar donation in each of the seven 
following years, during the last of which died, his alms having 
in all amounted to £7 18s 8d. In what year was he born? 


6. 4 entered into a canal speculation with 14 others, the — 
profits of which were in all £595 more than five times the price 
of each share. Seven of his partners afterwards joined him 
in a scheme for navigating the canal with steam-boats, each 
venturing a sum less than his former gains by £173. But this 
concern failed, and 4 lost £419 by it; for they not only never 
recovered their outlay, but lost all their former gains and £368 
besides. Find the cost price of shares in each concern. 


7. A, B, C were architects. .4 and B built four warehouses 
with flat roofs, each a large and each a small one, the width 
of the large ones being the same, and likewise of the small ones. 
A built his as long and as high as they were broad; but B made 
the length and height of his small one the same as the breadth 
of his large one, and the difference between the contents of .4’s 
and B’s buildings was 73728 feet. C also built upon a square 
plot of ground, whose area was the difference of those on which 
A built; and would have been in fact just 2688 square feet, if 
he had added to it eight times as many square feet as there were 
feet in its width. Find the width of the buildings. 





6. 
i 22 1-}e 2-1 2 7 
° 3 42 2 6 12 


2..%+ 2y+32=17 l 
27 + 3y+2=12 J 
sz +y+22=13 
: ae - 
$3. a'btz* — 4 (ab)iz™ = (a - by2” 
4. zt+y'=14 Qry + dary’ 
Pty =yix+2yizcil 


XxX EQUATION PAPERS. 


5. A can walk forwards four times as fast as he can backwards, 
and undertakes to walk a certain distance (4+ of it backwards) in 
a certain time. But the ground being bad, he finds that his rate 
per hour backwards is + of a mile less than he had reckoned, and 
that to win his wager he must walk forwards two miles an hour 
faster. What is his rate per hour backwards ? 


6. 4 lent B a sum at a certain rate of Int., taking as security 
such an amount of Spanish 5 per cents as would produce the same 
interest as the debt. At the year’s end, B proved insolvent; and 
Spanish bonds having fallen 40 per cent,-.4 lost £400. Had they 
not fallen, he would have been repaid with a surplus of £250; and 
if he had been at liberty to have sold them out at the half-year’s 
end, when they were at 50, (which was before the int. upon them 
was due,) he would have lost only £300. Required the amount of 
the debt. 


7. The builder of a treadmill agreed to take for payment the 
produce of » weeks’ labour of the convicts then in prison, and to 
supply them with food during that period. His estimate was 
a shillings for the weekly expense of each man: but, finding this 
sufficient for the first week only of a man’s labour, he increased it 
the second week by ra, the third, in addition, by 7*a, and so on. 
Now at the beginning of each week after the first, c fresh convicts 
were sent to the mill, when he found that, had his contract 
included these, he would have gained as much as he had cal- 
culated on at first. Supposing each man’s weekly labour to be 
worth pa shillings, find the number of convicts at first. 


7 


os ~ 251 
liz-13 19r+3 52 298 59,4 
25 7 4 21 
+ 

















Beery. = (e-4) 
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5. A sends his agent money to buy pimento, calculating the 
price at £8 for 5 bags. But the price having risen, the money 
‘sent would not buy as much by 18 bags as 4 intended: and 
it was found that 54 bags more than } of the original quantity 
would now cost just £10 7s more than before. How many bags 
were purchased ? 

6. A and B set out from C and D, A starting 3 hrs before B. 
They meet at 20 miles from D, and 4 reaches D one hour before 
B reaches C. The next day B starts early, meeting A, who had 
then gone + of his journey back; and, though delayed 3 hours, 
B reaches D in time to have gone 28 miles further before 4 
reaches C. Required their rates per hour of journeying. 

7. A called a meeting of his creditors, whose claims increased 
in A.P.; when it was found that his effects would have paid as 
many shillings in the £, as there were £’s in the common differ- 
ence of the claims, and would in fact have exactly sufficed to pay 
the claims of the third and the highest creditors. But the latter 
failed to make good his claim, and the others consequently re- 
ceived 2s 8d in the £ more than they would have done; and the 
third and highest dividends were in consequence increased together 
by £9 12s. Find the assets, 


2z + 8} 13z -2 


I. 9 liz-32 








$e 
= 














3. yar = op V2 + Va} =0 


4. Mery) 8. 22-3 9] 





viz+y)_ 3, 2-38 _ 

2x 4 V(@+y) 22x 
& A farmer’s rent was £50, and his expenditure (of which 
4 was in payment of assessed taxes) was such that he could only 
pay his landlord £30. The next year his rent was lowered 20 per 
cent, the taxes also were reduced one-half, and farm produce 


XXXli EQUATION PAPERS. 


increased in value one-third; and now, after paying his rent and 
former debts, he had £5 over. Find his expenditure. 

6. A starts from Newmarket to London at the same time that 
B and C leave Hockeril and London for Newmarket. .4 meets B 
4 hours before C overtakes B; but, on his return, 4 meets C one 
hour before he meets B, on their return also, all three having 
rested the same time at their destinations. Now 4 rode 10 miles 
an hour, and met B at the same place going and returning. 
Find the distance from London to Newmarket, Hockeril lying 
midway between them. 

7. Two vessels, P and Q, contain fluids in the ratio of 4: 21, 
which consist of different mixtures of wine and spirits. .4 pumps 
but of P into Q, and then B pumps into Q = of what remains, 
and now the mixture Q is found to have only 42 of its original 
strength. Now if, when A stopped, B had pumped as much 
as before from Q into P instead of from P into Q, the strength 
of P would have been a mean proportional between the original 
strengths of P and Q; and B would have pumped the same 
quantity of wine as before of spirits. Compare the quantities 
of fluid pumped by 4 and B, the strength of spirits being three 
times that of wine. 


9. 
25-12 167+44 . 23 
il 8242 ° 241 
dz - By + 5. 102" - 12y' ~ 1dzy + 22g 
2 bz + dy +3 \ 
V(6+ 27): V(6-y)::3:2 
3. (a +1) (xt - 1)? = 2 (x41) 


4 det yar y)= = W544 v7EH | 


(e+ y)'+(2-y)t = 18 y2 
5. There was a run on two bankers, .4 and B. After 3 days, 
B stopped payment, by reason of which the daily demand on A 
was tripled, and he failed also after 2 days more. But if 4 and B 
had joined their capitals, they might both have stood the run 
as it was at first for 7 days, when B would have owed £4000 to A. 
What was the daily drain at first on .4’s bank ? 
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6. The gas-contractors undertake to fight a shop with 6 large 
and 3 small burners; but, having by them only one large burner: 
supply the deficiency with 5 small ones. The shopkeeper, not 
finding this light sufficient, procures two more small burners, and 
agrees for all the lights to burn double the usual time on Saturday 
nights; and for the additional gas he paid 318 per annum. What 
did he pay altogether ? 

7. A man, who is not aware that his watch gains uniformly, 
engages to ride from Cambridge to London in 9 hours, and sets 
his watch by St. Mary’s at starting. Upon looking at it after 
‘having gone halfway, he supposes it necessary to increase his pace 
in the ratio of 4: 3, and consequently reaches London 18’ within 
the time. But if the watch had lost at the same rate, and he had 
looked at it at the end of the 14th mile, and then regulated his 
pace accordingly, he would have been in London too late by 7. 
Find the distance from Cambridge to London. 








10. 
z- 13¢_2-62__ dr-4(10- 32) 
- 2 i. 39 


2. Vy - Vy - 2) = y(20 - 2) 
V(y - 2) 2 o/(20 -2) 3:3: 2 


243 + 324 ./(3z) 
3. 8 (2) + —jB5-3 —* 1l6z+3 
4, 2+ f(3y?- 11+ 22) = 7+ 2y-y¥? 
_@ty 
V(8y-2+7) = z-y \ 

5. From each of two bags, containing different numbers of balls, 
A draws a handful; and now the number in the larger bag is the 
cube of that in the less, and just the square of one handful. He 
then draws out of the larger until the number left is the square of 
that in the less, and now empties the larger into the less, and finds 
its original number. increased by two-thirds. Find the number of 
balls in each bag at first. 

6. A and B are towns beside a river, which runs at the rate of 
4 miles an hour. A waterman rows from 4 to B and back again, 


and takes 39’ more to do it than if there had been no stream. 
The next day he does the same with another ca with 
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whose help he can row half as fast again: and they are now only 
8’ longer than if there had been no stream. At what rate would 
the waterman row by himself without any stream ? 

7. Two master bricklayers undertake to lay the foundation of 
a new court, each taking a part and beginning together. If they 
had worked together till the whole was finished, it would have 
taken only ¢ of the time it actually took to finish it; and B would 
have done enough to occupy A three months, and 4 enough to 
occupy B twelve months, which is 36 yds more than 4 actually 
did. How many yards were there in all? 








il, 
62x - 7h 14162 _ g _ 125 - 8x 
1. 3 Toy t 2+ gg = Ais 3 
2. «(be - ry) =y (xy - ac) } 
ay (ay + bx - zy) = abe (x ty—e) 


3. 16 (2* + 2): + eqn j 9) = S22" + 48 
$4 . . 
4, Nien +r Var | 
Vz sy 


fa(0H. {Bel yls 2h v(2t + ty!) = (3) - zy? 


5. Two clocks strike the hour, and are heard to strike 19 times. 
They differ 2” in time, and one strikes every 3”, the other every 4’. 
When they strike together, it cannot be distinguished whether one 
or both are striking; and this is the case with the last stroke of the 
faster clock. What hour did they strike ? 


6. A revenue cutter observes a smuggler g leagues directly 
to windward; and gives chase, sailing at 54 points from the wind, 
and making tacks of 4p miles. The smuggler lies off on the other 
tack at 22 points, making tacks of 3p ,/3 miles, its rate of sailing 
being to the cutter’s as 1:4,/3. They sail half the above dis- 
tances before the first tack. In what tack will the smuggler, 


while lying in the eye of the wind, first be within range of the 
cutter’s guns, ‘which carry 7 miles ? 
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7. In the first and least considerable irruption of the Thames 
into the Tunnel, the water rose in the vertical shaft 8 times as 
fast as in the horizontal levels in the second. If the levels at the 
second influx had been 110 feet longer, the velocities of the water 
ascending in them in the first and second irruptions, and when 
thus increased would have formed an A.P., the common difference 
being 4 of the difference of the velocities with which the water 
rose in the shaft in the two irruptions; and, if the levels had been 
of the same length on both occasions, the first time of filling 
would have been half as long again. 

The tunnel consisted of two equal levels, terminated by @ ver- 
tical shaft of twice the breadth of either. The sections of the 
shaft and levels are supposed to be squares; and the height of the 
shaft above the upper surface of the levels to be double of its 
breadth. Given the first time of filling to be 10’ less than the 
second, find the duration of the latter. 


212. 
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" “98 932-6 '4 21 42 
—]1 
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5. A question was lost on which 600 persons had voted. The 
same persons having voted again on the same question, it was 
carried by twice as many as it was before lost by, and the new 
majority was to the former :: 8:7. How many changed their 
minds P | 

6. Three towns A, B, C, lie at the angles of a right-angled 
triangle, B at the right angle, and the distance 4B being the 
least of the three. A pedestrian finds that the time of his going 
from A to B, and then from B to C, exceeds the time from 4 to C' 
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direct by 22 hours. A coach, which left 4 four hours after him, and 
travels thrice as fast, overtakes him 8 miles from B in the way to 
C; and after passing through C to 4, and waiting there 62 hours, 
it makes the same circuit, and reaches A again at the same time 
with the pedestrian, who had rested four hours at C. Find the 
rate at which he walks. 

7. A, B; C, D, are rough diamonds. The value of C’ in £’s is 
less by 52 than the weight of 4 in carats, and the value of C 
and D in £’s is equal to the weight of B in carats. Each loses 
half its weight by cutting: but the dust from 4 and B is worth 
£85; and the value of A: that of C, D, and the dust from 
A::half that of B: that of the dust from B. A diamond, 
weighing one carat when rough, is worth £3 when cut, and £2 
when uncut : the value «& the square of the weight, and the dust 
is worth £1 per carat. Find the value of D when cut. 

ee 13. 

6-52 T-22* 1432 AZw-2 1 
' 15 ~i4(@-h~ 21 ~~ 6 * i05 
2. 82 +2 f(ay* + 9x*y) = (x -A)y 
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4. ‘gly —4=4aty —1y . \ 
x -3= at y? (x* — y}) 

5. A and B start for a race which lasts 6’. At the end of 4’, 
the distance between them is z}5 of the length of the course. 
After 1’ more, B, who is last, quickens his horse 20 yds a minute, 
and comes in 2 yds before .4, who has gone uniformly throughout. 
Find the length of the course. 


6. The revenue of a state was increased for war in the ratio 
of 2}: 1; and, after deducting the expense of collecting and the 
interest of the national debt, the net income was augmented in 
the ratio of 332:1. If, however, the revenue had been’ reduced 
in the ratio of 12:1, the net income would have been diminished 
in the ratio of 72:1, and would in fact have just amounted to 
4 millions. Find the revenue before the increase, supposing the 


1 
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expense of collecting to vary as the square root of the sum. 
collected. 

7. Three boats, 4, B, and C, start in a race, B being 20 yards 
behind A, and C the same behind B. A and C set off at an 
uniform rate, C making a yard less per stroke than 4. But B 
took 7 strokes to 6 of A or GC, and increased its speed besides 
by 3 in. every stroke; so that, when 4 had taken 42 strokes, 
B, which had lost 16 yards by steering, was only a yard behind A. 
At this point B’s speed decreased twice as fast as it had increased 
before; while C, quickening its strokes at the same instant in the 
ratio of 6:7, and gaining each stroke as much speed as B lost, 
at the end of 28 strokes overtook B, which had lost 11 yds more 
by steering. Compare the velocities with which they started. 











14. 
2y - x 59 - 2z 
¥-3 og _ 13 - 8y 

y+ 787 3 


2. {a* — a f/(B* + bx) + Aba - 10° 41d V(a* - bx + B)} x 

{a* + a 4/(* + bz) + Abe — 2b* — 16 /(2* - br + B)} = at - 25 
3. 2r4/(1 - 2) =a(1 + 2‘) 
4. (2+ 4zy — 32z*)* = 2 - 4z*y* + 32" 

(2* - 1)? = (2y? + 2 + 1) (2y* - 2* - 1) 

5. The owner of a balloon calculated that, if he filled the 
enclosure, which he had hired for the day at £5, with spectators 
at 2s each, and two persons ascended with him, he should make 
a profit of 140 per cent on his outlay. But, the gas and the 
weather proving bad, he pays but half the price of inflating, and 
ascends alone with the enclosure a fourth part full, losing on the 
whole 2 of his outlay. On the next day he ascends again with 
a full balloon, the enclosure £ filled, and one companion, and by 
the whole speculation gained £10. What was the cost of inflation? 

6. A and B row between two places, B in a certain time by his 
watch: but 4, when he has gone by his watch the same time, 
relaxes his speed, and moves only 2 as fast as before. Now, if this 
take place in going down the stream, the first part of the distance 
will take 4 six times as long as the last, but, if in going up, only 
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the same time; and this would also be the case in going upwards, 
if A, instead of relaxing, were even to increase his speed in the 
ratio of 7: 5, provided that he exchange watches with P at starting. 
Supposing their watches to gain uniformly, compare the rates of 
rowing of A and B. 

7. A regiment, in which there are between 10 and 100 officers 
and twice as many serjeants, in clearing the streets during a revo- 
lution, loses 2 officers; and, after storming a barricade in which 
three more fall, is obliged to retreat, taking in a volunteer as 
officer, but, in so doing, loses other three. While clearing the 
streets, the liability of an officer to fall is half that of a serjeant 
or private ; but at the barricade as 4 : 3, and in the retreat as 3: 4. 
Also, on their leaving the barracks, the number, whose two left- 
hand digits express the number of serjeants and its other digits 
that of officers, exceeds by 20 ten times the number of privates; 
but, on their return, (having parted with the volunteer,) it exceeds 
it only by 12, the number of officers being still above 10. Find 
the state of the regiment at first. 


15. 
1 2! 2 1 2. f2—- fy = fx (x + Vy) 
4e°-1 1+2z2 4 (2+y)'=2(2-y)? 


3. fz (2 + a) = 2 - a + 3azx 


4 y—t-1 gz 
w+ 3y*-2Qryt =F 
3a* + 42zy + 16y* = 4.4/(xy) (Se + 1ly) 

5. A farm was rated at 3s an acre, and the tenant, on receiving 
back 10 per cent of his rent,- found that the sum returned was £6 
more than the whole rate. The next year the rates were doubled, 
and he received back 15 per cent of his rent; but now the sum 
returned only just paid for the rate. What was his rent? 

6. A starts to walk from Cambridge to London at the rate 
of 34 miles per hour. In 2} hrs the Times passes him, and the 
Fly at 10’ to 10; he rests 23 hrs on the road, and again meets the 
Times on its return, and half-a-mile farther the Fly, at 20’ after 5. 
The Times left Cambridge at 6, and the Fly at 4-past 7, and both 
started from London at 3: find the distance from Cambridge to 
London. 
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7. At an election of one member to Parliament, one-third of 
the electors gave plumpers for C, and those given for 4 and B 
were “A of the whole number of votes given. Of those electors 
who gave single votes to C, twice as many voted for B as for A: 
and B stood at the head of the poll with a majority of 110 over C. 
A scrutiny being demanded, it appeared that those who had split 
their votes between .4 and B had no legal right to vote, and C is 
now returned with a majority of 200 over 4. Find the final 
state of the poll, it being observed that .4 has now as many single 
votes as plumpers. 





16. 
_ a~ i ‘a 
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(c+ y) (y - 2) + 3 = 2ey ~(y-1) (2 +1) 
3. 2-2 (24+ 2)=1+ V(2" - 3242) 


4. (L-2)"(1+y")- (142° (1-y") = 42" (1 +9) 
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5. A and B engaged to reap equal quantities of wheat, and 
A began half-an-hour before B. They stopped at noon to rest 
an hour, and observed that just half the work was done. J's 
part was finished at 7 o’clock, and 4’s at 3 to 10. At what hour 
did 4 begin? 

6. Two boys start from the right angle of a triangular field, 
and run along the sides with velocities in the ratio of 13:11. 
They meet first in the middle of the opposite side, and again 
30 yards from the starting point. Find the length round the field. 
_ 4. Astable-keeper bought two horses for £50, and sold them, 
one for double, and the other for half, of what he gave for it. 
The former had produced for its hire only half of what it cost him, 
and cost in keep as much per cent on its price as the hire of 
the other produced on its price, the latter being kept for £ as 
many guineas as it sold for pounds. The keep of the two cost 
£33, and he made by them, upon the whole transaction, nine times 
his profit on the sale. What did each cost? 


‘ 
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17. 

1 1 Tzx-1 8 x2-4 . 7 

37 opcode BS ese % aah 4 y'"=2(a2)*. (by) \ 

3. 2-22 +4=2,7(2-1) xy = ab 

4, at (2! + y') =! ~ 2atey »/(2* - y') 

a® (2! — y') = 2%y* (2a* - 2) 

5. A and B run a race to a post and back again. returning 
meets B 90 yards from the post, and reaches the starting-place 
3’ before him. If he had then returned, he would have met B 
at a distance from the starting-place equal to + of the whole 
distance. Find the length of the course, and duration of the race. 

6. The upper spokes R and r of the hind and fore wheels of 
@ carriage are vertical at starting. When r has revolved once. 
it is at right angles to the spoke next before R; and when & 
has made % of a revolution, r ascending again makes the same 
angle with an horizontal line as the spoke next before it. Given 
diam. of forewheel : diff. of heights of axles :: number of spokes 
in forewheel : 2, find the number of spokes in each. 

7. A agrees with his steward to allow a per centage on the 
rents he collected, on condition of his returning half the same 
on the rents not paid. The first year the steward’s income amounts 
to 6 per cent on the whole rental; but in the next, in order to 
obtain the same income, he makes a return of rents received £270 
under their value. In the third year, though the rents are reduced 
74 per cent, the amount not paid is the same as in the second 
year; the steward’s income is only = of his first year’s, and, to 
make it up, he doubles his last year’s fraud. Required the rental 
of the estate. 
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5. Bacchus caught Silenus asleep by the side of a full cask, and: 
seized the opportunity of drinking, which he did for two-thirds of 
the time, in which Silenus would have emptied the cask. After 
that Silenus wakes, and drinks what the other had left. Had 
they both drunk together, the cask would have been emptied two 
hours sooner, and Bacchus would have drunk only half of what he 
left for Silenus. Find the time in which each by himself would 
have emptied the cask. 

6. A, B, C,; whose powers are in the ratio of 4, 1, 3, engage to 
reap a field of wheat at so much per acre, ts he proportioned 
among them according to their work. After two days a quarrel 
arises and C’ withdraws, receiving for his labour 5s, the farmer 
having made a deduction from the stipulated price per acre, on 
account of the delay thus occasioned. .4 and B then engage 
to finish the work on the same terms as at first, which takes them 
another day. 4 receives upon the whole 1s 6d less than he 
would have done if C had not withdrawn; while the farmer saves 
in money half as much as he agreed to pay per acre. Find the 
number of acres. 

7. P,Q, &, represent three candidates at an election. Q polled 
as many plumpers wanting one as the split votes between P and R 
exceeded those between himself and R; and the number of split 
votes between Q and R was one more than twice the number 
between Q and P. If P had not voted for himself and R, but for 
R only, and if five others who split betwixt P and Q had voted 
for Q only, Q would have just beaten P, and would have been 
48 below R. The number of voters was 1341, of which 565 gave 
plumpers. Find the final state of the poll. 





72-134 2 2-15 18 
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5. In a race between two boats a spectator, walking at the rate 
of 5 miles an hour, is } of a mile a-head of the first boat at 
starting; and, when it passes him, he observes that the interval 
between the boats, which at first was 30 yards, is reduced to 20. 
At 14 mile from where it started, the first boat is overtaken by the 
second: how long did the race last? 

6. When wax candles are 2s 6d per lb, a composition is in- 
vented, such that a candle made of it will burn 2 of the time 
in which a wax candle, of the same thickness and } as heavy 
again, would burn. If the two give an equally bright light, what 
must be charged per Ib for the composition, that it may be as 
cheap as wax? 

7. Into a cubical cistern, 8 feet deep, and having an unknown 
leak, water is poured from two pumps worked by A and B. 
They pump together till it is half filled, when B falls asleep, 
but .4 goes on pumping till it is three-fourths filled, and then 
goes away- B upon waking finds it still half full, and, after 
pumping till it is again three-fourths filled, departs also to look 
for 4. They return together, and find the water 13 in. lower 
than when B left. The leak is now discovered and stopped; 
and the vessel is filled by them in half the time in which they 
had worked together at first. Now 10+ hours had elapsed since 
they first began pumping, and B had worked alone twice as long 
as A had. Given that a cubic foot contains 15§ gals, find the 
quantity of water thrown in per hour by each pump. 


20. 

42-17 32-22 6/, 2 
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6. A at his death leaves a certain property in money and sums 
due to him. The executors invest the money in the funds at 96. 
Of the debts + is not recovered; and, when the stock is sold out 
at 92, the heir (it is found) receives less by £140 than he would 
have done, if the debts had been completely recovered. His loss 


is also + of the sum he receives. Find the amount of the debts 
and money. 
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6. A ferry-boat was about to cross a river, when it was upset by 
a party leaping in, who increased the n° of persons in the boat in 
the ratio of 4: 5. The n° who got out without help (including the 
ferryman) was § of the increased n° of passengers, and the n° 
helped out was 3 of the n° of minutes the last man was in the 
water. The numbers extricated in both ways in each of the first 
three minutes form a series of fractions, whose num increase in 
A.P., and den™ in G.P., the common ratio and difference being the 
same as the n° of persons in the water at the end of the three 
minutes, and the first num™ (with dent unity) being the n° of 
minutes remaining till the last man was out. Had, however, the n° 
of intruders been less by four, and still increased the n° of persons 
in the boat in the same ratio, the increased n° of passengers would 
have been the same as twice the common ratio of the G.P. How 
long was the last man in the water P 


7. Towards the end of a cricket match, the second party were 
a certain n° of notches behind, and had still three men, 4, B, C, 
remaining. A and B are in, and after § of the n° have been 
gained, is struck out, and C takes his place. Now B scores as 
many notches in C’s innings, as there were bye-balls in .4’s, and 
as many in 4’s as were gained altogether in C’s. If also the byes 
in .4’s innings be added to #’s notches in it, and the byes in C’s 
innings to C’s notches, these quantities will be inversely propor- 
tional to the corresponding n° of byes. C' gets one more notch 
than B in their common innings, and the party loses by 3: but, if 
B’s scoring be reversed, that is, if he be supposed to get as many 
notches in .4’s innings as the n° of byes in C’s, and as many in C’s 
as the whole n° now gained in .4’s, the three would have scored 
between them, (not reckoning the bye-balls,) just as many as their 
whole former number. How many notches did A score? 
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5. In a tithe commutation, the rent-charge was paid at 3s an 
acre, and the tithe-owner found the first year that his rates wanted 
£6 of being 10 per cent on his receipts. The next year the rates 
were doubled, and amounted to 15 per cent on his receipts. What 
was the number of acres in the parish ? 

6. An omnibus starts with a certain n° of passengers, and takes 
up four more on the road, whose fare is the same as that paid by 
the others. On deducting », of the whole fare for expences, there 
remains a profit of 4s 7d. But if those who were last taken in had 
paid half as many pence as there were passengers altogether, the 
money received would have exceeded by 2s 8d double the differ- 
ence of the sums actually paid by the two sets of passengers. 
With how many did the omnibus start P 

7. A and B, having a single horse, travel between two mile- 
stones distant an even n° of miles in 28% hrs, riding alternately 
mile and mile, and each leaving the horse tied to a milestone until 
the other comes up. The horse’s rate is twice that of B: B rides 
first, and they come together to the 7th milestone. Finding it 
necessary to increase their speed, each man after this walks half-a- 
mile an hour faster than before, and the horse’s rate is now twice 
that of 4, B again riding first. Find the distance they travelled. 
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5. A merchant, travelling from St. Petersburg to Moscow, had 
provided himself with notes of the Bank of Russia, amounting in 
all to 540 roubles. The paper at first bore the value marked on 
it; but south of Torjok, a town on the road, and in Moscow itself, 
a premium of 20 per cent was allowed on each note. On reaching 
Moscow, he received 432 roubles for the notes that remained: he 
spent there 237 roubles, and had just enough left to pay his 
expences back, supposing them the same as before. How many 
roubles did he spend between St. Petersburg and Moscow? 
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6. From a quantity of gold, silver, and copper, weighing in all 
20300 oz., two alloys were formed. In the one gold and copper 
were mixed in the proportion of 11:1, in the other silver and 
copper, in the proportion of 37:3; and there.were 288 oz. of 
copper over. The alloy of gold and copper was coined at the rate 
of £3 17s 103d per oz., and that of silver and copper at the rate of 
5s 6d per oz. The whole sum thus produced was £5546 14s 6d. 
How many ounces were there of each metal P 

7. A body of 6048 soldiers was divided into a number of equal 
detachments, and sent to occupy as many fortresses. In the course 
of the campaign as many as two whole garrisons and half of another 
died of an epidemic, and all the rest except 84 invalids, who 
returned to head-quarters, were equally divided among the for- 
tresses as before. But, the reduced garrisons proving too weak for 
their defence, all the fortresses fell into the hands of the enemy, 
and the men, with the exception of four whole garrisons and 210 
fugitives, were killed or made prisoners. The loss thus sustained, 
together with that caused by the epidemic, amounted to 4186 
men. Required the number of fortresses. 
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5. A person leaves London for Derby by the Birmingham Rail- 
way at 10 a.M., intending to get upon the Midland Counties line 
at Rugby, and allowing for a delay of 30’ in changing trains, but 
expecting to travel the 48 miles from thence to Derby at the same 
rate at which he had come down, he calculated to reach Derby at 
4P.M. On reaching Rugby, however, he finds that there will be 
no train for Derby till too late for his purpose; but that by going 
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on upon the first line to Hampton (3 as far again as he had come 
already) he might start immediately by the Derby Junction line, 
and though the whole distance by this route would be 13 milés 
longer than by the other, yet the speed on the second line being 
one mile an hour quicker, he would reach Derby just 12’ before 4. 
What is the distance from London to Rugby? 

6. Two cubical boxes A, B, of which A is larger by 1216 cubic 
inches, are filled with balls, there being 12 more along an edge of 
B than in an edge of A, and the number of balls in the faces of .4 
being to the number in the edges of Bas 7:22. Also the 
difference between the areas enclosed by the balls of B, (defined 
by a thread passing round them,) when they are spread out first 
into a hollow and then into a solid square, is to the same dif- 
ference with respect to the balls of 4 as 129184:1, Find the 
radii of the balls. 

7. The income of a schoolmaster arises partly from ten pupils 
residing in his house; and partly from an endowment, which 
produces a certain number of quarters of wheat each year. When 
wheat sells for 60s the expenditure of his family (£249) is less 
than his savings by a number, which when divided by twice the 
number of his pupils expresses the proportion which the clear 
gain bears to the whole charge for each pupil. In the following 
year wheat falls to 55s, and a tax of 8d in the pound is laid 
upon income, payable upon the net income of the preceding year; 
but the cost of living for his pupils being. diminished, (so that, 
in fact, the amount of income-tax he has to pay, with 10s added, 
would just support one pupil,) he finds that his savings are greater 
than in the year previous by a sum equal to the difference of his 
net income in the two years, which is ,,th of the expenditure of 
his family in the second year, besides allowing for an outlay of 
£15 in repairs. The net income from pupils in the first year 
being £330, find that from the endowment in the same year and 
the ratio of the costs of living in the two years. 





24. 
1. J{(z - 1) (x - 2)} + V{(z - 3) (2 - 4)} = ¥2 
2. (V2 +1) = 102 (x + /z) - 2576 
3. ay ee 4a*+9 
22-8 2r+3/ 13° 42*-9 
4. at- a= 82y, (Jy - V2) (a@-2)=3 Jr(r+y). 
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5. and B embark in trade for 5 years; B is to have ,4, of the 
net annual profits for the first half of the time, and half of them 
for the remainder. After 33 years the annual profits, by a lowering 
of the tariff, were increased in the proportion of 6 to 5, and at the 
same time became liable to a reduction of 7 pence in the pound by 
the laying on of the Income-tax. At the termination of the part- 
nership, B’s share of the total net profits amounted to £987. 
Required the annual profits of the business before the duties were 
reduced. 


6. A cubical vessel is filled with water and has its surface 
exposed to the sky. The temperature of the atmosphere is 30° on 
the first day, and every successive day it is increased by 1°. 
Suppose that a temperature of 15° would evaporate 1 inch in 
one day, and other temperatures in the same proportion. Every 
evening there are showers; on the first evening 3 inches of rain 
fall, and the depth of rain falling each successive evening decreases 
in an A.P. whose common difference is jth of what fell on the 
first day. At the end of 41 days the vessel is found to be empty; 
required its content. 


7. A and B set out together, and walk from Keswick over 
Helvellyn to Ambleside. ZB arrives at the foot of Helvellyn, 
which is 5 miles from Keswick, in an hour, and then slackens 
his pace so that he just reaches the top at the end of the second 
hour. Here he sits down to rest, until 4 passes him and gets 
as much before him (2) as he was behind when B first sat down. 
B then starts at an increased pace, and passes 4 at the end of the 
third hour from the time of starting. 3B walks on at the same 
pace for another hour, and then waits for 4 to come up, whose 
distance behind him was 2 of what it was at the end of the first 
hour. When 4 overtakes him, he starts again and walks at the 
same pace until he reaches Ambleside; the time of this last stage 
being to that of his first rest in the ratio of 20:7. On his 
arrival, he fires a pistol for the information of 4 who, having 
hitherto kept up a uniform pace without stopping, now diminishes 
it in the ratio of 5: 7, and reaches Ambleside 10 minutes after B. 
What is the distance from Keswick to Ambleside by this route P 
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3 2 9 
a - 4-9 ae 
2 Marsyeye-eay(He2) 9, Smear 


4 (ety) + (@-yiaal, (try) + (@t-y)i= al 

5. A railway train travels from 4 to C passing through B 
where it stops 7 minutes. Two minutes after leaving B, it meets 
an express train which started from C when the former was 
28 miles on the other side of B. The express travels at double 
the rate of the other, and performs the journey from C to B 
in 12 hours; and, if on reaching 4 it returned at once to C, it 
would arrive 3 minutes after the first train. Find the distances 
between .4, B, and C, and the speed of each train. 

6. To meet a deficiency of (m) millions in the revenue, an ad- 
ditional tax of a per cent. was laid on exports, and the tax on 
imports was diminished (c) per cent.: the value of the imports was 
in consequence increased so as to be m times as great as the 
exports, and the deficiency was made up. Now, if the additional 
tax on exports had been a’ per cent, and the tax on imports di- 
minished c’ per cent, the values of the articles being altered as 
before, the deficiency would not have been made up by » m’ millions. 
Find the exports and imports after the alteration. 

7. Fifty thousand voters, who have to return a member to an 
assembly, are divided into sections of equal size, and each section 
chooses an elector, the member being returned by the majority of 
such electors. There are two candidates, 4 and B. In those 
sections which return electors favourable to 4, the majority is 
double the minority, while, in those favourable to B, the minority 
forms only a tenth of the whole. After the primary elections 
C comes forward, and is returned by a majority of 3 over 4, and 
14 over B. If C had not come forward, 4 would have been re- 
turned by a majority 19 less than the whole number of C’s votes, 
and if the 50,000 had voted directly between A and B, B would 
have had a majority of 6000. Find the number of sections. 


Ane am eben oe gees ei wee eee 


ANSWERS TO THE EXAMPLES. 


i. 1. - 27, 1, -27y?- 27y* - 9y - 1. 








2 
4, a+ ate +a°%* + aa? + ant + a + , b2+14+——, 
a-2Z bz - 1 
8 ‘’ 2n!4 
22 —- S+ 543? 4m +7 + Umit nt" 
5. Smn-24 <>, 14 2a44aty DOr, Qa" 8¢414 
(8mnt+2 32 -_ 
4 
6. L422 44a 824 OF, pareeinrrre 
5 
~ 2a°b + 4a" — Bab? + 165'- 24° 
| 8c" +2e 223 
- ae eee 2 PF een nee 
7. at+6 re ee a ale yaar 3 
3 _ ee 
8. (rx+y)*-2(ety)z+ 42 reer 
22 
3 ee ee 
4(x+yP-2(exty)sisz IGiyyee” 


2.1. 1+4xr-327+ dae-&e, 1+ie- aa ae &c. 
16 186 1 b° 
2. a-5-- 55-5 heal -ia- 3p 4a7 sot Aa” Se*-&e, 
3. atia-tat+j,a-&c=a(14+4-14 1,-&c), ai(142 -3+4-&c} 
4, 1-2z+2-25 + &e, 1-3e-42*- Az’- &e. 





2.°1. z->p. 2. +4. 8 2-24, “eis: 
5. az — 6. 6. az* + bx +e. 7% @-p. 8. 2-4. 

3. 1. 4, 2, 1, 2. 2. -3, -6, 4, -4. 8. 21, 4, 23, -14. 
4. bi; —4, -13. 5. 1§, - 5, $i, 4%.. 6. 3, — 32, —1, -3, 

5. 1. 2. 2. 3. 3. 14. 4. 12. 5. 4. 6. 3. 
~ & 10 25 1 a 

_ ~ we 'e — 22, > swe .——e eo =e , _ 

f 5 8 4 9 Ta 10 31 11 3 12, < 
6.1 44+3/2-2,/3-/6 9 2/3+3./2 - 4/30 
2+ 4/6 : ) . 


8. at ath} + ates - ab + atti at, at _B. 
(1) (4] 


ANSWERS TO THE EXAMPLES. 


7. 3849°.53439. 5543.54 38.584 5% 

= 9/3 +9 725 + 15 675+ 75 +25 / 16875 + 125 75; - 598, 
S. a’ — ax! + ata — x; a-x2, 9 xt + ays + y3; a - y*. 
10, at — zyt + xtyt — y3, z*-y. 


1, + /(a*- 2’). 2. {2 (1 +m)} + yf (1 -m)}. 
3. /(4 + 6) + /(a- 4). 4. m—4/(mn - m’). 
5. (a+b) +e. 6. 1-2+ (1 + 22 - 2*). 


1. V8 - 7/2. 2, 4/24 + V6. 8. V75 - V27. 

4, 2+ 4/2. 5. 12+ 43. 6. 4/362 — 1/8. 

7. 20 +5. 8, 18 - V8. 9. 24/24/38, 

10, V64+V3-1. IL. f2+y34/5. 12. 1-25/24+2 3, 


9.1. 1+ 4/7. 2. 1+ 75. 3. 1— /2. 4, 1— 4/3. 
5. 1— 2. 6. 1— fd as wvi— vt. 8. VW4+ 87/54. 


1+AW/7 
yo" 1h, 2+ /2. 12. 1+ V3. 





9 14+2,/2. 10. 


8-1, -As-R 2. 44/- 1-10. 
fol; <Bi-h #1. 4, -84/-2. 
z+a’ 6. —12, -11, 27+ 2/(2* + y*). 
. (at ~ BY) 4 2ab f-1, (a? — Bad") + (30% - 6°) 1-1, 

(a‘ — 6a*d* + b*) + 405 (a* — b*) ¥-1. 
8. 64./-5, 3-4-1, 2(14+ 4-1). 


w.61,4+2,¢1. 2 23,-2 842,42 44,3 
5. 1, 4 6.+5,+2 741,43 8 +8, +3 
9. —8, -3. 10. +1, +2. 11, 3, V-2. 
12. +1, +2. 13. 9, 11682. 14. 0, 3, £, ~ 23. 
15. 2, 34, (11 + /- 663). 16. 2, 142 (7 + 33). 
17. 4(8 tV5) 3 (9+ ./- 83). 18 0, a, 4 {a+./(5a* - 8ab)}. 
19. 3, -2, 2 (5 + 4/1829). 20. 2, 2, 2(9+ /-31). 
21. +5, +4,/2. 22. ~ Fen, — 1923, 


23. 2,—5,2(38+V7—7). 24. 7, $(—7+ 61), 4(—74+ 37). 
(2) 


12. 


oe 


11, +1, 


14. 
17. 1 


20. 


@ 
ae 


22. 


23 
25. 


27. 
28. 
31. 


33. 
34. 


30. 


36. 2 


39. 


41. 


42. 


ANSWERS TO THE EXAMPLES. 


- I, 1,4(-3+,/d). 2. 1, 4, lj, 3. 3. 41,3 (-1£ /5), 


1, ${-1Lty5iV(F2y5-10)}. 5. -1, £{1+/(4p-8)}. 
1,3(-1+4£,/-7). 7. tay{1- ee : 
-1, 2{1-pt V(p* - 2p - 3)}. 

241) -1)'a 
notre (13 10. 14,3 ACT+y-95). 
2 (3 +,/5). 12. -1, -1, 2. 13. 1,1, 4. 
1(-144/5). 13, na ee 16. b, (o/a+ Vb)*. 


3 {2p - 1+ (4p* - 4p -— 3)}. 


. 1(1 + 4/10), 4(7 ance 1, 1; de a4, 


£1, £V-1, £4(y34y-1), £4(1 4-3). 

2-4, 3(-14 4). 

(Yb— Ya)’, y{(a—b)-+(a + B)v —3}*. 

438441), 4/3 (14/37). 24. 8-3, 2(9+ 97). 


a(l+n)*? a(i-n) 
7+4,/3. 26. “14+2n”’ 1 — 2n e 


2a + V{2(a+1)} 

a-l ? 
16c* 2 
(eri 30- + Gab)" 
2=3, 2, 3(5+/-151) 32. 2=4,-2, 14.4/-15 
y=2, 3, #(5F/-1651) y=2, -4, -1+/-15 
w= [bt v{-U423-V5 (40+), y=4 [bF &]. 
z=1, y=+1; or e=-1 or 3, y= Fs 


b 
2=0,y=0; = {-biy/(2a-B}, y= 





2{p + V(p*-4)}, where p = 
0, tV(2ac-c*). 29. afi- 


ab _ 
aoe {-b = &c}. 





37. 2=0, 4 38 z=+8 

y= =19, a y=0, 3 Y= +27 
x=8, —4, 8(19+8 /6) 40. z=0, ae 
y=4, 1, 8( 54276)f 9-0 } 


1 
z= a [a*+ 8+ /{10a*b* - 3 (at +b}, y=7 [a*+B°F &ol 
1 
: ery 
1 
y= lids ‘sail Kaa Se ‘aaa 


(3) a2 
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43. 2=(/2+1)%, (/2—1)* } 45. r=+2a or a (14+ /—3) 

y= 1, (<#2—1) y=+2b or b (1+ /—3) 
44, z=a—b=y ; or r=a—bz, y=22, where z=m+ o/(m*—1), and 
__a—b+ /(a®+2ab+55*) 


m= 








4b . 
46. 2=8, 2 47, 2= (ae) 48. #=§, 
y= 4 \ y= V(a%b'ct) yu 3 
z= 2, 8 2=V(a’ 7¢) Z= 4, 2 
49. r= 30, -35% 50. 2=9, 4 
y =+ 29, 4 yss2e} y= 3 \ 
g= 386, — 292 z2=4, 9 
13. 1. 41, 24, 2. 2. 1, 6, 23, or 3, 3, 24. = 3 18. 
4. 100, 100, 700. 5. 9. 6. 6, 1, 10. 
“4. 1. 2=1,8) 2.2= 1,34) 32=11, 2) 42=4 
y=9, 2 y=20, 3, 2 y= 2, 11 y=5 
5. z= 2, 4,10 6. r=4 7, 2=3,2) 8 x=3 
y=16, 12, 16 y=3 y=1,4 y=4 
16. 1. min. 7, min. 12, mar. 4, maz. 3 (a ~ 6)*. ae 
2. maz. 3, min. 2./(ab), min. 1, maz. 13,, maz. a ; 
3. maz. ia*, min. 1a*, min. 2,-the N° in each case being halved. 
4. All No# between } and 3; all between + and 7; none 
between 3 and 1; none between (4/a ~ »/d)* and (a+ /b)*. 
1s. 1. 252, 1023. 2. 4, 56. 3. 12. 4. 3, 20. 
5. 10, 92378. 6. 1728. 
19. 1. a tt aq2x 4 8a fat + Sa fo? 4 Aha Bat 4 &. 
2, a 3407324 a7 S28 + 14g” 32 + ang Tz + &e. 
3. at+atz- ta7t 23 + lata -iza” a8 + &e. 
4, at 4 iat — ta-be + 3,072? - chza7 ta" + &e. 
5. 142422*4 3254524 &e. 6. 14+ 27+52*+102*4 2024+ &e. 
7 l+da-Sat+ Sa%- Ah ati&e. 8. 1-x-22*-2°-1Szt-&e. 
9, a9 $4 2aFe4 tga” Pots goa Po 4 gota” Pat 2 &e. 
10. 


a* - Gaz + 27a *z* — 104a%2* + 3060-2 — &o. 
(4) 





LEE Ce r) 9. , 12@11.. os r) 
20. 1. + 1. 2. 2". ale + 1. 2Q.. ® 
" 08... (10-r) 7.6... (8 - . ead 
3. (-1) — st «  " 2. 4. + 1.2...7 (32) Ys 
5. (-1) 2%. 6. (1). (rt:1) 32". 7. eer) 2a. 
3.5.7..(27r+1) + 1.4.7... (87 -2) + 
8. + 93 r: a . +—T23..n0 7 
r 1.3 .(2r - 1) aot r+] xv 
17 ee : 
10. (-1Y. oa 5 ll. +t 
| | a 
12, (- y= i. 13, (-1" CAD OH) grips, 
1.1.3.. Ae 3) 2.1.4...(8r-5) + 
. (1. wo Ver) A sag RO 
14. (-1)". —T53-. 12.3..7 7 
g 4.1.2.5 .. ‘Ge~ 1) a” 
16. +6. “954.098 =" 
17, 27h, BEML r= 1) 
1.2. - 7.4" a” 
-} 1.4.7... (8r — 2) a” 
18. +(azx)"3. seal Sala ae 
au. 1. Sd=38 89-2, Sth= Gta 72, =, Ist = nd 2 J, 

4, 1st]. 6. 5th= 487 | 6, 4th = 5th 12988. 
a2,1.i2 22/6 3.2 43 5&1 6h 
a3. 1. a> + 5a‘bx + (10a + 5a‘c) z* + (10a°d* + 20a%be) 2* 

+ (5ad* + 30a*b%e + 10a°%c*) ax. 
2. a’ - La°be + (220°R! + La‘e) 2* - (38a'b* + Ta%be) 2° 
+ (BSG + Battie + Zaret) a 

3. 14824122" — 402°- 702‘, 4. 1-474 62° -—42°+2'. 

6. 1-42-42*- da - 5852. 6. 2° + 8274441 + shoz, 

7. 14 382+ 92* + 272° + Biz. 

8. a3 + 2a” 3bx + ($a 28" + 2a7 %c) x + (490° 38° + 12a" 5be) z 

+(239a7 954442907 Sbt%e+ sa Seta, 9. 1432430%42%. 
10. (30a‘be - 20a°R*) a + (15a'c* — 60a°be + 15a*b') 2, 
11, (da~4e + ga £08) at + (ga 8a - 20 tbe - fa 8B) 2’, 
12. A4, - ceive 
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a4. 1. .9030900, .9542426, 1 .0791813, 1.3010300, 1. 3979406, 


25. 














1.7781513. 
2. 1.5228787, 1.3979400, 1.6020600, 2.4771213, 2.5228787, 
3.5185140. 
3. .2552726, 2.1461280, .1583626, 2,7958800, 4.9172146, 
4, .0211893, 1.0253059, .6232493, .6434527, 2.0453230. 
5. .0880456, .0416462, 1.5000000, 1.4336766. .0527675. 
6. 1.8465449. 7. .8923879. 
8. 3.4647060, 1.8957576, 1.5355396, 1.8316167. 
9. 1.8035760. 10. 1.8149140. 
1, 1.5527807, 15530013, 3,5528198, .3| D | Pro. | 
.5530092. Silos |. a 
Seo J 1 32 
2. 3571.693, 3573465, .00035709, «| 2 if 
.3572892. 3. 1.810502, .0200087. “> = |} 4S: 
4. 6.4913649, 4.4919652, 1.491372, 3 | 7 | ine | 
5. 4.498527. 6. .5738614. aoe 
log c - log a log (log c) — log (log a) a) 
1, 2, 2. 
log b logo 
ma log b 
3, 4.153. 4, ial Gale elope 
- m lege n loge 6. -1 
° “‘mloga+n logs’ 4 ~ mi log a +n log b" ines 
7. 2 or -1. 8. 13. % ae (aby, y= (aby, 
lug (1 + 5) — log 2 log {6 + o/(8* - 4)}— log 2 
ij. 2 i, Se ee 
2 log a log a 
12. w=(-$43 57)"; y=(-F43 57) 
. 1, .213 x 2.03 x 3.1 = 44043 x 32 = 2.3. 2, 2, 0... 
8. 113.1101322320, 27.243656&c, 1¢.3t0e62 &c. 
4. 0000001010001 &c, .0000210212&c, .0123456789¢. 
5. .832 x 2.81043 x .41 = 1.8 x .41 = 1.013 sen. =1.06 duod.; 
714 x 2.646 x 84 = 1.6 x .84 = 1.06 duod. =1.013 sen. 
6. Att, Ath, Ath fA. 
7. 2775 sq. ft., 162 ft, 23.57 ft. nearly. 8. 524. 
9. 13,4, ft 10. 41. 11. 4022 cub. ft. 12. 28. 





(6) 
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43. 1. 48 yrsnearly. 2. £81 18s 7d. 3. 25 yrs; 18 yrs nearly 








4. £119. 16s 6d nearly. 5. £3121 12s. 
6. £2775 1s 10d nearly. 7. 25 yrs. 
8. £20,000; £17,276 15s nearly. . 9 £1,600. 
P(R™ -1) 
10. £27,657 nearly. 11, R"(R"-1) 
12. £1,440, £921 12s. 
1141 111 11 #%i14i21 
ee gaa ee ae as a eee" 
114141 11 i1#%4i1 
+ S457 55 32 8° le as re 
111 #%1#d1421 11141 
Be a ee Soa 
Shee a a de 1a fae | FoF 
1141 111141 
a lS ——2 eee eee 
8 +a463.8 OG Sl a ae 0° 
11141 1134 %i1 4i1éi41 
10. 1 ee ee ee eg —— ew ee eee oe 
+24 54745 U1. 35 aa 84 83 0 
11 #1##i1#é#41 
2s 2 —— —-"———  — . 
: AS ee ee 
1] 1 11 i1 1 
OOM Na area Ota aT aE ewe 
1 1 1 1 
1 1 ; 11 #1 #471 ] 

. s+— ——. 6. ee ed, eee ge 
 S4+o7 67 &e. OTS te da 14 Oo En 
e 111411 4 
Ga Ae ee ys, a 


2+14+3+14 2+ 8 + &c.” 
8 ct 2S ee i 
: 1+4+1+24+14+ 14 8+ &.° 


1 i2ditditdaiéeéi i 





O. 4475 94 9494 Te Be ke’ 
111 4 111 1 
| Mr de nae aie : eh 
TTS 34 14 84 & ite G 14+24+1+10+ &. 
111 1 





12. 7+ 





Pr > 


cr 


_ e 
roto wept 
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1 
1d fit. 2% 22989 38 BH A a 
2 
1, rT as a * +t, #5, oT ree atte 5 2; oe ar PERL rke 
a1 3 26. 163 10986 | 4112 8 333 
83 259 2089 12789 9119° * "37 89 
Ah, 0. 288, _ 12 24% 12. 3,82, 


. Two; four; four. 5. 1.3130. 6. .000085; .00012. 
. 23, 9. +1.52; 1.43, .23. 
1 
= a Hye). tree 
a ar + (7? + 4g r); Pt opas+h et rs) 
. 2.303 ; -4; +2, 12. z-axr-b=0. 


. 2=2, 7, 26, &e 2. x=3, 17, 99, 577, &c 
y=1, 4, 15, ar y=1, 6, 35, 204, et 
. 2=5, 235, &e 4. x=4, 19, 211, &c 
y=1, 49, ae y=1, 4, 44, at 
x=18, &c) 6 x=6, 126, &e 7. 2=20, 398, &c 
y= 5, | y=1, 19, ae y= 3, 60, ket 
. 2£= 453, &C) x= 164, &e 
y= 58, Py y= 21, eet 





2+ 824 Ba + 22a% + Slot + &e. 
2-474 8a" - 22° + ate - &e. 

1-a*-2°+ 2° + a2*- &e. 4. 14427 + 22*- 825- 222'- &c. 
y-yty-yity-&ce. 6. + Qy* + Sy* + 14y' + 424° + &e. 
ythyrs+tyt dyt+&e. = 8. yt dy®t+ y+ ty &c. 
. y-dyitiy?—sy'4 &e. 10. y+dy*t+ Ay’ t+ risy’ + &e. 
+ YB t ey —soroy"t Ke. 12. yt sy't dy? t soroy’ + Ke. 
a a i Be ah ee 
+3 2+2° “" Q2(x-2) Qe ~~ QW(ex-1)  2(x+1)° 
3, 4,8 , 4 oa 1 

z (+1 #+1° * (@-1)8° 2(@-1)  2(2+1) 
Stel ee 

a og 2+1° “8 gt eg 2+] 
De g Sete I 

2 2 xt+1 (#+1)" et 2 @-1Ty" 


i eee ae 1 
4\(¢+1)) (2+1)’ 16 le#-1 241 8 (z-1)** 


(8) 


37. 


ANSWERS TO THE EXAMPLES. 





1 Sr+2 3 9 3. i _.__#-2 
‘24+l 2° ‘ &(e@41) 4(@-1) 241)’ 
3. 2 ‘ x-1 4 1 a 52 - 4 
3 (2-1) + 3(2*4+241)° * 8(@4+1) 3(¢*-2+1)° 
5 1 ws _2e+1 
“38(@-1) 2 38(2%+2+4+1)° 
6. oe 3a-2 32-2 
zoe (@*+]1)* 2t+1° 
, 3 x _ 82-6 
“2 (#-a241P 2&-24+1° 
8 BAG eer sap sabtifeup -sa} 
"16 U(e-1)® 2-1 (+1) tlt © 4 (e241) *41 
2 te og 1A og, _ at 2n? 
l—z—2 1—22 +52 1—2244?— 225" 
1+ 22—z2? l1—z 3 
4 ae 5. Ta (—1)". (2n+1)2". 
6. ee (3n* + + 1) 2. 
7, 8{1-(32)"} _ 3 {1 - (- 22) 
* “5(1 - 8z) 5(1+2zr) ° 
7{1-(-2z2)} 1-2" 
8. ““B(1 +22) ~ 8(1—2)° 9. 2! 9 - 2, 
10. 4(3"-1)+4n. 11. 3{2%-94(-1)"}. 12. 8n-2(1-3") 
1 1-2* na" 1 
’ @-ay I-2’ (-z)" | 
. i) ae | 
2. es ») =. 4 a ae 3. (Qn - 3)2"43. 
4, £{24(6n+1)(-2)"}, % 5. (2"-1) at {(n-2) 2°42}. 
6 a{l-(-2z)"}_ zi{n+(m-1)z}(-2)"” @ ik 
: liz (1 + 2)* * 1+2 (142) 
7. 3n(n+1) (n+ 2). 8. 4n(n +1) (2n + 7). 
9 —*_ 4 1 n(n +3) 1 
“m+1’ ~ * 4(n +1) (n +2)’ 4 
1 n (3n + 5) 3 _ n(5n+7) 2 
° 4(n4+1) (n+2)’ 4° * &(n+1) (ne2)’ * 
13. 4n(4n*- 1), 14. Jn(n+1) (2041) (8n? + 3n - 1). 
15. n? (2n® - 1). 16. An(n+1) (nt 2) (8n+1). 


(9) as 


42, 


ANSWERS TO THE EXAMPLES. 























" n 1 18. 3 2n+9 3 
" 4(n4+1)’ 4° 80 12(n+4) (m+5)’ 80° 
5 3n + 5 5 at 
19. me. Se ———y yY;,.. or. 7. or 9 ~~ @ 20. See 
36 6(n+1) (n+ 2) (n4+3)" 36 n+2 
21. 2925, 5525. 22. 2705, 5140. 23. 12700. 24, 10022. 
1. 12, 12, 15, 20, 18,16. 2. 8, 6,12, 16,12, 12; 4, 0,9, 12, 6,8. 
3. 6,6,8; 4,4,2. 4. 168,234, 403, 144, 156, 390, 96, 0, 364. 
5. 16, 24, 48, 64, 80, 400. 
6. 8, 24, 24, 32, 40, 200; 60p+1, 60p+7, 60p+11, 60p+13, 
60p +17, 609 +19, 60p + 23, 60p + 29. 
2 3 
1. Plas = 7, if m=29 or—1, n=). 
4mn 
2nun — 5n? | 
2. z= TS = 3, if m= 8, n=3. 
m® + n* ‘ 
3. = 2 ao = if m= 1, n=1, 
Ld 
4, t= _Omn a a = 5s if m=3, n=1. 
3 
5. ore if m=2, n=1. 
— 2n* 
m* + 4mn + 2n' ‘ 
6. aa a oe = 41, if m = 3, nm = 2. 
7Tn* — 2mn . 
_ 7. nt a ont = 2% if m= 19, n= 6. 
m® — 8mn + 5n* , 
8. 2= min bar em =2, n=]. 
9. = many = 25, if m=3, n=2. 
— 2n* 
3 
10. _m- Mmin = 188 9. if ety ee 
m* — 6n? 
a 3 
11. z= me = 5, if m=3, n= 2. 
- 2n? 
a oe” £ 8mm + TA ony if m8, nx, 
m* — ‘In* 
13. a an 36, if m=5, n= 
67 
14. 2=—" += Gn ot ifm=2, n=1, 
— 52° 


(10) 


43. 


44, 


ANSWERS TO THE EXAMPLES. 


3 
18, en ON). can: Ge mab nee, 
m* — 6n 
ee -gas — 4mn + Tn'* 2m* — 10mn + 14n* 
m= Tn? m* — Tn? 
= 31 or 14, if m=8, n=3. 
17. 2=2mn+7n*, y=m*-11n'; if m=4, i, then 2=15, y=5. 
18. c=m?-6n*, y=4mn+5n'; if m=3, n=1, then 2=3, y=17. 
miei sad dam = 3m* - 2 mal, no , then =4, y=1 
20. 2=m*+4mn +2n*, y=m'- bn’; if m=3, n=1, then * 
c= 23, y=4. 
1. a Z- li; if m=4, n=1, thenz= 14 





2mn 


_ _(m* + n'y 25 
4mn (m?* — 2) ~ 24’ 


if m=2, n=1, then 2 = 88, 
if m=2, n=1. 


3. z=} (2p*+9*), y=4 (p*-2q"); or, (putting p=5m, g=65n,) 


pa Rang y = 5 (2m* - n*); if m=2, n=1, then 
z=45, y=10. 4.7=2. 5. x= 2, (m'- =#)= =2, if m=5. 





2=3, 7. 2 = 3h, 8. 2=2, of - Sey Gb ae See ee 
x= 217, 10. z=-3. 11. z= 4, 12. z=14, 
m+4n* 6 
z= 4min? ~ 4? if m=n=1, 
n? 
oS 7) 





m+ n'a m — ria 
oan a when a=15, put m=5, n=1 
then z=4, y=1: when a=16, put m=8, n=1; then 
z=6, y=3. 


2=i(m'*+n°), y=4(m*—n'), where m and n must be 
taken both even or both odd: if m=3, n=1, then 
z=5, y=4. 
2=(m'-n*)', y=4m'n'; if m=2, n=1, then 2=9, y=16. 
ee ge ae aul =3, n=1 

a Ie aaa ; =<4il, M=9, R=1, 
then z= 35, y = 28, 


_c=min, y= aenthy aes 2,n=1, then z=5, y= 4. 
- =m —n, y= IWmntin’; if m=2, n=1, then =3, y=5., 


m* — n* omn ; 
B= YR if a=15, m=2, n=1, then 


2=9,y=12. 10. = m'+n*a, y = 2mn, z= m - nia. 


(11) 


ANSWERS TO THE EXAMPLES. 





3 3 
11. rom, y= tes if m=2, n=1, then z=§, y=4, 
(m* — n*) a + 2mnb (m? — n*)b — 2mna 
12. z= ey a er eo 
m+n min 
45. 1. 2, 4, 3, or 2%, 24, 24. 2. 2:3. 3. A, %. 
4. 34: 43. 5. 3, o> der wh, $8. 
6. 4, 3, aos fis sho, S35 sfis aay 34. 
7. ss for Sis 8. A; ats 
aG. 1. 3:5, 1:7. 2. 6:1. 3. 3:29, 15: 49. 
4, 2 or 3 times, chance for each ,4,. 
5. 73a» os, Biss stor for aoe 6. Shs, 323, S23, 348 
7. 3 or 4 black, chance for each 228; 
2 or 3 black, chance for each 248. 
8, 4, 38. 9. 3 red, 2 white. 10. J2%, A&s&, S824. 
11. 73 iss dys és: 12. Ti ’ THis, ey Tis: 
47. 1. 31d, 7d. 2. 15!id, 4,54. 3. 12d, 7d. 
4, 24d, 152d, in either case. 5. 63d, 54d. 
6. 48 2d, 8s 4d, 128 6d. 7. 3086, 562s, 1748. 
8. 5248 each; 4 and B, 398s each, C, 2638; ‘2648 each. 
9. 6s 8d, 38 4d; 68 6d, 3s 6d. 
10. + 2328, — 28s, — 2128; + 28 6d, — 28, ~ 2,48. 
11, 13d in either case. 12. A, +28, B, — 38, C, - 142s. 
a8. 1. 4, 36: 2. doy tos soe 3. 6. 4. 2, H. 
~ cos 353 das $3 hay F6- 6. 4, 34. 
4, 2, 14, 8. ane = can 9. 8, £1 10s 6d. 
10. £1 14s 8d, £1 884d; £1 193 84d, £1 3s 3hd; 
£1 88 4d, £1 14s 8d. 
49. 1. 3, 3) 3) es shes Aa» Aves 3 
2. rhe, Far dy des THe reba, AOS, AS. 5. 2 in each case. 
4. 7: 65. 5. $, 3, she 6. 33, #- 7. 885) 10s 
8. is 9 £73, £55, £5}. 10. 33, $4, i’ i's 
M1. 4, yo- 12. 33) # 13. §, 3, &- 
14. 14, 3h, 38 + 15. if, 34 16. 3, wy» 33, ss. 


MISCELLANEOUS EXAMPLES: Parr II. 


1. 2x‘ + (2a — 3b + 2c) x® - (3ab — 2ac + 3be + 2b) x* 
— (Sabe - 3b* + 2bc) x + 3d*e. 
2, ax 3 ta sei + ata73 + a7 tz, 4, 4. 
6 2=5, y=3, g=1; or z=4, y=1, s=2., 
6. p*- 9, p(3q-p*), (p* - 9) (2* - 39). 
| 2a 4a 6a 
1s n(n +1)’ n(n+1)’ n(n+1)’ &e. 8 15. 
2a° : : PR* 
9. 0 or (at 1)e" 10. A 8 share 18 Rs, 4 Re 
y°-(a+b)y+ab : 1 _2 
11. "pies oy 12, 4 (ay ta 13. 2(n—4). 
14. 5s and 4d per lb. 16. 180. 17. 2 gals, 12 gals. 
lie 4, l-e . 
a ery (1 -c) Va (l+e)° 
19. +{p*tp/(p*+4a)}, where p=3{-a+,/(a*+4d)}. 20. «/{a(ate)}. 
21 (a+bic-d) (b+e+d-a) (c+dt+a-b) d+at+b- ¢) 
; 4(ab + cd) 
22. nz*-—2mzr+m=0. 24. 1:3. 25. 15. 26. 22. 
27. 4, 59, 55. 28. 7 years. 29. 2=+23, y=+ 11. 
30 _ dog 2 
" log (mn - m+n) - log mn’ 
31. (i) + V(b (a+b)}+ VE(a-2)}; (Hi) $40 {/(14mind} + V(L-nind}. 
82. (i) pr’= g's, g'= Spr; (ii) ps =1', pg = hp + Or. 
33. 100 miles. 35. 1506. ~ 
Ven ght MH 3) ane _ (0 - 4) (0-5) ne 
36. {a RO ee + &c.}. 
37. 4. 38. .3979400, .3521825, 1 3467875, 1.8494850, 
1.8409595, .8737275. 39. 2=(/ax yb), y=(Va 7 yb) 
40, si, AMS. 42-1. 43. 2(5n-4p), 3(4p—3n). 
1 a | 
44. a-V + a6", 45. 59 and 16, or 29 and 46, 


(13) 


46. 


48. 


60. 
54. 


57. 
59. 


61. 


64. 
66. 


ANSWERS TO THE EXAMPLES. 


_ 2.1.4.7... (8r- 5) ara ,(-1Y. 2.5.8 .. Cre 1). 2 4-20 or 
1.2.3.4... 7.3" 1. . 3... 20" 
11046. 49. (i) 0 or a(1 £ 2/2 ); Gi) z= ye, &a 
324: 105: 38. 53. 3; 1 + 2y7 
2385606, .1003433, .1945378, .0633450, 1.3902320, 


1.6136032. 55. 91,2970. 656. 1+$2+$2*- J. Ot shga! -&c, 


pt+(2m-1)¢. 58. aR?” —-dR?*. 
” n — 
t Vo —> oe Sy 4* 60. sit $25, dies 
4m ‘ 
b(@+y). 62. 2a*, ia*. 63. im® a1 a min. 
2b Ja 2a./b 
12, 84, 4. . >) > 
; : Va +/b’ Jat vb 
— 42a%be + 105a‘'ed* — 35a'b* + 210a%b*d* — 105a*bd* + Tad*; 


21a’c* + 105a‘b*c — 420a°bed* + 105a%ced* + 35a°b* ~— 210a°b'd* 
+ 105ab*d‘ - 7Tbd®, ; 








67. ot 1} miles. 68. yo ny Fe + &e. 
69, £2 v(at + 0 70. 4, 2 71. gery. 
, (r+1) (r+ 2) 1.4.7 ...(8r-2) , 

4 (ly. Gag par 
_ 3.1.5.9 ... (4r — 7) at" 2". 
~ 1.2.3.4. 7.4” 
15. z= a gives 3 2, z= 2a gives 3. 77. ee ‘ 
2/73 _ 73 4 ye at’ + at 
0; aD pie t 80. 44s 
at — b¢ » Y a*(a — b)° « 2Gs. 
82. (ab’ - a'b)* = (ac - a’c)* + (be — Bc)’. 83. 3 
84. 3 7 13 1 1 1 a 


86. 


er 


89. 
93. 


97. 


98, 


2(@-1) z-2* 2-3)’ #'2'@-1" z-1° 


46.6 ft, 23.3 sq. ft. nearly, 
y=b + taba date? + stead"! - &e, 88. 28 1d. 
abi ~ (at - Bi). 90. 88s, 528, 34e. 91. 40, 576. 


1+2ax+(a*-2d) 2?4+(50°- a x*+(83,a'-220% + 88*) a:*+ &e. 
|# 1 {p. +7, 4 &e} =, 2 (77-1) Ir. 
a 
1:2; 56:37. 99. 0, 2fa- 1+- si} 
(14) 


100. 


104. 
109. 


111. 


113. 


114. 


115. 
118. 
119. 
120. 
121. 
123. 


125. 


126. 


129. 


130. 
133. 


135. 
138. 
139. 


140. 


143. 


ANSWERS TO THE EXAMPLES. 


—_ A” 
2, 01. 5 = 7 =5. 103. rma 
2, 31,9 do 105. 12. 106. 20n%g : mp. 
(i) 0, t /(2ab - 6); (ii) 2 {ep t V(cp* + 40%}, 
where p=} {6+ ./(0 — 4)}. 110. £228. 


.6989700, 2.2041200, 1.6989700, .7958800, .2041200, 
1.1938200. 

3.8.13...(5r-2) -¢- 5.2.1.4.7 ... (3-8) 
12.3... r  ° 12.34.56... 7 


(r+1) (r+ 2) (r +3) ., 
oa ene: anenee po Malle 





*2", (- 1)’. a’*z’, 


Oo? 2a 1a (24 - a) a* 

a 2 (e¢-a? 2z-a’ 3(2*-ar+a’) 3(2+a)° 

5 (ate+4a Yds 2a8c* + 6a®b*c + ab‘). 117. 5.477225575 
m+normt+n-1; 1 or 0. : 

= h{Bt2y3+V21}; y= 3, {8 F2V3F 2k}. 

A, 48s, B, 38; 2s 74d. . 

12, 48; x = 2450m‘, y= 70m; (2n + 1)%. 

+, 4, 4, As 5, 53, 52, 54, 524. 





Cet ee eee ge A ee Smee, ce 
az a(t-a) (x-a)’ 2(x-af 2a(x-a) 2 (+a) 
ee ee Oe ICES) 
2a(x+a)’ 8a(z-a) ac 3a(2*+axr+a°) 

2 c x\3 
a9 2 a ee 
#2, ~ tee rte m+1°a’ ari’) 


(i) CoAT Os i) tg) tv gt 4 FM 








where p= V2, g= (1+ 2p), r= Vp" 4) 

4d; 2 to 1. 132. n+ /-n. 

0, .30103, .4771213, .60206, .69897, .7781513, .845098, 
90309, .9542425. 134. 2°-3a°z+20°=0; a’-b'=Taz' (a*-z*y. 
2, F.3d) 8853 3s Bsr A's, His; 3, 33, 354, 353. 

Sr {2n — 3r + 1}. 

2=8, -4, 152+16/6; y=4, 1, 40+ 16/6. 


24d, 12to 5; 432d, 11 to6. 142. a 
2b 
3 4,BE HL ay Ay PA 9 144. -2 (+2). 


(15) 


ANSWERS TO THE EXAMPLES. 


a-nbin(n-l)e Aa 
145. vos 4, fos 2, 147. (- 1)". ~ 41.2.3...” e 148. a+r e 
4n (1-n") *) 


(aay 3 (ii) x=0, a+b, 4 [(a-6) + /{(a-d) (a+3d)\}y 


y=0, +6, +{(a - 5) = &e.}. 
150. 238, it > 161. n and » +1, 


152. (- af, oo ” even; 0, » odd. 
3 


153. 19.04872., 155. The 5th in both cases, 

159. (i) e=™*V/(a"b"o"™), y= ™V(a™b"); (ii) (a + d). 

160. 4, 4. 162. — 2. 164. 
1.6.11... (5r - 4), ~2-2r 2 

~1)" 1-2" 29 

165. (-1)' (r+ 1) at” 2, i335 ar 3... Pe Bs, 

3.1.1.3.5...(2r-5) 54 

1.2.3.4.5 ... 9.2" sia 

169. x= 56, 1: y=3, 2 a, 170. 131 to 112. 


171. .60515, .1760913, 1.8239087, 1.1760913, 3.7323939, 
1.1583626, .2552726, .9084852. 174. 1, 82a’. 
al ot ee ee (n + 1) ac 

nie n+1 a ae ma+(n-m+1)e 

116. 1.5.9... ape 3) qt-* ey _ 1.2.5.8 .. ates 4) ai’ r 


ee ee ee eee 





149. (i) 0, 





4, $e 





1.2.3... 97.4 1.2.3.4... 9.37 
1 23.8 . (5r- 1) 3 
~1)", 
1) "1.2.8.4... 
177. 53 sec. nearly in 24 hours. 
178. n-1, £nP. 179. «=3, -2; y=-2, 8. 


180. Chance = £73,>2; log (1 -p) + log (4). 

182, r=A, 22%, 9 08 4 - log (a ~ a) 
a’ 18 (l+r) 

183. 3, 4, 5, 6, 7; or -6, —i, . 10%, 16, 





r+1)(r+2 r+6 Mee 
184, a Le » (-1y. ce 323, 
2 1 5 1 3 
anh z 2(e+1) 4(e+1)° @-1)  4e@- 1)’ 
1 1 2-1 Tz -1 


S(@-1) 2ti 2-241)" 6@* e415 
186. 4(a/2+6)+3(ay24+b3) /-1. 
187. {pa + (p + mq) 5} (a + 5)™, 
(16) 


189. 
195. 


196. 
199. 
202, 


203. 
205. 


214, 
216, 


219. 


220. 
oad, 
226. 


229. 
234. 


23 7° 


243. 
247. 
249. 
253. 
257. 
259. 
262. 
266. 
267. 


ANSWERS TO THE EXAMPLES, 
2. | 
abi = (a+ 3", 190, £23, 193. 73, 194. 1.587. 
2+(a—b) 2+ (a®-ab-c+d)a>4 (a° - a*b — 2ac + ad + be) x" 
+ {at — ab + a? (b- 2¢+d) +a(ce-d)} 2° + &e. 


3 2, Le 7% ad 
eau 198, (49° = Spt) 1 + (op™ ~ ag”) 7” 
n*—1 PY -PQq 


z=3, 2,3(15+./-309); y=&e. 200. 84 


48 27 
1769 1769 boss 175° 





1.3.5...(2r-1) 4 — 7.4.1.2.5... (87 - 10) ary 
1.2.3... 2° ’ "1,9.3.4.5... 7.3" : 
1.4.7...(87-2) t+ P — 
ios... ro " ™* nee 1- Rk” eee 


-3010380, 2.3010458; 2000.043, 2.000058, .02000082. 
33d. = 207. at+yt=zi §=210. 4, 2. = 218. .3053377. 
1 6 brt+a-ate 





aa Be Ta 215, 432 : 625, 
ii 217. log (m + 2) _ 
m log 2 

1 (-1)" oe ogi go n m nm’ 

24 12(m+1)(m+2)’ 3(m+1) 12(m+2) 18(n43)' 

_ nmt+2 oe et ae Se 
2- pr shillings, 221. am + hmm + cmtn = Kmtn, 
50, 50. 223, 143454 &e. 225. .99144. 

m'a* 4m*a?. = 4a* log 2(n+1) 
(mm? 3)? (mis 2y (mt 52) 6441641. 227, Tog?” 
ont 1 
es iin (nm + 1) (n + 2) (8n + 5). 233. 2, 2, 4, 
1 : 4 8-7 1 ‘ 8 8r+1 
2(@+1)P x+1 2(2*4+1)’ (@+1P 241) ears’ 
as % 

sie gallons. 240. 43d, 7s to 1s. 

68, 888, 10456. 244, 1, 3, 5, &e. 245. 6°: 22.5%, 
2, -1, or (6 +4/17). 248, 2-124 51,2°- &e, 
2=3, y=4. 250, 2348 in each case. 


219g %6", 824, 14, - 10830z'. 255. 218 in each case. 
$(m* - 1), 3(m* + 2), Hy (m* - 1) (m* - 25): 80, 41, 320. 
The 20d =~ 44/2, 260. Each 3; 34, 27 261. 1, 


79 $3489 848° 


(2e+y-3) (x-1ly+1). 265. £1 7s 3d, £1 Qs. 
5455, dy {410° - 15 (-1)* +11}, 
360, 519840, 57168810, &c, 268, -4. 


* 703° 


(1%) 


269. 
273. 
278. — 


281. 
282. 


286. 


287. 
288. 
292. 


293. 
298. 


302. 
306. 
813, 
318. 
319. 


324. 
328. 


330. 


337. 
340. 


354. 


ANSWERS TO THE EXAMPLES. 
ne log p 
(n - nP{(* i) +(n- 1)\. 210, a. aTt. Veet 
An (n* +11). 074, 6; 62 +4. O75. 
1 (iI 1 : 
12 F(an+3)> 12° 
1; t=a+2c,.y=6+ Se. 


Qn+3° 
280. £34 14s did. 


J/a™ — 472 (beat); (at + BY) (0 + a"). 284. (= et” “J. 
4, ¢- 
1 (22)'-1_ 2 (2-1 2-1 mia (1 
3° 22-1 3° 241 ° (etl) (2e-])’ 32 (-1)"}. 
From the rth, where r > 2. 290. A. 

a (/8 - /2) + 2b 


t=3=93 907/64 6(y2-y3). 

a’ + 4ac = 6°. 294. z=3, y=4. 

x= m* (m'+1)'-1, y=4m‘ (m*-1); if m=2, =1155, y= = 960. 
14+42+27 

The 17%, 803. Sand 9. 804. -. 805. a78tam 

a St beers ee 

m(m+p)...(m+np)- TS &  4(2n+1)38"" 4 

Tapa’ 814. a@+b+e4abe=0. 315. f%, 2. 


1 1 1 3 n+3 3 
2 (n+ 1) (n+ 2)’ 3° 2 bina” » 
nl 
os eis {p* - a0 ») pig + &e.}, y=a F inp q- —-&c.}. 
10 and 6. hed (2-1 12/8. 327. 6, 134, &. 
2 es 330. _#aren-t) _ it 

30. 329. ay 2. (q-pti)@-1) 2- 7 

n*(n +1) 339 ” 1 
2(n?+1) (n’ +2) * : 12(n +1)’ 12° 
2=4, 11, 20, 31, &c, y= 9, 11, 18, 15, &c. 
045:243. 346. c= {-14-/5} or ${14y-7}. 350. As 
ab + ac + be 
(a+c)(b+e) 


(18) © 


EQUATION PAPERS. 








uw 1. 35. 2. £=9, y= 2. 3. 3, ~%, 

4, x=+12, +92; y=2,-15. 5. 100. 6.26. 7. 11:1, 
2. 1. 72. 2¢257,y=4 © 3. 5, 62. 

4. =5, -48; y=3, - 222, | 5. 180,000. 

G. 10, 7. 25 miles | | 
3. 1. 51. 22=18, 4 4, 3. 6, 3,4. 

4. 2=0, 4; y=9, 25. ~ a! 5. 22 miles, 

6. 18 shalng, 30 chains, : ain, 7. 10. 
4. dis 3. 2. v= 44, y=! 3. 4, 2, 4, z=11; y=+t2, 

5. 10s, 6. —_ days. 7. 120 gallons. 
1. 7% 2, £= 5, y=6. 8. 4, - 49, 

4. 2=+9, +114; ya+4, +32, 6. 1742. 

6. £700, £100. 7. 60 ft, 20 ft, 48 ft. 

4mn 

6. 1. 6. 2 2=1,y=2, 224, 3 x= (a44 54", 

4. 2=2or-1; y=1. . 5. Amile. 6. £1071 178 6a, 

c {1 4 a(n-1 n(n —-1) ) (1 -r)* {p (1 -r) - 1} 

° l-r Orin (1 = ae (i-r")} - 
7, 1. 8, 2. t= i, y= =i, 3. 4, 126, 

4. 2=2, A, A; y=1, i ae ; 5. 432, 

6. 7 miles, 9} miles, 7. £96, 
o. 1. 4. 22-443, +31; y=+3h, +43, 

2pq 
at b\pr¢ 
* (= ' 4. 2=2, -2, $4; y=2, 6, isss, 
5. £60. 6. 60 miles. 7. 4:5, 
23 

9. 1. 38, 2. r=3, y= = 2, i (4) e 4, z= 65, y=3. 

5. £2000. 6. £5 58 per annum. 7. 60 miles, 
10. 1. 11. 2s z= 16, y = 25. 3. 3, Lae 

4. = 6, 4,0; y=0, 2, -2. 5. 72, 12. 

6. 6 miles per hour. 1. 432. 


wm 1.13. 2. 2=+/(ae) or + [(a+e-6)+./{((a+c-b)* -4ac}}, 


(19) y=t/(be) or 2 [(0+¢e-a) +/{(b+c-a)*- 4bc}]. 


14, 


15. 


17. 


AO re TP Oe 


a 


- Or Co 


~~ 


nr 


ANSWERS TO THE EXAMPLES. 


. e2=th, 4,%2=+ or +4; y=tt ort dS. 
. 11 o’clock. 6. The number of the tack is the integer 
equal to or next greater than - - i ‘ 7. 2 hrs. 


4, 2 225, 1, 4 (1546-1); y=3, % dh (25410 y-1), 





: 
(s0-+00)3 
te — - 4, e=4, -242,/-3; y=}, -3 (1343 y-3) 


a®-1 
150. 6. 3 miles an hour. 7. £27. 
4. 2, ¢= 4or 43 y= 12 or 13%. 


. 1, 16, or (1 +3 /- 7). 


z=1lorlt/-2; y=4 or -2. 


3 miles. 6. £64,000,000. 7. 24:21: 22. 
w=21; y= 20. 2. V(gatd — 8). 


+ VEE {p + V(p*-4)}], where a’p = -2 {1 + y(1-a')}. 


. = F434 + 6) + (18 + 8 /6)}; 


=+3{(2 + 6) + V(18 + 8 /6)}. | 
290, 6. 2:3. 7. 200., 40S., 400P. 


-34,-8 2. 2=(/2+1)? or (/2-1)*; y=1 or (V2-1) 
Za or 4 (-5+,/37)a. 4, 2=4 or ae or &. 


£240. 6. 546 miles. 7. A, 30; B, 163; C, 230. 
6. ia 24; le ‘s 8. 94477, 4(3++/18). 
w= Yi = y= Vay = where n*=13{1+/34/+ 2 3}, 


maine, 5. 42aM. 6. 360 yds. 7. £18, £32. 


2 


1,,. 2. 2 = [b" (at) + (a - By} =; 
2 
y= [anon sym — aye, 
. 44/6, ++/-2. 4. ex=y=+a,/2. 
. 1080 yds; 162. 6. 8, 12. 7. £30600. 
. 3 2. 2=14, y=14, <=1}. 
4a+1) +./{5 (4a+1 
~1, {pt v(p"-4)}, where p= BCHDERIACne) 


1 


4, 2=——-, y={1+v(2e-1).- 


b 
6 hrs, 3 hrs, 6. 3 acres. 7. 693, 688, 736. 
(20) 


21. 


23. 


24. 


jad 


4. 


e 


re 


Ae ee 


ANSWERS TO THE EXAMPLES. 


- 23. 2 e=t gor +3 /-1; y=th or F2/-1 


a=3, +$/2, $(-24+/-14). 
=0 or 1, yot/as or a=B (1ty(1-+4p)}, y=ty(20-p)) 
-. - (a1) 8 











where p = aba 
5 10} minutes. 6. 28 1d. 7. 3300 ae 1800 gals. 
1. 3. 2 e2=lt+a; y= 1/1 - a+a)+2-a}; 
z=t{V(l-a@+a*)-2+4 a}. 
4/2 4. e=h{/(V8 +3) + (V3 - 1}; 
y = 4{(V3.y(V8 + 8) + (3-79 - 1) 
5. Money £672, debts £840. 6. 15. 7. 10. 
1,-2.2. 2 2=41, 2,-2/4; y=+1, 2, -V2; 2=4, 1, 1. 
8.1,-3,-20 4. w= (44 /3)5 y=t V(t /3) 
5. 1600. 6. 6. 7. 16 miles. 
lL -- or +8 2. 2=6 or 34, y=5 or 61, z=8 or 44, - 
-+% 7 2n 5n-3 n+1 
8. + 5 tv Gh or 5 iy 7 tV¥Z=4) 
4. 2 =(a'- We - ia fe +V(¢ - a + 2be + ai 
y° = (a* — 2be — 28°) {c F &.}. 
5. 195. 6. 11, 18500, 1789. 7 12. 
1, £5, 2. c=3, y=- 22, 3. 3, -4, 4(4 + 4/-2). 


z2=+}/5 or 0, y=+/2 or +/-1; 
e=+evi3(1 + /83)}, y= +43 v(5 + 33). 
84 miles. 6. 1h in., 2 in. 7. £180; 44: 35. 


2 or 3. 2. 49, 64, 2 (93 + 4/188). 


° + 13, + 143, - 1, +#/-1. 


2=+4a or ta/-2; y=+30 or Fa/-i. 
£400. 6. 41 cub. in. 7. 20 miles, 
3. 2. + /{a* - (a - b)} or + y{a"— (a + 3d)}, 
a= 1 (8+ /33); y=F(3F/33). 


25 0-v9)s y=S0-—)yVd-G) 6. IE 


yy mn 


" @-a)in(e-c)’ os a’) +n(c'-e)° aie 


(21) 


APPENDIX. 





For the following proofs I am indebted to the kindness of the 
Rev. J. Griffith, M.A., of St. John’s College. 
I. Binomial Theorem. 
Let p,-? (P=! ae (P= ri), es _~¢(g-)) ast zo (g- rt+l) 
whatever p and g a ie. then 
rP,=(p-rt1)P,y (r-1)P..=(p-7t+2) Prin &e., 
=(p-1)P, Pi =p; 
and rQ,=(¢-7r+1)Q,., (r-1)Q,.,= : -r+2)Q,, &ce., 
2Q,=(¢- 1) Q@y &= 
Now, by actual Multiplication, the Bese of the two series, 
(14+P,0+ P,2*+&c.) x (140,2+Q,2+&e. =14C,2+C,z’+&c. suppose, 
where C,=P, +Q=p+q, 
C.. = P,., + P,Q, + P,.3Q, + &e. + P,Q,..+ Q-y 
C,=P, + P,.~Q,+ P,.sQ,+ &e. + P,Q. + Q5 
therefore rC, 


=rP, +{1+(r-1)} P,.,Q,+{2+(r-2)} P,..Q,+ &e.+ rQ, 
=rP,+ (r-1) P,,Q,+ (r-2) P,,Q,+&c.+ P,Q,, 
+ P,.,Q, + 2P,.Q,+ ' 3P,,Q,+&e.4 rQ, 
= (p-r+1) Pit (p-rt2) P.Q,t (p- r+3) P,..Q,+&e.+ pd,, 


+9P,4+ (q-1)P,,9,+ (9-2) P,.sQ + &e. + (g-rtl1) Q,., 
=(ptg-rt]) Phyt (pig-rtl) P,..Qt(pig-rtl)P, .Qyt ket (pig-rt1) Q,, 
=(ptg—r+1) {Pn.+ PrQt PpsQ + &e.+ Qi =(pty-rtl) C,, 

Hence we have C,=(p+q) 

2C,=(pt+q-1)¢, 
3C,=(p+q- 2) G, 
&c. = &e. 
rG=(p+q-rt1) C3 

.”., multiplying, and cancelling, 

1.2.3..rC,=(pt+q) (ptq-1)...(ptq-r+])3 
and the product required is, consequently, 


L+(ptg)e+ Po eta”) 1) 13 + &e. 

, (2+9) (P+g-)).. (pt rth or + Bos 
‘12...97 

that is is, the product of two such series is exactly a similar series, 


with the sum of the characteristics ( and gq) in place of either. 


(22) 
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Hence the continued product of three such series, whose charac- 
teristics are p, g, 7, is the product of two similar series, whose 
characteristics are p+g and r, which is also a similar series with 
characteristic y+q+r. And so on for the product of any number 
of such series. So that, generally, the product of & such series is 
an exactly similar series whose characteristic is the sum of their 
k characteristics; and, therefore, the kth power of such a series is 
@ similar series, with its characteristic & times as great. 

Hence, if h be a positive integer, we have 

(L+2) or +1240) pee 


nt ghey AOD, AO-DG-2) 1, 4, 


which proves the theorem for a positive integral index. 
Again, if h and & be positive integers, we have 


a+ &e.}" 











h 
eS 
flezert i 24 ko} =14 het 2“) at Be. =(1s 2)’ 
“(¢-2) | 
pena Lt pete : a+ &e., 


which proves the theorem for a positive ane index. 
Lastly, by the previous reasoning of this Article, we have 
h(h-1) 


{l+he nee a 2? + &e.} {1+ (-h) e+ — “e _—— 


. z ~h(-h-1) <n a Sn tc gs i 
. 1+( Na+. Pslitigadhanicligsia , 


which proves the theorem for a negative index. 
Cor. Hence, therefore, 


(a+ ap=ar(1 +5) = nlen(= 2) 4205 ~) (Ey + &e.} 


= a" +na™ zx + n(n — 1) a"*2* + &e., 





where coefficient of 
n 
artaf t(m— TN (e-rt tl). os in 192), —E 
12.09 rye -r 
I. Exponential Theorem. 
By actual pa hes we have 


¥y ,7 y’" ae. 
+a 5 t he trot beh x {+8 UT ada ar + & 
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i a A - + &e. + = "+ &e, 
+f theo ees Fo 48 

+ - +4 E 5 t &e 

+ &e. + &e. + &e. 

nists Cres &e. + ee + &e.; 


that is, the product of two such series is an exactly similar series 
with x+y in the place of z or y. So the product of & such series 
is an exactly similar series with the sum of their & characteristics 
in place of either of them; and the kth power of such a series is 
an exactly similar series with its characteristic & times as great. 


nee 
Hence, if e=7y where f/ and & are both positive integers, we have 


{147 + Zeb a erent M+ &e. | 


of145 ta t+735t tae} = e*, suppose; 


2 
14742 phone e”, where x must be ‘ponte Tantion 


or integer, in which latter case & = 1. 
Again, if 2 =— m, a negative fraction or ae then 


{147 + thebx {1474 ia tee} 


z+m (x+my 





el+ 7 ' + &e. = 1, sail 
- 
of 142 4— + &ee eee gee 
1 1.2 nt Oa ee e” 
| i*iz**” 
So that, whether z be integral or fractional, positive or negative, 
a. 
Malte as ke Tag t &es and a” = (e°8,%)* = ¢* 108, 4, 
gta 14 7108S , (z log, a)" , (# log, a) 
ahh te + “yo37 + &e 
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